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ABSTRACT

Query containment has been studied extensively for fragments of
XPath 1.0. For instance, the problem is known to be EXPTIME-
complete for CoreXPath, the navigational core of XPath 1.0. Much
less is known about query containment in (fragments of) the richer
language XPath 2.0. In this paper, we consider extensions of
CoreXPath with the following operators, which are all part of
XPath 2.0 (except the last): path intersection, path equality, path
complementation, for-loops, and transitive closure. For each com-
bination of these operators, we determine the complexity of query
containment, both with and without DTDs. It turns out to range
from EXPTIME (for extensions with path equality) and 2-EXPTIME
(for extensions with path intersection) to non-elementary (for ex-
tensions with path complementation or for-loops). In almost all
cases, adding transitive closure on top has no further impact on the
complexity. We also investigate the effect of dropping the upward
and/or sibling axes, and show that this sometimes leads to a reduc-
tion in complexity. Since the languages we study include negation
and conjunction in filters, our complexity results can equivalently
be stated in terms of satisfiability. We also analyze the above lan-
guages in terms of succinctness.
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General Terms
Languages, Algorithms
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1. INTRODUCTION

The growing popularity of XML as a standard for representing
semi-structured data has led to the definition of a large number of
XML-related formalisms, most notably schema languages such as
DTDs and XML Schema, and query and transformation languages
such as XQuery and XSLT. Located at the heart of most of these
is XPath, the basic formalism for navigating through XML docu-
ments. Because of the central role of XPath, the static analysis of
XPath expressions is a prominent subject in research about XML
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processing. In particular, containment and satisfiability have been
investigated for a variety of XPath fragments, and a wealth of com-
plexity results has been obtained over the last few years (e.g., [21,
12, 1]). Many of these results also take into account a schema lan-
guage, most notably DTDs, and analyze their impact on the com-
plexity of query contaiment and satisfiability.

Almost all of the existing complexity results for XPath concern
the 1.0 version instead of the more recent and richer XPath 2.0. The
work of Hidders [12] is a notable exception, but it addresses only
positive fragments of XPath 2.0, i.e., fragments in which negation
of node expressions is not admitted. In this paper, we consider a
family of fragments of XPath 2.0 that form a hierarchy regarding
expressive power, all of them including negation. We provide a de-
tailed analysis of the complexity of containment and related static
analysis problems in these fragments, both with and without DTDs.

More specifically, we extend CoreXPath, the navigational core
of XPath 1.0 [7, 8], with the following ingredients that were intro-
duced in XPath 2.0: path intersection (M), path complementation
(—), and iteration (for). Besides these three operators, we also con-
sider transitive closure (x) and path equalities (=2, also known as
node set equalities and not to be confused with data value equali-
ties). Path equalities are not part of XPath 2.0 as a primitive con-
struct, but can be expressed. They have been studied in [4, 2, 22,
25]. Transitive closure is not part of XPath 2.0 and cannot be ex-
pressed, but it extends the expressive power of XPath in a very nat-
ural way, see e.g. [16, 25, 6]. These five additions to CoreXPath
are not all independent: path equalities can be expressed using path
intersection, which can in turn be expressed using path complemen-
tation, which can again be expressed using iteration. The expres-
sivity hierarchy for these languages is depicted in Figure 1, based
on expressivity results from [17, 18, 25].

For each of the languages shown in Figure 1, we determine the
complexity of the containment problem, which ranges from EXP-
TIME to non-elementary. Our main results are summarized in Ta-
ble 1 and Figure 1. They apply to satisfiability as well, since con-
tainment and (non-)satisfiability are polynomially inter-reducible
in the XPath dialects considered here. Moreover, since DTDs can
be expressed in CoreXPath(x) with only a linear blowup in size,
all upper bounds from Table 1 generalize to containment and satis-
fiability in the presence of DTDs.

Our results show that ~ and * never increase the complex-
ity of the containment problem, with one exception: adding * to
the downward fragment of CoreXPath(N) increases the complex-
ity from EXPSPACE to 2-EXPTIME. Adding N usually increases
the complexity of containment by one exponential, even though N
does not give more expressive power than ~. Finally, the effects
of adding path complementation or for are rather devastating, as
it renders containment non-elementary hard. In other words, the
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Figure 1: Hierarchy of XPath languages

amenities of XPath 2.0 come at the price of a considerable increase
in computational complexity, at least in the presence of negation.
We can also conclude that CoreXPath(x, =) is a rather well be-
haved fragment. Among all languages studied in this paper, it is
the most expressive one for which containment is still decidable in
EXPTIME and thus not more difficult than in CoreXPath, and this
holds even in the presence of DTDs. Note that even for the positive
downward fragment of CoreXPath containment in the presence of
DTDs is already EXPTIME-hard [21].

We also present some observations concerning succinctness. We
show that CoreXPath(N) is exactly exponentially more succinct
than CoreXPath and CoreXPath(=), explaining the higher com-
putational complexity of the former. Likewise, CoreXPath(x, N)
is exactly exponentially more succinct than CoreXPath(x*, ). Fi-
nally, CoreXPath(x, —) is non-elementarily more succinct than
CoreXPath(x,N) and CoreXPath(for) is at least exponentially
more succinct than CoreXPath(—).

Related work. A considerable number of papers is concerned
with the complexity of static analysis for fragments of XPath 1.0,
see [23, 4, 19, 28, 16, 21, 1]. The work of Hidders [12], which
we already mentioned, studies satisfiability for positive fragments
of XPath 2.0. The present paper can be seen as a continuation of
the work of Hidders. Our setting is more general in several re-
spects: (i) we consider languages that include negation of node
expressions, (ii) our results also cover containment and other static
analysis tasks, and (iii) we also study these tasks in the presence of
a DTD. Our results also relate to [2], where closure under intersec-
tion and complementation is studied for XPath fragments that do
not explicitly contain these operators.

The most important feature of XPath that we do not study is
data value comparison. Note that already for the extension of
CoreXPath with data value comparisons of the form «/Qa =
3/@Qb and ao/@a = ‘¢’, containment is undecidable [1].

In [26], complete axiomatizations are presented for
CoreXPath(N, —) and CoreXPath(N, —, for).

2. PRELIMINARIES

We review the syntax and semantics of CoreXPath and several
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Table 1: Summary of our complexity results

The complexity of containment and satisfiability for XPath expres-

sions:
CoreXPath(. . .) CoreXPath(x, .. .)

