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ABSTRACT
Capturing characteristics of large data streams has received
considerable attention. The constraints in space and time
restrict the data stream processing to only one pass (or
a small number of passes). Processing data streams over
sliding windows make the problem more difficult and chal-
lenging. In this paper, we address the problem of main-
taining ε-approximate variance of data streams over sliding
windows. To our knowledge, the best existing algorithm re-
quires O( 1

ε2
log N) space, though the lower bound for this

problem is Ω( 1
ε
log N). We propose the first ε-approximation

algorithm to this problem that is optimal in both space and
worst case time. Our algorithm requires O( 1

ε
log N) space.

Furthermore, its running time is O(1) in worst case.

Categories and Subject Descriptors
F.2 [Theory of Computation]: Analysis of Algorithms
and Problem Complexity; H.2.8 [Database management]:
Database Applications—Data mining

General Terms
Algorithms

Keywords
Data Mining, Data Streams, Sliding Windows, Variance Es-
timation

1. INTRODUCTION
The problem of capturing characteristics of large data

streams has received considerable attention [2, 9]. Many
characteristics of large data streams, such as sum, mean,
variance, diameter, frequency, quantile, top-k list (hot list),
distribution, etc., have been widely studied. If we have suf-
ficient large space and do not have time constraints, we can
obtain any characteristics that we want precisely. However,
the issue in processing large data streams is that in many
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cases we probably do not have enough space to keep each
element in the data streams. That is, we have to gather
the interested characteristics with one pass and we have no
chance to go through the data streams again.

An even greater challenge is to process data streams over
sliding windows. An algorithm can work over sliding win-
dows if it can not only gather the data streams character-
istics, but also update the characteristics when new data
is inserted and old data is expired. Unfortunately, many
previous data stream algorithms cannot work over sliding
windows. In this paper, we are interested in estimating el-
ement variance in data streams over sliding windows, while
using as little space and operation as possible and making
only one pass over the data streams.

1.1 Motivation
Variance estimation can be useful in many different re-

search fields, e.g., network monitoring, intrusion detection,
financial monitoring, weather forecast, disaster forecast, etc.
Variance is an important statistical measure to evaluate the
variability of random variables. Also, variance is often re-
lated to anomaly and status change, therefore variance is a
powerful measure for anomaly detection and forecast. For
instance, in weather forecast, variance is an important vari-
able to accurately forecast precipitation, temperature, wind
direction and speed, etc. In disaster forecast and reduc-
tion field, before disasters, such as earthquake, tornado and
flood, happen, there usually exists some anomaly that can
be observed and evaluated using variance.

To calculate the variance of a fixed series of elements is
trivial. However, in many cases, different data have differ-
ent weights (importance) according to the time. That is,
there is time decay in the data streams. For instance, for
a network intrusion detection system, the current network
status is more important than that of one day ago, because
we can use the current network status to detect ongoing
anomaly and intrusions and accordingly take some measures
to reduce the potential damage. Sliding window model is a
general time decay model that only considers the most re-
cent N elements evenly, and discards the influence of all
older elements, where N is the window size. Sliding window
model can provide recent data information by removing the
stale data. Unfortunately, it is nontrivial to calculate the
variance of data streams in sliding window model. For ex-
ample, when a computer network is under attacks, it may
show large variance in terms of connection numbers, traffic
volume and delays, etc. However, it is difficult to maintain
accurate variance of these variables over sliding windows
when the network has heavy traffic.
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Recently several algorithms are proposed for capturing
different kinds of characteristics of large data streams over
sliding windows [1, 3, 4, 5, 6, 7, 8, 10, 11]. For the prob-
lem of variance estimation over sliding windows, the best
algorithm was proposed by Babcock et al. [3]. However, as
mentioned by the authors of [3], there is still a gap between
the optimal space bound and their upper bound. Also, the
running time of their algorithm is not constant in worst case.
Consequently, it is desired to find an efficient variance es-
timation algorithm over sliding windows which needs less
space and runs in constant time.

1.2 Problem Definition

Definition 1. Variance: Let {x1, x2, · · · , xN} be a se-
ries of N integers (which may be negative). The variance of
these N numbers is defined by

V =

N∑
i=1

(xi − µ)2,

where µ = 1
N

∑N
i=1 xi denotes the mean of these N integers.

