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Abstract. We give a coinductive proof of confluence, up to equivalence
of root-active subterms, of infinitary lambda-calculus. We also show con-
fluence of Bohm reduction (with respect to root-active terms) in infini-
tary lambda-calculus. In contrast to previous proofs, our proof makes
heavy use of coinduction and does not employ the notion of descendants.

1 Introduction

Infinitary lambda-calculus is a generalization of lambda-calculus that allows in-
finite lambda-terms and transfinite reductions. This enables the consideration
of “limits” of terms under infinite reduction sequences. For instance, for a term
M = (Amx.mm)(Amz.mm) we have

M —g Ax.M =g Az z.M =g Az z \z. M =g ...

Intuitively, the “value” of M is an infinite term L satisfying L = Ax.L, where
by = we denote identity of terms. In fact, L is the normal form of M in infinitary
lambda-calculus.

In [6] it is shown that infinitary reductions may be defined coinductively.
The standard non-coinductive definition makes explicit mention of ordinals and
limits in a certain metric space [11,14,2]. Arguably, a coinductive approach is
better suited to formalization in a proof-assistant.

We prove confluence of infinitary reduction up to equivalence of root-active
subterms, and confluence of infinitary Bohm reduction w.r.t. root-active terms.
These results have already been obtained in [11] with proofs involving the notion
of descendants. However, our proof is coinductive. We show that the theory of
infinitary lambda-calculus, to the extent studied here, may be entirely based on
coinductive definitions and proofs, without even mentioning ordinals or metric
convergence.

1.1 Related work

Infinitary lambda-calculus was introduced in [11,10]. All results of this paper
were already obtained in [11], by a different proof method. See also [14, 2, 5] for an
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overview of various results in infinitary lambda-calculus and infinitary rewriting.
The coinductive definition of infinitary reductions was introduced in [6].

Our proof differs from the proof in [11]. Instead of using the notion of descen-
dants, we rely on coinduction. Nonetheless, the overall structure of the whole
proof and proofs of some lemmas are analogous to [11].

A method of coinductive confluence proofs somewhat similar to ours was
given by Joachimski in [9]. However, Joachimski’s notion of reduction does not
correspond to strongly convergent reductions. Essentially, it allows for infinitely
many parallel contractions in one step, but only finitely many reduction steps.

There are three well-known variants of infinitary lambda-calculus: the A1,
A% and A1 calculi [2,5,11,10]. The superscripts 111, 001, 101 indicate the
depth measure used: abc means that we shall add a/b/c to the depth when
going down/left/right in the tree of the lambda-term [11, Definition 6]. We are
concerned only with A, In this calculus, after addition of appropriate L-rules,
every term has its Berarducci tree [10, 3] as the normal form. In A% and A1,
the normal forms are, respectively, Bohm trees and Levy-Longo trees [11,10].
With the addition of infinite eta reductions it is possible to also capture eta-
Bo6hm trees as normal forms [13].

2 Preliminaries

2.1 Coinduction

In this section we give an introduction to coinduction, to the extent necessary
to understand the proofs in this paper. Because of space limits and for the sake
of readability we only present several examples from which we hope the general
method should be clear. For more background on coinduction see e.g. [8,12], or
see [4] for a practical introduction to the usage of coinduction in the Coq proof
assistant. Our use of coinduction does not correspond exactly to the coinduction
principle of Coq [7] and some of our proofs cannot be directly formalized in
Coq. They could probably be formalized in recent versions of Agda extended
with copatterns and sized types [1]. Also, we do not directly employ the usual
coinduction principle from [8]. The correctness criterion for our proofs is that
they may all be interpreted in the way outlined below.

We do not attempt here to formulate a general coinduction principle or pro-
vide a formal system in which our proofs could be easily formalized. This is an
interesting question by itself, but a seperate one from simply ensuring correct-
ness of the proofs in each particular case, by indicating how to interpret them
in ordinary set theory without using coinduction. In other words, our use of
coinduction may be seen as a way of leaving implicit the tedious, annoying and
purely technical details which would be necessary if the proofs were to be made
inductive.

Consider the following definition by a grammar of a set T of terms, where V
is an infinite set of variables.