~ EXPTIME-complete (even for EXPTIME-complete (even for
the downward fragment) the downward fragment)

[l 2-EXPTIME-complete (even 2-EXPTIME-complete (even
for the vertical and forward for the downward fragment);
fragments);

EXPSPACE-complete for the

downward fragment;

EXPTIME-complete when the ~EXPTIME-complete when the
nesting depth of intersectionis  nesting depth of intersection is
bounded bounded

— Non-elementary (even for the  Non-elementary (even for the
downward fragment) downward fragment)

for | Non-elementary (even for the Non-elementary (even for the
one-variable downward frag-  one-variable downward frag-
ment) ment)

All results also apply in the presence of DTDs.

of its extensions. We also introduce and compare various static
analysis problems for XPath.

2.1 Syntax and semantics of CoreXPath

An XML document, for present purposes, is a finite node-
labelled sibling-ordered unranked tree.

DEFINITION 1 (TREE MODELS). Fix a countably infinite
set ¥ of labels (or tags). A tree model is a structure
(N,R|,R_., Lab), where (N,R|) is a finite tree (with R, the
child-relation), R_, linearly orders siblings in this tree, and Lab :
N — X assigns a label to each node.

We will use R and R. to denote the converse of R and R_,. We
do not associate data values with nodes since data value comparison
is not considered in this paper.

DEFINITION 2 (SYNTAX AND SEMANTICS OF CoreXPath).
The primary expressions of CoreXPath are path expressions, which
define binary relations. Inside the path expressions, one can use
node expressions, which define sets of nodes. The two types of
expressions are defined by simultaneous induction.

Tl e/ auB | alg]
pli@ [Tl eAy

where T € {|,1,—, <}, p € X, aand (3 are path expressions and
 and 1) are node expressions.

» Path expressions: @ 1=

» Node expressions: ¢ ::=

The semantics of CoreXPath, relative to a tree model M =
(N, Ry, R_., Lab), is given by two functions, [[-}]Qéxp, and [[~]],]\,MEXp,,
mapping path expressions and node expressions to binary relations
and sets, respectively. These functions are defined as follows (we
omit the superscript M for readability):

[[7']] PExpr = R,

7" Tpexpr = the reflexive transitive closure of [T]pexpr
[-IPexpr = {(n,n)[n e N}

[[a/ﬁ]] PExpr = [[a]]PExpr composed with [[ﬂ]]PExpr

[[a U BHPExpr = [[a]]PExpr ) Hﬁ]]PExpr

[alelfpepr = {(n,m) € [elpepr | m € [@lnexpr}



[PINExpr {n € N | Lab(n) = p}

[{e) Inexer = {neN|3ImeN.(n,m)€E [a]pexpr}
[[T]]NExpr = N

[[_‘SDHNExpr = N\ [[W]]NExpr

[[90 A w]]NExpr = |I€0]]NExpr N ﬂw]]NExpr

For 7 € {|,T,—, <}, we will use 7" as shorthand for 7/7* (the
proper transitive closure of 7). Also, we will use | as a shorthand
for |[—(«)] (the first-child relation), and 7, for .[~(<)]/T (the
converse of | ). Finally, we will use ¢ = 1) as a shorthand for the
node expression —(¢ A —)).

The original version of CoreXPath as introduced in [7, 8] does
not include the non-transitive sibling axes < and —. We have
included them, but all our results hold independently of whether
these axes are present or not.

2.2 Extending CoreXPath

We consider extensions of CoreXPath with the following:

» Path equalities (=). A path equality is a node expression of the
form o = (3, for v, 3 path expressions, interpreted existentially:

ﬂa ~ B]]NExpr = {n EN | Im e N.(TL, m) € HQHPEXPFQHBHPEXPF}'

Path equalities have been studied in [4, 2, 22, 25].

» Path intersection (N). For any path expressions «, 3,

[[a N B]] PExpr = [[QHPExpr N [[BHPExpr-

Path equalities can be seen as a special case of path intersection:
a = (3 is equivalent to (a N 3).

» Path complementation (—). For any path expressions «, 3,

Ha - ﬁﬂPExpr = IIOZ]] PExpr \ HﬁﬂPExpr-

Path intersection can be defined in terms of path complementation:
anfB=U—-(U—-a)U (U — ), where U is shorthand for the
path expression 1%/ |* (which defines the universal relation).

» Iteration (for). This extension involves a countably infinite
set of node variables $i,$j, ..., that can be bound using the
for-construct. One can test equality of the current node and a
variable $i using a node test of the form “.is $i”. More in-
formation on the precise syntax and semantics will be given in
Section 7. For now, we only remark that path complementa-
tion can be expressed using iteration: « — [ is equivalent to

for $i in o return .[=(B[. is $])] /77 /17 is $1].

» Transitive closure (x). CoreXPath only supports the transitive
closure of the atomic path expressions T, |, <, —. If transitive clo-
sure is added as an operator on arbitrary path expressions, paths
like (|/])" (“descendant at even distance”) become expressible.

For any X C {=, N, —, for, *}, we denote by CoreXPath(X) the
extension of CoreXPath with the operators in X. We denote by
CoreXPath| (X)) the downward fragment of CoreXPath(X), i.e.,
having only the downward axes |, |* (and ‘.”). Similarly, we de-
note by CoreXPath | (X) and CoreXPath|_. (X)) the vertical and
forward fragment of CoreXPath(X).

2.3 Static analysis
We consider the following decision problems, which play an im-

portant role in the static analysis of XPath expressions:

» Path containment: given two path expressions a, 3, is it true that
for all tree models M, [[a]]é/éxp, C [[ﬂ}]géxpr?

» Path satisfiability: given a path expression c, is there a tree
model M such that [« g/éxpr #(?
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» Node satisfiability: given a node expression ¢, is there a tree
model M such that []gxpr 7# 0?

For the languages we consider, these problems all have the same
complexity. Indeed, the proof of the following is not difficult.

PROPOSITION 3. Let L be any of the languages mentioned in
Table 1. Then any two of path containment, path unsatisfiability,
and node unsatisfiability are polynomially inter-reducible.

The same holds for some other problems such as the non-empty
intersection problem for path expressions [11]. Throughout this
paper, we state our results in terms of path containment. However,
many of the proofs make use of Proposition 3 and are formulated
in terms of node satisfiability.

Each of the above problems can be relativised to a Document
Type Definition (DTD). As in [1], we abstract away from DTD fea-
tures such as default values and attributes, and define a DTD to
be a triple (E, P,r), where (1) E C X is a set of element types;
(2) r € E is the root type; and (3) P is a function that assigns
to each element of £ a regular expression over E. A tree model
M conforms to a DTD D = (E, P,r) if the root of M is labeled
with 7, each node is labeled with a label from E, and for each node
n with children n1, ..., ng, the word Lab(n1), ..., Lab(ng) be-
longs to the language generated by P(Lab(n)).