To calculate the exact variance of fixed N numbers is triv-
ial. We only need to keep two variables: one is the sum of all
numbers, and the other is the sum of all numbers’ squares.
However, calculating exact variance over sliding windows is
more difficult and challenging. For a stream of numbers,
if we want to calculate the exact variance of the most re-
cent N numbers, the memory requirement is Ω(N). In some
cases, it is impossible to keep so much memory space for
variance estimation purpose. Consequently, we have to find
efficient and accurate approximation algorithms to estimate
the variance over sliding windows.

Definition 2. ε-Approximation: Let V̂ denote the es-
timation of the real value V . V̂ is an ε-approximation of V
if

|V − V̂ | ≤ εV,

where 0 < ε < 1 denotes the relative error.

Problem Statement
In this paper, we study the problem stated as follows: Given
an arbitrary window size N and an error bound ε, how to
maintain ε-approximate variance of a stream of integers over
sliding windows with size N in one pass?

1.3 Our Contributions
In this paper, we address the problem of maintaining ε-

approximate variance of data streams over sliding windows.
To our knowledge, the best existing algorithm for this prob-
lem by Babcock et al. [3] requires O( 1

ε2
log N) space, and

its running time is O(1) amortized and O( 1
ε2

log N) in worst
case. Datar et al. [4] presented a space lower bound of
Ω( 1

ε
log N) for maintaining the sum and hence the variance

of the last N elements when assuming that the maximum
absolute value of the integer elements is at most polynomial
in N . Therefore, there is a gap of 1

ε
between the optimal

bound and the best existing upper bound.
In this study, we propose the first ε-approximation al-

gorithm to maintain variance of data streams over sliding
windows that is optimal in both space and worst case time.

Our algorithm requires O( 1
ε
log N) space. Furthermore, its

running time is O(1) in worst case.
The rest of this paper is structured as follows: Section 2

discusses the related work. We introduce our algorithm and
give the analysis about error bound, space requirement and
running time in Section 3. We finally conclude in Section 4.

2. RELATED WORK
Datar et al. [4] proposed an algorithm to solve the Basic-

Counting problem over sliding windows using Exponential
Histograms (EH). Given the sliding window size N , and
the relative error ε, the space taken by their algorithm is
O( 1

ε
log N), and the time taken to process each element is

O(1) amortized and O(log N) in worst case. Gibbons and
Tirthapura [6] presented an algorithm based on a data struc-
ture called the wave that uses the same space as in [4]. How-
ever, their algorithm only takes O(1) time to process each
element in worst case. They also presented three extensions
of the sliding window model for the distributed streams.

The EH algorithm [4] can estimate a class of aggregate
functions over sliding windows. It applies to any function f
satisfying the following properties for all multisets X, Y :

1. f(X) ≥ 0.
2. f(X) ≤ poly(|X|).
3. f(X

⋃
Y ) ≥ f(X) + f(Y ).

4. f(X
⋃

Y ) ≤ Cf (f(X)+f(Y )), where constant Cf ≥ 1.
However, variance does not satisfy the fourth property.

For instance, suppose both X and Y have zero (or very
small) variance, but different means. Then the variance of
X

⋃
Y may not be bounded by any constant Cf . Therefore,

the EH algorithm cannot be utilized in variance estimation
directly. Consequently, Babcock et al. [3] proposed a new
algorithm for maintaining variance over sliding windows of a
data stream. In their algorithm, elements in the data stream
are partitioned into buckets, and the synopses of these buck-
ets are maintained, which can be used to merge adjacent
buckets to save space according to particular combination
constraints. This algorithm requires O( 1

ε2
log N) space, and

its running time is O(1) amortized and O( 1
ε2

log N) in worst
case. However, as mentioned by the authors of [3], there is
a gap of 1

ε
between the optimal bound Ω( 1

ε
log N) and their

upper bound.
Besides the bit counting and variance problems, several

other problems of capturing characteristics of data streams
over sliding windows are studied. Zhu and Shasha [11] intro-
duced basic windows to compute the statistics over a slid-
ing window. Golab et al. [7] utilized the basic windows
mechanism in their deterministic algorithm to identify fre-
quent items over sliding windows. Babcock et al. [3] pro-
posed an algorithm for maintaining a k-median clustering
over sliding windows of a data stream. Feigenbaum et al.
[5] investigated the diameter problem in the streaming and
sliding-window models, and the diameter is the maximum
distance between a pair of elements within a data stream.
Lin et al. [8] considered the problem of continuously main-
taining ε-approximate quantiles over sliding windows in a
data stream. Arasu and Manku [1] studied the problem of
maintaining ε-approximate counts and quantiles over sliding
windows in a data stream. Tirthapura et al. [10] considered
the problem of maintaining sketches of recent elements of
a asynchronous data stream in which the observed order of
data is not the same as the time order in which the data was
generated.
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3. ALGORITHM
We first describe our algorithm, and then analyze its error

bound, space requirement and running time.