T:=V || A(T) || B(T,T)



Conventionally, this definition is interpreted inductively: the set T consists of all
finite terms built up from variables and the constructors A and B. When inter-
preted coinductively, both finite and infinite terms are allowed. So then e.g. a
term A% satisfying A¥ = A(AY) also belongs to T. Formally, under the coin-
ductive interpretation T is a final coalgebra of an appropriate endofunctor [8].
We will not get into details here. One may think of T as the set of all possibly
infinite labelled trees with labels specified by the grammar.

A definition of a function f with codomain T is by guarded corecursion if each
(co)recursive call of f occurs directly inside a constructor for T. Such a definition
determines a well-defined function and with the introduction of some technicali-
ties it may be reformulated as an ordinary inductive definition (by induction on
the length of positions in a term). An example of a function defined by guarded
corecursion is substitution: a function taking two terms and a variable.

x[t/x] =t A(s)[t/x] = A(s[t/x])
ylt/z] =y ify#x  B(sy,s2)[t/z] = Blsi[t/x], s2[t/x])

Now consider a relation defined by the following derivation rules.

t —o t/ t —o t S —0 s’ t —o t
TS0T A() =0 B(E,)  A(f) =0 A() B(s,t) =0 B(5, 1)

When interpreted coinductively, in addition to finite derivations we also allow
infinite ones. More formally, one may interpret the relation —¢ as the greatest
fixpoint of a function F : P(T x T) — P(T x T) defined as follows.

F(R) = {(t1,t2) | (1 =t2 = 2)V
(= A(t) Ao = Bt t) AR(t, ) V
3, (6 = A(t) Ao = A(t') A R(E, 1))V
s, t, 5,1 (11 = B(s,t) A s = B(s' ) A R(s,s') A R(L ')}

The function F' is monotone, so by the Knaster-Tarski theorem its greatest
fixpoint exists and may be obtained in the following way. By transfinite induction
we define: Ry = T x T, Roq1 = F(Rqy), and Ry = [, Ra for A a limit ordinal.
Then there exists an ordinal ¢ such that B: = — is the greatest fixpoint of F'.

All coinductive proofs in this paper show statements of one of two forms:
VT (¢(T) = R(f(T))) or VT (¢p(Z) — Jy (R(T,y) A S(T,y))), where R and S are
relations defined coinductively by some derivation rules, T ranges over tuples of
terms, y ranges over terms, and f is a function from tuples to tuples of terms.

In coinductive proofs we appeal to the “coinductive hypothesis”, which at
first sight may seem like assuming what we are supposed to prove. The trick
is that we are allowed to use the result of an application of the coinductive
hypothesis only in certain ways: we have to use it directly as a premise of some
derivation rule, and we must not manipulate the resulting derivation in any
other way. In contrast, in an inductive proof, the result of an application of the
inductive hypothesis may be used in an arbitrary way, but there is a restriction
on the parameters of the hypothesis — they should be smaller in an appropriate
sense. We shall now give an example of a coinductive proof.



Ezample 1. We show by coinduction: if ¢ € T then ¢t —¢ ¢t. If ¢t = x then t —¢ ¢
holds by the first rule. If ¢t = A(s) then s —¢ s by the coinductive hypothesis.
So t —¢ t by the third rule. If t = B(t1,t2) then t; —¢ t1 and t2 —¢ t2 by the
coinductive hypothesis. Hence ¢t —( t by the fourth rule.

Formally, a coinductive proof of VZ (¢(Z) — R(f(Z))) may be interpreted as
a proof by transfinite induction on an ordinal « of VZ (¢(ZT) — R, (f(Z))) for
a < (. The cases a = 0 and « a limit ordinal are trivial and left implicit. A
coinductive proof may be read as a proof of the inductive step for « a successor
ordinal, where “coinductive hypothesis” means “inductive hypothesis” and the
ordinal indices are left implicit.

In a few proofs we actually violate the above interpretation slightly by apply-
ing derivation rules to the result of an application of the coinductive hypothesis
more than once. However, this is easily seen to be correct by using F'(R) =
Unen, F"(R) instead of F. We have F"(Ra) = Rayn € Rat1 = F(Ra) for
n € Ny, which implies F'(R,) = F(R,). Hence, F’ has the same greatest fix-
point as F.