The path containment problem in the presence of DTD:s is as fol-
lows: given two path expressions «, § and a DTD D, is it true that
for all tree models M conforming to D, [[a]]géxp, C 4 géxpr? Path
satisfiability and node satisfiability in the presence of DTDs are de-
fined analogously. For each of these decision problems, the DTD-
relativised version is at least as complex as the general version. For
extensions of CoreXPath(x), it is not more complex either, as is
implied by the following:

THEOREM 4 ([16]). For each DTD D, there is a
CoreXPath(x) node expression @p such that for all tree
models M, M conforms to D iff the root of M satisfies pp.

Thus, all upper bounds in Table 1 immediately generalize to the
DTD-relativised case, except for the EXPSPACE-upper bound for
CoreXPath | (M), for which we will prove it by hand. In fact, in
both cases, we could even handle extended DTDs (a formalism rich
enough to capture the schema languages XSchema and RELAX
NG) and ancestor based patterns [20, 15].

3. CoreXPath(x,~) IS IN EXPTIME

We show that path containment can be decided in EXPTIME for
CoreXPath(*, /) using two way alternating tree automata.

To simplify the proof, we will work with a different, but equally
expressive version of CoreXPath(x,~). This version differs in
four aspects from the original one. First, we replace ~ with the
path operator loop, which tests whether a node is reachable from
itself along a given path:

[[Ioop(a)]]]NVéxpr ={n|(n,n) e [a]]géxpr}'

Note that loop(«) can be expressed as a ~ . and, conversely,
a =& [ can be written as loop(«/37), where 8 is the con-
verse of 3 (defined inductively) [25]. Second, we drop the oper-
ator (o). This can be done w.l.o.g. since () can be expressed
as loop(a/1*/1™). Third, we replace the axes | and | with the
Sfirst-child step (],) and its converse (T,). Note that | is equiv-
alent to |,/—" and |, is equivalent to |[-(<)]. Likewise for
T and 7,. Fourth, we replace path expressions with NFAs (non-
deterministic finite automata) whose alphabet is comprised of the



basic axes | ;, T, <, — and node tests of the form .[¢]. This is jus-
tified by the observation that path expressions of CoreXPath(x, ~)
are just regular expressions over this alphabet if we replace sub-
expression of the form afp] with o/.[¢]. It is well known that
NFAs offer a succinct representation of such regular expressions.

To make things precise, we give a formal definition of the result-
ing version of XPath.

DEFINITION 5 (CoreXPathyea (*, loop)). The node expres-
sions and path automata of CoreXPathyra (*, loop) are defined by
simultaneous induction.

» Node expressions: Every label p € ¥ is a node expression, and
for every path automaton o, loop(«) is a node expression. If ¢ and
1 are node expressions, then so are = and @ N\ .

» Path automata: A path automaton is a tuple T = (Q, 9, qo, q5),
where Q is a finite set of states, § "™ Q x ({l,,7,,—,—} U
{.[¢] | ¥ is a node expression}) x Q, and qo and qy indicate the
initial and final state.

Note that since skip transitions can be defined as .[T], we can do
with only one final state in the definition of NFAs. For a path au-
tomaton = (Q, 6, qo, ¢r) and states ¢, ¢ € Q, we will use 7(q,¢/)
as shorthand for (Q, d, q, q'). The length of a path automaton is the
number of states plus the total length of all node expressions ¢ oc-
curring in transitions of the form (g, .[¢], ¢').

Our aim is to translate CoreXPathyra (*, loop) node expressions
into two-way alternating tree automata (2ATAs). To prepare for this
translation, we give an inductive characterization of loop.

LEMMA 6 (INDUCTIVE CHARACTERIZATION OF loop). Let
7 = (Q,9,qo,qr) be a CoreXPathnra (*, loop) path automaton,
and let M = (N,Ry,R_,Lab) be any tree model. Define
LOOPS: C N X Q X Q to be the smallest relation satisfying

» (n,q,q) € LOOPS, foralln € N and q € Q

» Whenever (n,qi,q;) € LOOPSy, (qj,.[¢],qr), and n €
[[cp}],\%xp,, then (n, i, qx) € LOOPS .

» Whenever (n,qj,qr) € LOOPSx, 0(gi,.[¢],q;) and n €
[[w}]ﬁéxp,, then (n, i, qx) € LOOPS .

» Whenever nR.m, (m,qj,qx) € LOOPSx, 0(qi,T,q;),
and 6(qr,7T,qe), then (n,qi,q;) € LOOPSx (where T €
{ly,11, <, —} and T is the converse of T)

» Whenever (n, qi,q;) € LOOPSr and (n, q;j, qr) € LOOPS, then
(n, ¢i, qx) € LOOPS .

Then (n,q,q') € LOOPS, iff n = loop(my o).

PROOF SKETCH. The only difficult direction is the right-to-left
direction. It is proved by induction on the length of the witnessing
run of the NFA, using the crucial observation that, if the automaton
starts at a node n and afterwards passes through another node m in
the tree, in order to return to n it will have to pass through m again
(this holds due to the fact that we chose |, T, « and — as our
basic axes). [J

Since we use a slightly non-standard version of 2ATAs, we give
a brief introduction. Our 2ATAs work directly on tree mod-
els. They traverse such a model using the BASIC-STEPS =
{11,711, —, <, €}, where the first four steps correspond to the basic
axes of CoreXPathyea (*, loop) and € means staying at the current
node. For any node n of a tree model, POSSIBLE-STEPS(n) de-
notes the set of basic steps that can be performed from n. For each
a € POSSIBLE-STEPS(n) we will denote by n - a the node reached
from n by performing the basic step a.
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DEFINITION 7 (2ATA). A two way alternating tree automa-
ton (2ATA) is a tuple A = (Q, 9, qo, Acc), where

» Q) is a finite set of states

> 5 (Q x X x p(BASIC-STEPS)) — BT (BASIC-STEPS X Q) is
the transition function. We require that all basic steps occurring in
0(q,0,S) belong to S.

» qo is the initial state

» Acc: Q — N specifies a “parity acceptance condition”.

Here, o() denotes powerset and by B X, we refer to the set of all
positive Boolean formulas over variables from X, including true
and false.