3.1 Algorithm Description
Let N denote the window size and ε be the relative error

parameter. An existing element is called active if it is one
of the most recent N elements within the current window,
or expired if it leaves the current window. For each element
xi, an index posi is used to record its position in the data
stream, which is an indicator of “active” or “expired” by
comparing with pos – the position index of the most recent
element.

Similar to the algorithm in [3], elements in the data stream
are partitioned into buckets. For each bucket Bi, we keep a
timestamp ti, which equals the position index of the oldest
element in this bucket. Besides the timestamp, the following
statistics information (ni, µi, Vi) is also maintained:

ni : number of elements in the bucket;

µi : mean of elements in the bucket;

Vi : variance of elements in the bucket.

Figure 1 shows the description of our algorithm. To es-
timate the variance of the data stream in current sliding
window, we maintain a triplet (nall, µall, Vall) which objects
are the count, mean and variance of the combination of all
active buckets in current window respectively. Note that
nall, µall and Vall are all initialized to zero at the beginning
of the data stream.

Our algorithm has three steps when a new element arrives.
When a new element xt comes, the current index pos is
updated. The new element constitutes a new bucket B1

with t1 = pos, n1 = 1, µ1 = xt, V1 = 0, and an old bucket
Bi becomes Bi+1. We update (nall, µall, Vall) by including
the new bucket B1 using Lemma 1.

Also, we check the oldest bucket Bm which has times-
tamp tm. If it is expired, we first update (nall, µall, Vall)
by excluding the expired bucket Bm using Lemma 1. Then
we delete bucket Bm, which means our algorithm only main-
tains the buckets which elements are all active in the current
window. We can use a wraparound counter with maximum
N − 1 to represent the timestamps (i.e., position indices),
since the oldest bucket will be deleted as soon as it expires.
Therefore, the timing information of each bucket can be rep-
resented by dlog Ne bits.

We then check whether there are qualified pairs of adja-
cent buckets that can be merged to save space. Let BA =
Bi+1

⋃
Bi+2 and BB =

⋃i
j=1 Bj . We merge two adjacent

buckets Bi+1 and Bi+2 if and only if they satisfy the follow-
ing merging rules:

Rule 1. VA,B − VB ≤ ε
5
VB.

Rule 2. nA ≤ ε
10

nB.

Rule 3. nA + nB ≤ N
2
.

We will explain why we set such merging rules when analyz-
ing the error bound of our algorithm. When two adjacent
buckets merge into a merged bucket, the merged bucket’s
timestamp is set to be the timestamp of the older one, and
the merged bucket’s statistics information can be calculated
using Lemma 1. The merging step checks newer buckets
first before checking older buckets.

Step 1: Insert New Element xt.
Let pos = pos + 1 mod N .
Create a new bucket for xt. The new bucket becomes
B1 with t1 = pos, n1 = 1, µ1 = xt, V1 = 0.
(Note that an old bucket Bi becomes Bi+1.)
Update (nall, µall, Vall) by including new bucket B1.

Step 2: Delete Expired Bucket.
Let Bm be the oldest bucket.
if there are at least 2 buckets and tm = pos

Update (nall, µall, Vall) by excluding bucket Bm.
Delete bucket Bm.

endif

Step 3: Merge Buckets.
Let i = 1, and BB = B1.
while Bi+2 exists

Let BA = Bi+1

⋃
Bi+2.

if nA + nB > N
2

return
endif
if nA ≤ ε

10
nB and VA,B − VB ≤ ε

5
VB

Delete Bi+2, and let Bi+1 = BA.
(Note that bucket Bj+1 becomes Bj for j ≥ i+2.)

else
Let i = i + 1, and BB = BB

⋃
Bi.

endif
endwhile

Figure 1: Algorithm Description

3.2 Error Bound
Before determining the space requirement and running

time of our algorithm, we first prove that it can maintain ε-
approximate variance of data streams over sliding windows.
Lemma 1 gives the equations to calculate the statistics in-
formation of the combination of two buckets.