The formal interpretation of a coinductive proof of a statement of the form
VT (¢(Z) = Jy (R(T,y) A S(T,y))) is slightly more involved. With the following
example, we indicate how to reduce such a proof to coinductive proofs of state-
ments of the form VZ (¢(Z) — R(f(Z))).

Ezample 2. We show: if t —¢ t; and t —¢ to then there exists t3 such that
t1 —¢ t3 and t9 —q t3. Coinduction with case analysis on t —( ¢;. For instance,
assume t = A(t') and ¢, = B(t},t]) with t’ —¢ ¢]. There are two cases.

1. to = B(th, t}) with ¢/ —¢ t5. By the coinductive hypothesis there is t§ such
that t) —¢ t4 and th —¢ t4. Thus t1 = B(#},t}) —o B(th,t5) and ty =
B(th,th) —o B(t,t5), by the last rule. Hence, we may take t3 = B(t5,t%).

2.ty = A(t}) with ¢’ —¢ t5. By the coinductive hypothesis there is ¢§ such
that t] —o t5 and t§ —¢ t5. Hence t; = B(t},t]) —o B(th,t5) by the last
rule, and to = A(t) —o B(t5,t5) by the second rule. Thus we may take
ts = Bt} 15).

Formally, the above proof may be interpreted as actually showing: if t —¢ ¢;
and t —q to then ¢y | to, for a relation | defined coinductively as follows.

tls tls tls sls tlt
tls AW 1BGs) BLOIAG) AW LAG) BlsD)lB,0)

The rules for | come from appropriate pairs of rules for —¢. By guarded core-
cursion we define a function h which given two terms t¢1, to such that ¢ | to
returns a term s such that ¢t; —g s and to —q s.

hiz,z) =z
h(A(t), B(s,s)) = B(h(t, s), h(t,s))
h(B(t,t), A(s)) = B(h(t,s),h(t,s))
h(A(t), A(s)) = A(h(t, s))
1)) = B(h(s,s')



It may be shown by coinduction that if ¢; | to then t; —¢ h(t1,t2) and to —¢
h(t1,t2). We give a proof for t; —¢ h(ty,t2). If 1 = x then h(ty,t2) = z and
we are done. If ¢t; = B(s,t) and t; = B(s',¢') with s | s/ and ¢ | ¢’ then by
the coinductive hypothesis s —¢ h(s,s’) and t —¢ h(t,t'). So t1 = B(s,t) —o
B(h(s,s"),h(t,t")) = h(t1,t2). The other cases are analogous.

2.2 Infinitary lambda-calculus

In this section we define the syntax of infinitary lambda-calculus. We also pro-
vide definitions of various notions of reduction and other relations in infinitary
lambda-calculus. Our definitions are coinductive. For standard introduction to
infinitary lambda-calculus see e.g. [14,11].

Definition 1. The set of A°°-terms is defined coinductively:
A® 2=V || AV.A® || A A

where V' is an infinite set of variables.
Capture-avoiding substitution is defined by guarded corecursion.

x[t/x] =t (s182)[t/x] = s1[t/x]sa[t/x]
ylt/r] =y whenz #y  (Ay.s)[t/x] = Ay.s[t/xz] when y ¢ FV(t)

The relation — g of B-contraction is defined inductively by the following rules.
s—g s t—pt s—p s
(Az.s)t —g s[t/x] st —ps't st—pst’  Av.s —pgdvs

The relation —J of S-reduction is the transitive-reflexive closure of —4.
The relation =3 of infinitary B-reduction is defined coinductively.

s —>Z r S %E tita t1 =3 th to =5 th s %:,*’3 Az.r T =5 r

s=F T s =3 tits s =g Av.r’

We will disregard the usual problems with a-conversion. In the infinitary
setting it presents some additional, but purely technical difficulties [11, 6].

The idea with the definition of —73 is that the depth at which a redex is
contracted should tend to infinity. This is achieved by defining —3 in such a
way that always after finitely many reduction steps the subsequent contractions
may be performed only under a constructor. So the depth of the contracted redex
always ultimately increases. In [6] it is shown that the above definition of —%°
coincides with the standard definition based on strongly convergent reductions.