Note that the alphabet 3 of 2ATAs is the same as the alpha-
bet underlying tree models (i.e., XML documents). Intuitively,
0(q,0,A) = 1 means that if the automaton is in state ¢, reads
o, and the current node allows exactly the basic steps in A, then
the transition is as described by 1/, in the usual sense of alternating
automata. It follows from the results in [27] that for our version of
2ATAs, emptiness can be decided in EXPTIME.

THEOREM 8. Satisfiability of CoreXPathnea (*, loop) node ex-
pressions is decidable in EXPTIME.

PROOF. By reduction to the non-emptiness problem for 2ATAs.
Let ¢ be any CoreXPathnra(*,loop) node expression, and let
@ = |*/p. Note that ¢ is satisfiable iff ¢’ is satisfiable at the
root of a tree model. Let Cl(¢’) be the smallest set of node expres-
sions containing ¢’ such that

» Cl(¢’) is closed under taking subformulas and single negations

» For all loop() € Cl(¢") and gx, ge states of 7, loop(m(q, q,))
also belongs to Cl(¢")

Note that the size of Cl(’) and the length of its elements is
bounded polynomially in the length of . We now define the 2ATA
Ay tobe (2,Q,6,qo, Acc), where Q = {qy | ¥ € Cl(¢')}, 6
is defined as in Table 2, qo = q,’, Acc assigns 1 to all states of
the form gioop(a), and 2 to all others (in other words, no state of the
form gjoop() May occur forever on a path in the run).

Using the inductive characterization of loop provided by
Lemma 6, it is not hard to show that tree model belongs to £ A
iff it satisfies ¢ at the root. Thus, ¢ is satisfiable iff ¢’ is root-
satisfiable iff L4, is non-empty. [

By Proposition 3, together with the facts that (i) there is a linear
translation from CoreXPath(x,~) to CoreXPathnra (*, loop) and
(ii) containment is already EXPTIME-hard for CoreXPath [1], we
thus obtain

COROLLARY 9. Containment for CoreXPath(x,~) is EXP-
TIME-complete.

Together with known results about alternating automata [27], the
proof of Theorem 8 also yields the following, which will come in
handy later on.

THEOREM 10. Every satisfiable CoreXPath(x,~) node ex-
pression p is satisfied in a tree model of size 20D,

4. CoreXPath(x,N) IS IN 2-EXPTIME

We present exponential translations from CoreXPath(N) to
CoreXPath and from CoreXPath(x,MN) to CoreXPath(x,~).
From these translations, we derive upper bounds on the complexity
and succinctness of CoreXPath(N) and CoreXPath(x, N).



Table 2: Transition function of the automaton A,/ used in the proof of Theorem 8

0(¢, gp, POSSIBLE-STEPS) = Tif¢ = p, L otherwise
0(¢, q—p, POSSIBLE-STEPS) = L1if¢ =p, T otherwise
0(€, Gy, POSSIBLE-STEPS) = (&qu) N (€ qy)
d(£, q-(pnx), POSSIBLE-STEPS) = (€,q-w) V(€q-y)

(

8(€, Goop(ry, ,,))> POSSIBLE-STEPS)

T if go = gy, otherwise

vé(q,- ,T+qk)s6(q¢,7,q;), T EPOSSIBLE-STEPS (T7 q'°°P(7f(qk Lag) ) )

vV

5(qi,?"x,qk)
v Va(qk,?x,qj) ((e,x) A

((67 X) A (67 qloop(w(qk7qj))))

(67 qloop(‘rr(qi ) ) ))

v V%GQ ((67 q'°°p(”(qi»qk))) A (67 q'°°p("(qkwq]'))))

6(&!1400;,(#(%&],)),POSSIBLE-STEps) =

1 if go = gy, otherwise

As(qi,r,qw,s(qmqj),rerossmw-sms (7, qﬂloor’(mk,qm)

AN

3(q:,7xak)
A/\é(qkﬁ-’x,q,‘) (e, ) v
/\/\QkEQ ((e’qﬁ|°°P(T"(qi,qk)))

((Ea _'X) \ (67 qﬂloop(ﬂ'(qk’qj))
(65 qﬂlOOP(W(qi,qk))

\ (67 qﬁloop(rr(qkyqj))))

THEOREM 11. There is a single exponential translation from
CoreXPath(N) path expressions to CoreXPath path expressions.

PROOF. The proof is along the same lines as in [2], where it is
shown that positive CoreXPath(N) path expressions can be trans-
lated to positive CoreXPath path expressions with an exponential
blowup.

We will show how to do the translation for CoreXPath(N) path
expressions that do not contain N inside qualifiers (here, by qual-
ifier we mean a path modifier of the form [¢]). The general case
follows by applying the translation repeatedly, in a bottom-up way.

Let « be a CoreXPath(N) path expression not containing N in-
side qualifiers. Introduce a unary predicate Py for each node ex-
pression ¢ that occurs in « as a test. Following [2] « can be
translated in linear time to a positive existential first-order formula
©(z,y) in the vocabulary consisting of R, R «, R, and R_.«
and the Py’s, such that o and ¢(x,y) define the same binary re-
lation. Next, as shown in [1, 9], ¢(z,y) can be translated into a
(positive) CoreXPath path expression 3 of exponential size, where
the P,’s may occur in 3 as node tests. As a final step, we replace
each Py in 3 back by the original node expression ¢b. [

The situation is less clear for CoreXPath(x,N). In fact, we do
not know whether it is possible to translate CoreXPath(x, N) path
expressions to CoreXPath(x) at all. However, we do have a trans-
lation to CoreXPath(x, ).

As in the previous section, it will be convenient to
work with the equally expressive but more succinct language
CoreXPathyga (x, loop).

LEMMA 12. For all CoreXPathyra (*, loop) path automata o
and (3, there is a CoreXPathnra(*,loop) path expression ~ of
length O(|c| - |B]) that is equivalent to o N (.