Lemma 1. When two buckets Bi and Bj are merged into
a single bucket Bi,j, the count, mean and variance of Bi,j

can be computed from those of Bi and Bj as follows:

ni,j = ni + nj ,

µi,j =
niµi + njµj

ni + nj
,

Vi,j = Vi + Vj +
ninj

ni + nj
(µi − µj)

2. (1)

Proof. This lemma and its proof can be found in [3].

Using Lemma 1, we can immediately get the following
lemma which calculates the statistics information of the
combination of three buckets.

Lemma 2. When three buckets Bi, Bj and Bk are merged
into a single bucket Bi,j,k, the count, mean and variance of
Bi,j,k can be computed as follows:

ni,j,k = ni + nj + nk,

µi,j,k =
niµi + njµj + nkµk

ni + nj + nk
,

Vi,j,k = Vi + Vj,k +
ni(nj + nk)

ni + nj + nk
(µi − µj,k)2.
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Figure 2: An Illustration of the Buckets

Now let us analyze how estimation error is generated. For
a bucket Bi which has ni = 1, there is no estimation error
when it expires, because either the single element or none
element of Bi is active when the current window slides over
Bi. Consequently, only the buckets generated by merging
which have more than one element can introduce estimation
error when expiring.

For instance, as shown in Figure 2, consider any merged
bucket BA which has more than one element, when it ex-
pires, it is split by the sliding window into two virtual buck-
ets: the expired bucket BAe which contains all expired ele-
ments of BA, and the active bucket BAa which contains all
active elements of BA. In Figure 2, we use doted boxes to
denote the virtual buckets BB and BC . The virtual bucket
BB contains all newer elements when bucket BA generates
by merging, and the virtual bucket BC contains all newer
elements after BB when bucket BA expires. Note that BC

may become larger when more elements in BA expires with
the slide of the current window. Because we do not have
the exact variance of bucket BAa , we have to return the

estimated variance V̂ = VB,C , which is the variance of all
active buckets kept in memory space (i.e., Vall), to estimate
the real variance.1

Let δ denote the relative error of the variance estimation
of our algorithm. If the real variance V = VAa,B,C = 0, then

according to Lemma 1 or 2, V̂ = VB,C ≤ VAa,B,C = 0, and
δ = 0 < ε. When V = VAa,B,C 6= 0, δ is defined by

δ =
V − V̂

V
=

VAa,B,C − VB,C

VAa,B,C
.

We will prove that 0 ≤ δ < ε when V = VAa,B,C 6= 0
by utilizing the two virtual buckets BB and BC . We first
provide the relationship between nB and nC .

Lemma 3. For any merged bucket BA, let virtual bucket
BB contains all newer elements when bucket BA generates
by merging, and let virtual bucket BC contains all newer
elements after BB when bucket BA expires. We have

nB < nC .

1Although we may not know exact VB and VC since one
merged bucket may expand the boundary between virtual
buckets BB and BC , we can still calculate VB,C which is the
variance of the combination of all active buckets.

Proof. By construction, nAa + nB + nC = N . Thus,
nC = N − (nAa + nB). On the other hand, nAa < nA,
since nAa represents the number of active elements of the
bucket A, and the expired portion of A is assumed to be
non-empty. Thus, nC > N − (nA + nB). Now, by applying
Rule 3 of merging rules (i.e., nA + nB ≤ N

2
), it follows that

N − (nA + nB) ≥ N
2

. This implies that nC > N
2

. Since

nAa + nB + nC = N , it results that nB < N
2

since nAa > 0.
Thus, nB < nC .

To prove 0 ≤ δ < ε, we first relax the relative error δ to
an auxiliary parameter θ, and then prove that θ < ε, where

θ =
VA + nA(nB+nC)

nA+nB+nC
(µA − µB,C)2

VB + nBnC
nB+nC

(µB − µC)2
.

Lemma 4. 0 ≤ δ ≤ θ.

Proof. Equation (1) in Lemma 1 shows that the variance
of a bucket is larger than or equal to that of its sub-bucket.
We know that BA,B,C = BAe

⋃
BAa,B,C = BA

⋃
BB,C , and

thus BB,C ⊂ BAa,B,C ⊂ BA,B,C . Consequently, we get

VA,B,C ≥ VAa,B,C ≥ VB,C .

Therefore,

0 ≤ δ =
VAa,B,C − VB,C

VAa,B,C
≤ VA,B,C − VB,C

VB,C

=
VA + nA(nB+nC)

nA+nB+nC
(µA − µB,C)2

VB + VC + nBnC
nB+nC

(µB − µC)2

≤
VA + nA(nB+nC)

nA+nB+nC
(µA − µB,C)2

VB + nBnC
nB+nC

(µB − µC)2
= θ.