Definition 2. Let 1 be a constant, i.e. a variable which is assumed to never
occur bound. A A%°-term t is root-stable if either t = x with x #Z 1, or t = \z.t/,
or t = t1ty and there does not exist s such that ¢; —>;§° Azx.s. A A®°-term t is
root-active if there does not exist a root-stable s such that ¢ —>§° s.

Given t,s € A, the relation t ~ s is defined by coinduction.

t, s are root-active t~s 1 ~s1 ta~ sy

t~s T~xT Art~Axs tits ~ S189



We finish this section with several lemmas concerning the introduced notions.
The first three lemmas have essentially been shown in [6, Lemma 4.3-4.5].

Lemma 1. If s =% s' and t =3 t' then st/x] =5 s'[t'/].
Lemma 2. Ift; =5 ta—2p s then t1 =5 3.
Lemma 3. Ift; =5 2 27 3 then t1 =5 3.
Lemma 4. If s is root-active and s =7 t, then t is root-active.
Proof. 1f t =3 t' for some root-stable #', then also s —2° ¢ by Lemma 3.
The following lemma was first shown in [11, Lemma 43] by a different proof.
Lemma 5. Ifty,to € A® and t1 is root-active, then so is t1[ta/x].

Proof. We write s =, s’ if z is not bound in &', i.e. s’ does not contain subterms
of the form Az.u, and s’ may be obtained from s by changing some arbitrary
subterms in s into some terms having the form xu; ... u,. It is easy to show by
induction that

(a) if t =% s and t =, t/, then there exists s’ such that ¢’ =% s’ and s >, ¢/,
(b) if ' —% s and t >, ¢/, then there exists s such that t =3 s and s =, s".

By coinduction we show

(c) if t =3 s and t =, t', then there exists s’ such that ¢ =3 s" and s =, s/,
(d) if " =5 s" and t =, t', then there exists s such that t —3° s and s =, .

We only give the proof for (c), since the proof for (d) is analogous. There are
three cases.

— t —% s =y. Then the claim follows directly from (a).

— t = titz, s = s152 and t; =3 si. By (a) there is u such that ¢’ —% u and
t1ty =, w. If u has the form zu; ...u, then we may take s’ = u. Otherwise
u = ujug with t; >, u;. By the coinductive hypothesis there are s}, s such

that u; —3° s; and s; =, s;. Thus we may take s’ = s/ s5.

— t =% Ay.u, s = Ay’ and u = u'. By (a) there is w such that ¢’ —7% w and
Ay.u =, w. If w has the form zu; ... u, then we may take s’ = w. Otherwise
w = Ay.wo with u =, wy. By the coinductive hypothesis there is w; such

that wo —3° wy and u' =, wi. So we may take s’ = \y.w;.
Now we show
(e) if s =, s’ and s is root-stable, then so is s'.

So suppose s =, s’ and s is root-stable. If s’ has the form zu; ...u, then it is
obviously root-stable. Otherwise, s’ =y, s’ = A\y.s” or s’ = s} s, with s = 5159
and s; >, s, In the first two cases s’ is root-stable. So assume s’ = s)sb,
s = s182 and 8; =, si. If §' is not root-stable, then s} =5 Az.u'. But then
by (d) there is w such that s; =3 w and w =, Az.u'. So w must have the form
Az.u. Contradiction.

Finally, suppose t1[tz/z] is not root-active. Then #1[t2/x] =3 s with s root-
stable. Without loss of generality t1[t2/x] >, t1. Hence by (c) there is s’ such
that t; =3 s’ and s =, s". By (e) we conclude that s is root-stable. This means
that ¢; is not root-active.



3 Confluence up to equivalence of root-active subterms

In this section we show that the relation —73° is confluent up to ~. More precisely,
we prove the following theorem.

Theorem 1. Ift ~ 1, t =3 s and t' =3 §', then there exist v, r' such that
s—=gFr, s’ =Fr andr~1'

The general proof strategy is similar to that in [11] and is illustrated in
Fig. 1. We introduce an e-calculus — a modified infinitary lambda-calculus. We
show confluence of infinitary reduction in the e-calculus and then translate this
result into confluence of =3 up to ~.

s < So s = &
r < To - r’
Fig. 1. Confluence proof for —3 up to ~.