PROOF. Let o = (Q,8,qo0,qs) and 3 = (Q',¢', 40, q}). Be-
fore we define ~y, let us first provide the basic intuition. Sup-
pose m and n are nodes in a tree model M = (N, ...) such that
(m,n) € [[a]]géxpr and (m,n) € [A] SJEXP,. There is a unique cycle-
free path from m to n in the graph (I, R|,, R_.), and if we disre-
gard loops, then every witnessing trace of « or 3 from m to n must
travel exactly along this path in order to reach n from m.
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This intuition drives our construction of v below: we use loop to
cut all loops made by « and f3, so that the trip from m to n made by
« and ( can be performed synchronously. To be precise, we define
yas (@ X% Q',6%,{(qo, q0), (qr q})), where the transition function
5 contains the following transitions:

> 0" ((a.q), 7, (rr"))
(forT € {lla T1:—, H})
> 5>< (<Q7 q,>7 ‘[Ioop(a(q,r))L <T7 q,>)
> 5" (<Q7 q/>7 '[loop(ﬁ(q’,r’))]v <Q7 T/>)

It should be clear from the above discussion that -« defines exactly
the intersection of the binary relations defined by avand 5. [

whenever 6(q,7,7) and &' (¢',7,7")

THEOREM 13. There is a single exponential translation from
CoreXPath(x, N) path expressions to CoreXPath(x, loop) path ex-
pressions.

for all
there is a

PrROOF. It follows from Lemma 12 that,
CoreXPath(x*,loop) path expressions « and g,
CoreXPath(x,loop) expression  of length 2°Uel'8D that is
equivalent to a N 3 (simply apply the usual exponential translation
from NFAs to regular expressions). Applying this repeatedly, in a
bottom-up fashion, we can translate any CoreXPath(x, N) path ex-
pression into an exponentially long equivalent CoreXPath(x, loop)
path expression. [

COROLLARY 14. Containment for CoreXPath(x,N) is decid-
able in 2-EXPTIME. It is decidable in EXPTIME if there is a bound
on the nesting depth of intersection.

PROOF. The first half of the statement follows directly from
Theorem 13. As for the second half, if there is a bound on the nest-
ing depth of intersection, then Lemma 12 gives us a polynomial
translation from CoreXPath(x,N) to CoreXPathnea(*, loop). By
Theorem 8, the latter is decidable in EXPTIME. [

A matching lower bound will be proved in Section 6. The
above translations from CoreXPath(N) to CoreXPath and from
CoreXPath(x,N) to CoreXPath(x, ) also allow to derive results
about the relative succinctness of these languages. We will come
back to this in Section 8.



5. CoreXPath (N) IS IN EXPSPACE

We will now show that containment can be decided in
EXPSPACE for CoreXPath|(N), the downward fragment of
CoreXPath(N) (even if there is no bound on the nesting depth of in-
tersection). As before, we will use Proposition 3, and prove the up-
per bound only for node satisfiability. Our proof is inspired by Lad-
ner’s PSPACE algorithm for testing satisfiability of modal formulas
[13]. The heart of the argument lies in Lemma 16 below, which
shows that we can restrict attention to tree models whose depth is
bounded exponentially in the length of the input CoreXPath(N)
expression.

As a first step, we show how we can get rid of union and intersec-
tion in path expressions, at the expense of an exponential blowup.
We call a CoreXPath| (M) path expression simple if it is of the form
a1/ -+ /ay, where each «; is of the form [, |* or .[p]. We use |«
to denote the length of a path expression « (the number of symbols
needed to write it), and likewise for node expressions.

LEMMA 15. For every CoreXPath|(N) path expression «,
there is a set of simple CoreXPath| (M) path expressions inst(c)
such that

(i) linst(a)]| is 20(la?),

(ii) for each (3 € inst(a),

Bl <4

(iii) o is equivalent to | inst(«v), and

(iv) each B € inst(a) contains only node expressions that occur
in a.

The proof is based on a careful case distinction.

For any simple path expression & = a1/ - /o, we will use
suff(a) to denote the set {a;/ - /an | 1 < i < n}. For any
node expression ¢, sub(y) is the set of all sub-expressions of ¢,
i.e., node expressions that occur as a subterm of ¢ (possibly nested
inside a path sub-expression occurring in ). Finally, aux(¢) is the
set of all node expressions of the form (3) with 8 € suff(inst(«))
for some (o) € sub(¢). Intuitively, sub(y) U aux(¢) contains all
those node expressions that might be needed in order to compute
inductively the set of nodes that satisfy .

LEMMA 16. Every satisfiable CoreXPath|(N) node expres-

sion o is satisfiable in a tree of height 20Uvol®),

The proof of this lemma consists of a slightly intricate manipula-
tion of tree models. The basic idea is to describe each node n in a
tree model by a fype which includes (a subset of) the node expres-
sions from sub(y) U aux(¢p) true at n. Although there are doubly
exponentially many such types, a careful counting argument shows
that only singly exponentially many types can be realized on each
individual branch of a tree. Moreover, if a branch contains two
nodes that have the same type, the model can be contracted into a
smaller one. Details are given in the full version of this paper.

To present the decision procedure, we need a few further prelim-
inaries. For any CoreXPath, (M) node expression ¢, let cl(¢) =

{1, ) | ¥ € sub(p) Uaux(p)}.

DEFINITION 17 (COMPLETE TYPE). Let @9 be any
CoreXPath| (N) node expression. A complete @o-type is any
t C cl(wo) satisfying the following conditions:

» 1 contains at most one label from 33 as an element.
» Forall —p € cl(p), p € Liff 7 & L.
» Forall (p A) € cl(po), (p A1) ELiff o € tand ) € 1.
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guess a complete po-type t;
if po ¢t then return ‘No’ else return check(t,0);

procedure check(t, 1):

if i > 2P(#0l) then return ‘No’ else continue;

for each demand ¢ €1t do

let the remainder of ¢ be ¢';

guess a complete ¢o-type t';

if ¢/ ¢t/ or t# t' or check(t,i+1)='No’ then
return 'No’ else continue;

return ’‘Yes’;

Figure 2: Non-deterministic exponential space algorithm for
testing satisfiability of a CoreXPath | (M) node expression .

» Forall (o) € sub(yo), () € tiff there is a 3 € inst(«) such
that (8) € t.

» Forall {.[1)]/B) € aux(po), (.[¢]/B) € tiffy € tand (B) € t.
» Forall (|*/3) € aux(po), if (B) € tthen {|*/B) € t.

Let ¢ be a complete ¢o-type. A formula ¢ € tis called a demand in
t if either (i) 4 is of the form (| /«), or (ii) 4 is of the form (|*/«)
and ¢ does not contain (). In the first case, the remainder of 1 is
(), and in the second case, the remainder of 1 is ¥ itself.

Given two complete @o-types, t,t’, we write t = t’ if the fol-
lowing two conditions hold:

» forall (|/a) € aux(po), if (a) € ¢’ then (/) € t;
» forall (|*/a) € aux(po), if (|*/a) € t/ then (|*/a) € ¢

Intuitively, ¢ = t' means that we can consistently think of ¢’ as
being the type of a child of a node with type ¢.

The (non-deterministic) algorithm for node satisfiability in
CoreXPath| (M) is given in Figure 2. It takes as input a node ex-
pression g, and it tries to recursively construct a model for the
expression, while keeping in memory at any point only a single
branch of length at most 2P(#oD) where p is the precise polyno-
mial of Lemma 16. Since NEXPSPACE = EXPSPACE by Savitch’s
theorem, we obtain that CoreXPath (M) is in EXPSPACE.