Consequently, if we can prove that θ ≤ ε, then our al-
gorithm is an ε-approximation algorithm. We consider all
possibilities of µC , which is the mean of virtual bucket BC ,
in the following three cases separately. We will show that
in each of these three cases, θ is less than ε. Without loss
of generality, we assume that µA ≤ µB . When µA > µB ,
we can make similar analysis and get the same conclusion,
since actually we only utilize the order information between
µA and µB .
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Case 1. µB ≤ µC ≤ 2µB − µA

Lemma 5. In Case 1, θ < ε.

Proof. According to Rule 2, nA ≤ ε
10

nB < nB
10

. Fur-
thermore, Rule 1 shows that VA,B − VB ≤ ε

5
VB . We only

consider that VA,B 6= 0, thereby VB 6= 0. Thus, we get

ε ≥ 5
VA,B − VB

VB
= 5

VA + nAnB
nA+nB

(µA − µB)2

VB

≥ 5
VA + nAnB

0.1nB+nB
(µA − µB)2

VB

= 5
VA + nA

1.1
(µA − µB)2

VB
.

Therefore,

ε > 4
VA + nA(µA − µB)2

VB
. (2)

Because µB ≤ µC in Case 1, and the mean of a merged
bucket should be bounded between the means of its two sub-
buckets, thus µB ≤ µB,C ≤ µC . Therefore, in Case 1 that
µB ≤ µC ≤ 2µB − µA, we get

µB ≤ µB,C ≤ 2µB − µA.

We have assumed that µA ≤ µB , therefore

0 ≤ µB − µA ≤ µB,C − µA ≤ 2(µB − µA).

We get |µA − µB,C | ≤ 2|µA − µB |. Consequently,

θ =
VA + nA(nB+nC)

nA+nB+nC
(µA − µB,C)2

VB + nBnC
nB+nC

(µB − µC)2

≤
VA + nA(nB+nC)

nA+nB+nC
(µA − µB,C)2

VB

≤
VA + nA

nB+nC
nA+nB+nC

4(µA − µB)2

VB

≤ VA + 4nA(µA − µB)2

VB

≤ 4
VA + nA(µA − µB)2

VB
.

Compared with inequality (2), we get θ < ε.

Case 2. µC > 2µB − µA

Lemma 6. In Case 2, θ < ε.

Proof. In this case that µC > 2µB − µA, we get

µB − µA < µC − µB .

We have assumed that µA ≤ µB , therefore µB < µC . Also,
the mean of a merged bucket should be bounded between the
means of its two sub-buckets, therefore µB < µB,C < µC .
Consequently,

|µA − µB,C | < µC − µA = µC − µB + µB − µA

< 2|µB − µC |. (3)

Therefore,

θ =
VA + nA(nB+nC)

nA+nB+nC
(µA − µB,C)2

VB + nBnC
nB+nC

(µB − µC)2

=
VA

VB + nBnC
nB+nC

(µB − µC)2
+

nA(nB+nC)
nA+nB+nC

(µA − µB,C)2

VB + nBnC
nB+nC

(µB − µC)2

<
VA

VB
+

nA(nB+nC)
nA+nB+nC

(µA − µB,C)2

nBnC
nB+nC

(µB − µC)2

=
VA

VB
+

nA

nB
· (nB + nC)2

(nA + nB + nC)nC
· ( |µA − µB,C |

|µB − µC |
)2.

Equation (1) in Lemma 1 shows that the variance of a bucket
is larger than or equal to the sum of variance of both sub-
buckets. Therefore VA ≤ VA,B − VB . According to Rule 1,
we get

VA

VB
≤ VA,B − VB

VB
≤ ε

5
.

According to Rule 2, we get

nA

nB
≤ ε

10
.

From inequality (3), we get

(
|µA − µB,C |
|µB − µC |

)2 < 4.

Let g(nC) = (nB+nC)2

(nA+nB+nC)nC
. Consequently,

θ <
ε

5
+

ε

10
· g(nC) · 4 =

ε

5
(1 + 2g(nC)).

The derivative of g(nC) is

g′(nC) =
(nB + nC)[(nA − nB)nC − (nA + nB)nB ]

(nA + nB + nC)2n2
C

< − (nA + nB)(nB + nC)nB

(nA + nB + nC)2n2
C

< 0.