The above construction can be extended to the case with DTDs,
giving us an EXPSPACE algorithm for testing containment for
CoreXPath| (M) in the presence of DTDs. In the case relative to
aDTD D = (E, P,r), the check procedure, when called with in-
put type ¢, has to guess not just a type for each demand in ¢, but also
a word belonging to P(a), where a is the unique label belonging
to t. Extended DTDs and ancestor based patterns can be handled
as well.

THEOREM 18. Containment for CoreXPath | (N) in the pres-
ence of DTDs is decidable in EXPSPACE.

A matching lower bound will be proved in the next section.

6. LOWER BOUNDS FOR CoreXPath(x,N)

We now provide matching lower bounds for the upper bounds
from the previous sections: containment is EXPSPACE-hard for
CoreXPath | (N), and it is 2-EXPTIME-hard for CoreXPath(N, x).
In fact, we show that the 2-EXPTIME lower bound holds
for the fragments CoreXPath;;(N), CoreXPath;_,(N) and
CoreXPath (%,M). This shows that the EXPSPACE upper bound
for CoreXPath | (N) cannot be generalized in any easy way.
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Figure 3: Successor configurations in CoreXPath 1(N).

As usual, we concentrate on satisfiability of node expressions.
By Proposition 3, the results carry over to containment for path
expressions. It is convenient to work with a generalization of tree
models in which nodes can satisfy more than one label, i.e., where
the labelling function Lab of models is a function from N to 2%.
We call such models tree models with multi-labels. The following
lemma shows that, in proving our lower bounds, we can safely use
tree-models with multi-labels.

LEMMA 19. Satisfiability of CoreXPath| (N) node expressions
on tree-models with multi-labels can be reduced in polynomial
time to satisfiability of CoreXPath|(N) node expressions on
standard tree models. The same holds for CoreXPathj (x,N),
CoreXPath|1(N) and CoreXPath | _, (N).

The lemma is proved via an easy encoding of the multi-labels of
a node n through the (standard) labels of additional children of n,
similar to what is done in [8]. In the remainder of this section,
we only consider tree models with multi-labels. Our first aim is to
prove the following result.

THEOREM 20. Containment
2-EXPTIME-hard.

The proof is by reduction of the word problem for exponentially
space bounded alternating Turing machines (ATMs). Recall that an
ATM is of the form M = (Q, A, T', o, A), where Q = Q3 Qv W
{qa} W {g-} is the set of states, partitioned into existential states
from 3, universal states from @y, an accepting state q,, and a
rejecting state q,; A is the input alphabet and I" the work alphabet
containing a blank symbol [] and satisfying A C I'; go € Q3 U Qv
is the starting state; and the transition relation A is of the form
A C QxTIxQxTI x{L,R}. We will write A(g,a) for
{(d',b, M) | (q,a,q',b, M) € A}.

There exists an exponentially space bounded ATM M =
(Q, A\, T, qo, A) whose word problem is 2-ExPTIME-hard [3]. We
may assume that the length of every computation of M onw € A*

for  CoreXPath| 1(N) s

is bounded by 22k, and all the configurations wqw’ in such com-
putations satisfy |ww’| < 2% We may also assume w.l.o.g. that
M never attempts to move left on the left-most tape cell. Let
w = ag---ax—1 € A" be an input to M. We construct a node
expression g, of CoreXPath) 1(N) such that w € L(M) iff
(M, w 1 satisfiable.

In models of pa1,w, nodes are used to represent tape cells and
subtrees are used to represent configurations. This is illustrated in
Figure 3, in which the triangles denote configuration trees, i.e., bi-
nary trees of depth & whose leaves encode a configuration. The
figure shows a configuration (left tree) with two successor config-
urations (middle and right tree). The r and —r labels are used as
markers, as explained later on. In the reduction, we use the set of
labels Q@ UT U {r,co,...,ck—1}, whose intuitive meaning is as
follows (recall that we work with multi-label trees):

» ¢ € Q is true in a leaf n of a configuration tree if in this config-

uration, the head of M is on the tape cell represented by n and the
machine is in state q;
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» a € I'is true in a leaf n of a configuration tree if a is the symbol
on the tape cell represented by n;

» 1 is used to identify the roots of configuration trees and is impor-
tant for “travelling” between successor configurations using path
expressions;

» Co, ..., Ck—1 describe a counter C'in binary coding for counting
the 2" tape cells of configurations, with the leftmost cell having
counter value C' = 0;

In the following, we use {c! ¢} as an abbreviation for —(a[—¢]),
i.e., the semantics is

{n €N |VmeN.(n,m) € [a]pexpr
implies m € [@]Nexpr}-

[{o! 80}]]NExpr =

This abbreviation corresponds to the box operator of modal logic.
We first establish, underneath each 7 node, a tree in which we find
every tape cell (i.e., counter value of C) at least once as a leaf. For
all i < k, define:

= AT (e A el A
Ales = {Le D) A (e = {L1=¢1) )}

j<i

Ptree

where |® denotes the i-fold composition 1/--+/l. Since we are
only allowed to travel up and down, we cannot ensure that every
value of C' occurs at most once among the leaves. Instead, we
ensure that cells with identical C' values are labelled in the same
way. Define forall @,b € I"and all ¢ < k:

[al/1% /1% 0]
(Leil /T /4Fead) U (el /15 /1 e

Now, the path expression cv—cy travels between any two leafs of a
configuration tree with the same C' value and ¢, ensures unique
labels.

Qab

A=

A=cur = ﬂ a—;
i<k
oui = N UL (s N a=ar))
a,bel’,a#b

It is easy to construct a node expression rape Which ensures that
(1) every tape cell is marked with at least (and thus exactly) one
symbol from I" and never with two different states, (ii) each config-
uration has at most one cell marked with the tape head (which in-
volves a path expression cvzc,r similar to a—c.r above), and (iii) the
initial configuration is such that the head is on the left-most tape
cell, the ATM is in state qo, and the tape is labelled with the input
word followed by blanks. Details are left to the reader. We now
say that cells not underneath the head are labelled with the same
alphabet symbol in the consecutive configuration. A central role is
played by the path expression c—ny:, wWhich travels from leafs of a
configuration to leafs of the successor configurations that represent
the same tape cell.

acwe = ) ((L/Tle/ T/ L=l /L] /L ) U
i<k
(L/T[mel /1A=L /L ed))
g = /\ ((=hAa) = {a=n'a})

acl’

Observe that we use the additional root labelled —r of successor
configurations (c.f. Figure 3) to distinguish them from the current
configuration.



Figure 4: Successor configurations in CoreXPath|_.(N).

Next, we have to ensure that the transitions are according to the
transition table. To this end, we need path expressions o, and
QReur that are similar to av—c.r, but travel to the left and right neigh-
boring cell in the current configuration. We only give areur:

QRcur = m (aﬂip—i U akeep—i)
i<k
Qflip—i = .[Co A A cifl]/a#
Qlkeep—i 1= .[“Co VeV —\0171]/0511'

where a; is defined analogously to a—;. Now, the following node
expression takes care of proper transitions:

pa = {l*[r]/l’“!
/\ (gha= \/ (a=nxt[b A {anrcur! P}]) ) A

q€Q3,a€l (p,b,M)€A(q,a)

/\ (gha= /\ (a=nt[b A {anreur ! DY) ) }

qEQy,a€l’ (p,b,M)€EA(q,a)

It remains to describe acceptance of the machine. Since all com-
putations of M are finite, it suffices to require that the rejecting
state g» never appears: @acc := [|*]¢r. Altogether, the machine’s
behaviour is described by the node expression

PM,w = Ptree A Puni N Ptape A Pid A PA N Pacc

It is not hard to show that w € L(M) iff ¢ a4, is satisfiable, which
establishes Theorem 20.

The following result is proved similarly, again by a reduction of
the word problem of exponentially space-bounded ATMs.

for

THEOREM 21. Containment
2-EXPTIME-hard.

CoreXPath|_.(N) s

We only illustrate the most important ideas of the reduction. It
uses the same labels as in the previous reduction, except that we
drop r. In CoreXPath | _, (M), configurations have to be represented
in a different way than before. This is illustrated in Figure 4, in
which the horizontal sequences are of length 2* and represent a
configuration. As before, the figure shows one configuration (left
box) together with two successor configurations (right boxes). We
can access neighboring cells in the same configuration by travelling
to the right, and we can access cells in successor configurations by
means of the path expression —*[=(—)]/|*/—".

All relevant properties can in fact be described in
CoreXPath|_.(N) without using the one-step sibling axes —
(which is not present in the original version of CoreXPath). To
ensure that each horizontal sequence is of the appropriate length,
we use the counter C, enforcing that (i) every non-leaf has a child
with counter value 0; (ii) each node with counter value z < 2F
sees via —™ a node with counter value = + 1; and (iii) there is
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Figure 5: Successor configurations in CoreXPath| (N).

no node that sees via —* a node with the same counter value. To
achieve (i)-(iii), we use the following node expression:

pine = {171 (1) = (l[reo Ao Amcg-a])) A
(“Co Ve Vcg_1 = <ainc N —>*>) A\
“(a=N—=") }

Qine = U (.[co/\~~~/\ci,1/\—\ci] /

i<k
() ((c;/="/e;)) U (=e; /=" [~ey)) /

i<j<k
.[—‘01 AN ANci—1 A CZ])

It is straightforward to adapt the node expressions prape, Pid, PA,
and acc to the new setup. The expressions ¢iree and @uni are not
needed.

Adding transitive closure to CoreXPath (M) also makes con-
tainment 2-EXPTIME. This in fact follows from a known result.
CoreXPath (x,N) can be seen as a notational variant of propo-
sitional dynamic logic with intersection (IPDL). It was proved in
[14] that satisfiability of IPDL formulas in finite tree models (with
multi-labels) is 2-EXPTIME-hard. Thus, we obtain

THEOREM 22. Containment for CoreXPath(x,N) is 2-
EXPTIME-hard.

Finally, we consider the downwards fragment CoreXPath(N)
and provide a matching EXPSPACE lower bound for Theorem 18.

THEOREM 23. Containment for CoreXPath (N) is EXP-
SPACE-hard.

The proof is by a reduction of the word problem of exponentially
time-bounded ATMs. According to [3], there is an exponentially
time bounded ATM M whose word problem is EXPSPACE-hard.
We may assume that the length of every computation of M on
w € A¥ is bounded by 2¥, and that all configurations wqw’ in such
computations satisfy [ww’| < 2. As in the previous reductions,
we also assume that M never attempts to move left on the left-most
tape cell. Letw = ag - - - ax—1 € A" be an input to M. We sketch
the construction of a node expression @ aq,., of CoreXPath|(N)
such that w € L(M) iff @4, is satisfiable.

Figure 5 shows how we represent a configuration and two suc-
cessor configurations. Each box encloses a configuration, which is
represented by a downward sequence of length 2%. The two lower
boxes represent the successor configuration of the upper box. We
use the labels from the previous reductions and introduce additional
labels do, . .., dx—1 for implementing a second counter D. While



the purpose of C'is still to count the tape cells of a configuration,
the purpose of D is to count successive configurations. Both coun-
ters are initialized with value 0. With each child-step, C' is incre-
mented modulo 2”. If the value of C' changes from 2" 110 0, the
counter D is incremented as well, otherwise it stays the same.

For ¢iq and ¢, we need a path expression that accesses the
corresponding tape cell in successor configurations, i.e., the node
whose C' value is the same as the current C' value, and whose D
value is the current D value plus one. Such a path expression is
easy to find, by analogy to av—cur and atreur above.

7. PATH COMPLEMENTATION AND
FOR-LOOPS

We now consider two extensions of CoreXPath for which path
containment is non-elementary. Recall that a decision problem
is called non-elementary if the time needed to solve it cannot be
bounded by any exponential tower of constant height.

First, we consider CoreXPath(—), the extension of CoreXPath
with path complementation. Path containment is non-elementary
even for a small fragment L of CoreXPath(—), in which path ex-
pressions are formed as follows:

as=1pl |17 |a/f|a-p

for p € 3 and with | abbreviating | /| *. Note that L has only
downward axes, lacks complex node tests, and lacks union as a
primitive operator.

THEOREM 24. Containment for L is non-elementary.

PROOF. We now give a reduction from the non-emptiness prob-
lem for star-free expressions r == a | (rr') | (r Ur’) | —r, which
is well-known to be non-elementary [24]. First, note that using the
path complementation operator, we can define path intersection and
union:

anp
aupg

(a—(a—p))
= =a)n* - 5))

The exponential blowup involved in this definition of union is of no
importance, as our intention is merely to show non-elementarity.
Also, for the latter equivalence, note that all path expressions of L
define a subrelation of | .