Therefore, g(nC) decreases with the increase of nC . Accord-
ing to Lemma 3 that nB < nC ,

g(nC) < g(nB) =
4nB

nA + 2nB
<

4nB

2nB
= 2.

Therefore,

θ <
ε

5
(1 + 2g(nC)) < ε.

Case 3. µC < µB

Lemma 7. In Case 3, θ < ε.

Proof. We claim that for any instance BC in Case 3, we
can find an equal or even worse instance BC′ in terms of θ
which mean belongs to either Case 1 or Case 2, such that
θ < θ′ where

θ′ =
VA +

nA(nB+nC′ )
nA+nB+nC′

(µA − µB,C′)2

VB +
nBnC′

nB+nC′
(µB − µC′)2

.

If µC < µB , we construct BC′ from BC by adding 2(µB−µC)
to each element in BC . For bucket BC′ ,

nC′ = nC ,

µC′ = 2µB − µC > µB .
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Figure 3: An Illustration of the Buckets and Windows

Consequently, the mean µC′ of bucket BC′ belongs to either
Case 1 or Case 2, and thus θ′ < ε according to Lemma 5
and 6. Since µC and µC′ are symmetric about µB , µB,C

and µB,C′ should also be symmetric about µB . Therefore
µB,C + µB,C′ = 2µB , and

µB,C′ − µB = µB − µB,C > 0.

We have assumed that µA ≤ µB , therefore

|µA − µB,C | = |(µB − µB,C)− (µB − µA)|
= |(µB,C′ − µB)− (µB − µA)|
≤ |(µB,C′ − µB) + (µB − µA)|
= |µA − µB,C′ |,

and

θ =
VA + nA(nB+nC)

nA+nB+nC
(µA − µB,C)2

VB + nBnC
nB+nC

(µB − µC)2

=
VA + nA(nB+nC)

nA+nB+nC
(µA − µB,C)2

VB + nBnC
nB+nC

(µB − µC′)2

≤
VA +

nA(nB+nC′ )
nA+nB+nC′

(µA − µB,C′)2

VB +
nBnC′

nB+nC′
(µB − µC′)2

= θ′.

Consequently, we get θ ≤ θ′ < ε in Case 3.

We have shown that, when the real variance V = 0, our
algorithm returns the estimation V̂ = 0. When the real
variance V 6= 0, according to Lemma 4, 5, 6 and 7, we get
0 ≤ δ ≤ θ < ε where δ denotes the relative error of the vari-
ance estimation of our algorithm. Consequently, we get the
following theorem about the error bound of our algorithm.

Theorem 1. Our algorithm can maintain ε-approximate
variance of data streams over sliding windows.

Furthermore, we make the observation that our algorithm
only makes one-sided error. That is,

(1− ε)V ≤ V̂ ≤ V.

To help understand our algorithm, we shortly explain why
we set such three merging rules and why these three merging
rules can bound the estimation error to O(ε). As shown in
Lemma 4,

0 ≤ δ ≤ θ =
VA + nA(nB+nC)

nA+nB+nC
(µA − µB,C)2

VB + nBnC
nB+nC

(µB − µC)2
.

First of all, Rule 1 implies that O( VA
VB

) = O(ε). Furthermore,

when µC is close to µB (i.e., Case 1), Rule 1 and 2 can

guarantee that

O(

nA(nB+nC)
nA+nB+nC

(µA − µB,C)2

VB
) ≈ O(ε).

However, when µC is far way from µA and µB (i.e., Case 2),
in worst case

O(

nA(nB+nC)
nA+nB+nC

(µA − µB,C)2

VB + nBnC
nB+nC

(µB − µC)2
) ≈ O(

nA

nB
· (nB + nC)2

(nA + nB + nC)nC
)

≈ O(ε · N

nC
).

Therefore we have to add a constraint on nC (i.e., Rule 3),
such that O(nC) = O(N) to bound relative error to O(ε).

3.3 Space Requirement
Now consider any two adjacent buckets Bi and Bi+1 when

i ≥ 2 after the merging procedure completes. Let bucket
Bi+1,i = Bi+1

⋃
Bi and bucket Bi∗ =

⋃i−1
j=1 Bj , and Figure

3 shows an illustration. When ni+1,i +ni∗ = ni+2∗ ≤ N
2

, ac-
cording to the merging rules, our algorithm has the following
invariant:

Invariant 1. For i ≥ 2, if Bi+1 exists, Bi+1,i has either

Property 1: ni+1,i = ni+2∗ − ni∗ >
ε

10
ni∗ , or

Property 2: Vi+1,i,i∗ − Vi∗ = Vi+2∗ − Vi∗ >
ε

5
Vi∗ .

Let W denote the current N -sized window, W1 denote
the current N

2
-sized window, and W2 denote the past N

2
-

sized window. We define three sets, P , P1 and P2. P is
all adjacent bucket pairs in W1 except the first pair (i.e.
B1

⋃
B2). P1 is a subset of P which contains all adjacent

bucket pairs with Property 1, and P2 is a subset of P which
contains all adjacent bucket pairs with Property 2.

P = {Bi+1,i : ni+2∗ ≤
N

2
, i ≥ 2},

P1 = {Bi+1,i : ni+2∗ > (1 +
ε

10
)ni∗ , Bi+1,i ∈ P},

P2 = {Bi+1,i : Vi+2∗ > (1 +
ε

5
)Vi∗ , Bi+1,i ∈ P}.

Then from Invariant 1, we get

P = P1

⋃
P2,

|P | ≤ |P1|+ |P2|.

Let m denote the number of buckets within the current
N -sized window W . Let m1 denote the number of buck-
ets within the current N

2
-sized window W1. Let m2 denote
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the number of buckets within the past N
2

-sized window W2.
Then

m1 = |P |+ 2.

Consider any window W2, all buckets in it are from a par-
ticular old W1 after potential merging. According to Rule
3, any bucket which passes the boundary between W1 and
W2 will not change any more in W2 before it expires. Con-
sequently, at any time,

m2 ≤ max(m1).

In addition, there is at most one bucket which expands the
boundary between W1 and W2. Consequently,

m ≤ m1 + m2 + 1 ≤ 2max(m1) + 1 = 2max(|P |) + 5. (4)

Therefore, if we can find the upper bound of |P |, we get the
bound of m (i.e., the number of buckets in our algorithm)
accordingly.

Lemma 8. In the case that every Bi+1,i in P has Property
1 (i.e., P = P1), we have

|P1| < 2d10

ε
e log N − 1.

Proof. In this case, since any adjacent bucket pair Bi+1,i

has Property 1 when i ≥ 2, then for any index i + 2j ≤
|P1|+ 3 with i ≥ 2,

ni+2∗ > (1 +
1

10
ε)ni∗ ,

ni+4∗ > (1 +
1

10
ε)ni+2∗ > (1 +

2

10
ε)ni∗ ,

ni+6∗ > (1 +
1

10
ε)ni+4∗ > (1 +

3

10
ε)ni∗ ,

...

ni+2j∗ > (1 +
j

10
ε)ni∗ .

Thus when j = d 10
ε
e, ni+2j∗ > 2ni∗ . Consequently, ni∗ will

be doubled when i increases every 2d 10
ε
e. We know that

n2∗ = n1 = 1, therefore

2
b |P1|+1

2d 10
ε
e
c
· n2∗ ≤ n|P1|+3∗ ≤

N

2
,

2
|P1|+1
2d 10

ε
e < N,

|P1| < 2d10

ε
e log N − 1.

Let R be the upper bound on the absolute value of the
data elements.

Lemma 9. In the case that every Bi+1,i in P has Property
2 (i.e., P = P2), we have

|P2| < 2d5

ε
e log(

3NR2

2
) + 1.

Proof. The proof is similar to that of Lemma 8. In this
case, the maximum element number bound N

2
in window

W1 becomes the maximum variance bound N
2

R2. Vi∗ will

be doubled when i increases every 2d 5
ε
e.

We claim that V4∗ ≥ 2
3
. First, V4∗ > 0, otherwise V4∗ =

V2∗ = 0 which violates Property 2. Because V4∗ > 0, and all
elements in the data stream are integers, then V4∗ achieves

its minimum value 2
3

if and only if the three elements in B4∗

are {c1, c1, c1 ± 1}, where c1 is an integer. Consequently,

2
b |P2|−1

2d 5
ε
e

c
· V4∗ ≤ V|P2|+3∗ ≤

NR2

2
,

2
|P2|−1
2d 5

ε
e <

3NR2

2
,

|P2| < 2d5

ε
e log(

3NR2

2
) + 1.

Lemma 10. In any case, we have

|P | < 2d10

ε
e log N + 2d5

ε
e log(

3NR2

2
).