Star-free expressions can now be translated into L:

tr(a) = |[d]

tr(rr’) = tr(r)/tr(r")
tr(rur’) = tr(r)Utr(r’)
tr(—r) = |7 —tr(v)

It can be shown by induction on r that, for any tree model M
with nodes m, m, and for any star-free expression r, (n,m) €
[[tr(r)]]éfgxpr iff there are n1 R n2 R, - - - R ny such that ny = n,
ni = m, and the word (Lab(nz),..., Lab(ny)) belongs to the
language defined by r. It follows that  defines a non-empty lan-
guage iff tr(r) is not contained in |* — |*. [

Similarly, satisfiability is non-elementary for L. This improves
on a result from [12], which shows that L-satisfiability is NP-hard.

Next, let us consider CoreXPath(for). The for-construct in
XPath 2.0, allows iteration over a node set, using a bound variable.
Formally, CoreXPath(for) is obtained by introducing a countably
infinite set of node variables $i, $j, ..., and extending the syntax
and semantics of CoreXPath in the following way:

» All node and path expressions are interpreted relative to an as-
signment g of nodes to the variables.
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» We allow node tests of the form . is $i”, interpreted as follows:
. M, .
[is $l]]NExgpr ={n|n=yg($)}

» We allow path expressions of the form “for $i ina return 37,
interpreted as follows:

[for $i in o return ﬂ]]gé’x%r =

such that (n, k) € []og, and (n,m) € [Bag ™'}

(n, m) | there is a node k

with g[$i — k] the assignment that agrees with g on all node vari-
ables except $i, and that sends $: to k.

As usual, the downward fragment of CoreXPath(for) is denoted by
CoreXPath (for).

THEOREM 25. Containment for CoreXPath|(for) is non-
elementary, even if only one variable is used in the expressions.

PROOF. Using a single variable, we can express complementa-
tion: if o, 3 are downward path expressions, then o — (3 is equiv-
alent to for $i in a return.[—(8[. is $i])]/1*[. is $i]. It follows
that containment for CoreXPath | (for) is at least as complex as for
CoreXPath| (—), i.e., non-elementary. []

8. SUCCINCTNESS

We have seen in Section 4 that there are exponential translations
from CoreXPath(N) to CoreXPath and from CoreXPath(x,N)
to CoreXPath(x,~).  This shows that CoreXPath(N) and
CoreXPath(*,N) are at most exponentially more succinct than
CoreXPath and CoreXPath(x, =), respectively. They are indeed
precisely exponentially more succinct.

Suppose two languages, L and L', have the same expressive
power. We say that L is exponentially (or, non-elementarily) more
succinct than L', if there is a sequence of expressions (¢;)ien
such that each ¢; is of length polynomial in ¢ and every sequence
of equivalent L'-expressions grows at least exponentially (non-
elementarily) in 4.

THEOREM 26.

e CoreXPath(N) s

( than
CoreXPath(~).
(

exponentially more succinct

o CoreXPath(x,N) is exponentially more succinct than
CoreXPath(x, ).

PROOF. We may w.l.o.g. restrict our attention to any subset of
the set of all finite tree models. Let %{q be the class of tree models
in which each node has at most one child, and each node is labelled
by either p or ¢. In other words, ’Z;l ¢ 1s the set of all words over the
alphabet {p, ¢}. Given such a word, we use n to denote the number
of nodes in the tree and u; to denote the i-th node counting from
the root (for 1 < ¢ < n). For each k € N, let ¢, be the following
property, where = means that two nodes have the same tag name:

For all 4,5 < n — 2k, if u;, wit1, uj, uj41 all have
tag name p, and w;or = ujyo¢ for all £ < k, then
Ui42k = Uj42k-

Claim 1. On 7;,1,(1, @k can be expressed by a nodd expression of

CoreXPath(N) of size quadratic in k.

To see this, first note that = is defined by the path expression
(pl/1*/1*[p)) U (-[a]/17 /1" [g]) and # is defined by the path ex-
pression (.[p]/1"/1"[q) U ([q]/1"/1"[p]) Next, let oy and iy be
the path expressions (1)%// = /(1) and (])**/ # /(1)?, defin-
ing the binary relation that hold between w; and u; if i, 7 < n —2¢



and wiy2¢ = wjt20 (respectively, uiyo¢ Z wji2¢). Finally, the
node expression ¢y, is

p AP — () ae N ai)lp A (L))

<k

Claim 2. Every CoreXPath(x, /) node expression, and in fact ev-
ery CoreXPathyea (%, loop) node expression expressing y, on 7;1’(1
must be of length O(2").

We already saw that every CoreXPathyera (*, loop) node expression
can be translated in polynomial time to a 2ATA. Since we are work-
ing with words, we can translate into a two-way alternating Biichi
automaton on words rather than on trees. Each such automaton can
be translated into an equivalent NFA at the cost of a single expo-
nential blowup [27]. Now, Etessami, Vardi and Wilke [5] proved

that any automaton of the latter kind defining ¢, has at least 92"
many states. The claim follows. [

THEOREM 27. CoreXPath(x, —) is non-elementarily more
succinct than CoreXPath(x,N)

PROOF. It follows from Theorem 24 that the size of the small-
est tree model for a satisfiable CoreXPath(—) node expression
( cannot be bounded elementarily in the length of ¢ (indeed, if
there were an elementary bound, then this would easily yield an
elementary decision procedure for testing CoreXPath(—) satisfi-
ability: try all models). This means that there is a sequence of
CoreXPath(—) formulas (¢;)icn of length linear in ¢ and such
that each ¢ is satisfiable but such that the smallest tree model for
(i cannot be bounded by an elementary function of ¢. On the other
hand, we know from Theorem 10 and Theorem 13 that every sat-
isfiable CoreXPath(x, M) expression ¢ is satisfied in a tree model
of size doubly exponential in the length of . Therefore, any se-
quence (¢} );en of CoreXPath(*, M) formulas such that each ¢} is
equivalent to ¢; must grow non-elementarily in length. [

THEOREM 28. CoreXPath(for) is (at least) exponentially
more succinct than CoreXPath(—).

PROOE. Let F'O be the first-order language, interpreted on tree
models, that has atomic binary relations R, R|., R, R~ and a
unary predicate P, for each p € X. There is a linear translation
from CoreXPath(—) into the three variable fragment of F'O, and
there is a linear translation from full F'O into CoreXPath(for). It
was shown in [10] that, on tree models, F'O is exponentially more
succinct than its three variable fragment (in fact, the proof does not
even involve unary predicates). It follows that CoreXPath(for) is
also exponentially more succinct than CoreXPath(—). [
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