Proof. We check the size of subsets P1 and P2 sepa-
rately. First, consider how many pairs of adjacent buckets
that have Property 1 (belong to P1) can exist to contain at
most N

2
elements. Any pair of adjacent buckets which does

not belong to P1 also contributes to contain some number
of elements. Further, ni∗ is still doubled after every 2d 10

ε
e

pairs of adjacent buckets in P1. Consequently, Lemma 8 is
still true for |P1|. Similarly, any pair of adjacent buckets
which does not belong to P2 also contributes to the increase
of variance, and Lemma 9 is still true for |P2|. Therefore,

|P | ≤ |P1|+ |P2| < 2d10

ε
e log N + 2d5

ε
e log(

3NR2

2
).

Consequently, we get the space bound of our algorithm as
shown in the following theorem.

Theorem 2. Our algorithm can maintain ε-approximate
variance of data streams over sliding windows using O( 1

ε
log N)

space.

Proof. According to inequality (4) and Lemma 10, we
get

m ≤ 2max(|P |) + 5

< 4d10

ε
edlog Ne+ 4d5

ε
edlog(

3NR2

2
)e+ 5.

Therefore, our algorithm is O( 1
ε
log(NR2)) in space. As-

sume that R is at most polynomial in N , the space require-
ment is in fact O( 1

ε
log N).

3.4 Running Time
Obviously, the running time of our algorithm is O( 1

ε
log N)

in worst case. Although Step 1 and 2 are both O(1), Step 3
needs O( 1

ε
log N) in worst case. Now we propose a mecha-

nism which makes our algorithm an O(1) running time algo-
rithm in worst case. The baseline idea is that we only check
constant number of pairs of adjacent buckets each time in
the third (merging) step.

Let c be an integer which is large than 1. When each
element arrives, we still insert it as a new bucket (Step 1)
and delete expired bucket if any (Step 2). However, instead
of checking all pairs of adjacent buckets within W1 in Step
3, we only run the kernel while loop c times. After that, the
merging procedure is hanged up and will be resumed with
the same status when a new element arrives. Note that
before the merging procedure completes, each new element
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is stored in an individual bucket, and window W1 does not
slide (although window W slides and the expired buckets are
still deleted). Since many new buckets may be queued before
the merging procedure completes, we need extra space to
keep them. However, such extra space can still be efficiently
bounded.

Lemma 11. Let Y denote the maximum number of buck-
ets that window W1 can have after merging procedure com-
pletes which is in O( 1

ε
log N) as shown in Theorem 2. Let

Z denote the maximum number of new arriving elements
(buckets) during the merging procedure. Then

Z ≤ d Y

c− 1
e.

Proof. Let yi denote the number of buckets that window
W1 can have after the ith merging procedure completes. Let
zi denote the number of new arriving elements during the
ith merging procedure. Then for the i + 1th merging pro-
cedure, in the beginning, window W1 can contain at most
yi +zi buckets and at most yi +zi−2 pairs of adjacent buck-
ets which need to check after the first bucket B1. Because
we check c pairs of adjacent buckets when receiving a new
element, we have

zi+1 ≤ dyi + zi − 2

c
e.

We claim that for any index i ≥ 1, zi ≤ d Y
c−1

e. We use
induction to prove this claim. First, z1 = 1. Suppose for an
index i > 1, the claim is true. Then for index i + 1,

zi+1 ≤ dyi + zi − 2

c
e ≤ d

Y + d Y
c−1

e − 2

c
e

≤ d
Y + Y

c−1

c
e ≤ d Y

c− 1
e.

Therefore, we get Z ≤ d Y
c−1

e.

Lemma 11 shows that we can process a new element us-
ing constant time while the extra space and thus the total
space are still in O( 1

ε
log N). Further, it is clear that our

algorithm can update (nall, µall, Vall) in O(1), therefore our
algorithm can answer a query of the variance in the current
sliding window with constant time. Consequently, we get
the final theorem which concludes the optimal properties of
our algorithm:

Theorem 3. Our algorithm can maintain ε-approximate
variance of data streams over sliding windows using O( 1

ε
log N)

space. Furthermore, the running time of processing a new
element and answering a query is O(1) in worst case. Our
algorithm is optimal in both space and worst case time.

4. CONCLUSIONS
In this paper, we address the problem of maintaining ε-

approximate variance in data streams over sliding windows.
Our proposed algorithm only needs O( 1

ε
log N) space and

O(1) running time in worst case. Therefore, it is optimal in
both space and worst case time. In the future, we will con-
tinue to extend our algorithm to other data stream statistics
problems over sliding windows.
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