Definition 3. The set of A°-terms is defined by coinduction.
A€ ==V || AV.A< || A4 || e(A9)

We say that t € A° starts with € if ¢ = €(t') for some t'. The relation —. of
e-contraction is defined as the compatible closure of the reduction rules

€"(A\x.8)t = e(s[t/x])

for n € N. The relation —} of e-reduction is the transitive-reflexive closure of —-.
The relation —1 is defined coinductively.

s—>15’ 8—)18/ t—)lt/ t—)lt/

T =1z Ax.s =1 Aa.s’ st —q st e(t) —1 €(t’)

tl[tz/x] —1 t’
6”()\$.t1)t2 —1 E(t/)

The relation —2° of infinitary e-reduction is defined coinductively.

s =24 s =28 t =2t st e(t) to2t

x—=Xr  Ax.s =& Ax.s’ st —2° §'t! s = €(t)



For s € A€ and s’ € A, the relation s = s’ is defined coinductively

s’ is root-active s> s s>=s t=t
€'(x) = x e -5 €"(A\x.s) = \x.s’  €"(st) - 't/

where n € N. If s = s’ then s’ is an erasure of s.

The purpose of our e-calculus is similar to the e-calculus in [11]. To make a di-
rect coinductive confluence proof feasible, each contraction must produce at least
one new constructor. In [11] the e-contraction rule is €”(A\z.s)t — €"T2(s[t/x]),
so it additionally does not decrease the depth of other redexes. This is not neces-
sary for a coinductive proof. The relation —; is analogous to a development, but
it also allows contracting some redexes which were not present in the original
term. The difference is for purely technical reasons. If we used a development,
then in the proof of Lemma 8 we would have to apply Lemma 7 to derivations
obtained from the coinductive hypothesis. Hence, the proof would not conform to
the interpretation from Sect. 2.1 which would make its correctness non-obvious.

Our first aim is to show that —2° has the Church-Rosser property. For this
we need several lemmas.

Lemma 6. Let t1,t2,t3 € A€ and y ¢ FV (t3). Then:

trlta/yllts/x] = talts/a][(t2[ts/x])/y].
Proof. By coinduction with case analysis on t;. See also [14, Chapter 12].
Lemma 7. If s =1 s and t —1 t' then s[t/x] —1 s'[t'/x].
Proof. Coinduction with case analysis on s —; s’, using Lemma 6.

Lemma 8. Ift —1 t1 and t —1 ty then there exists t3 such that t; —1 t3 and
to —1 t3.

Proof. By coinduction. We have the following cases.

1. t =t; = . Then we must also have t5 = x and we may take t3 = x.

2. t = Az’ and t; = Ax.t] with ¢ —1 t}. Then to = Azx.th with ¢/ —; ¢}. By
the coinductive hypothesis, there is t5 with ¢{ —1 t4 and ¢, —; t5. Thus
take t3 = Ax.t5.

3.t = 5189 and t; = ujug with s; —; u; and sy — us. Then one of the
following holds.

(a) ty = rirg with s —1 71 and s —1 ro. By the coinductive hypothesis
there are U1, V2 with Ty —1 Vi, U1 —1 V1, T2 —1 U2 and U —»1 V2. So
t1 = ugug —1 v1v2 and to = riry —1 v1v9. Thus take t3 = vivs.

(b) to = €(t5) and s = €*(Ax.s}) with s)[sa/z] —1 th. It follows directly
from the definition of —; that u; = €*(Az.u)) with s§ —; u}. By
Lemma 7, s[s2/x] —1 u)[uz/z]. By the coinductive hypothesis there
exists t5 such that uj[us/xz] —1 t§ and ¢, —1 t4. Hence t1 = ujug =
€"(Ax.uf)ug —1 €(ts) and t2 = €(th) —1 €(ty). Thus take t3 = €(th).



4. t = e(t’) and t; = e(t]) with ¢/ — ¢]. Then to = e(t}) with ¢/ — ¢}. By
the coinductive hypothesis there exists ¢; such that t; —1 t§ and t§ —1 5.
Hence we may take t3 = €(t}).

5. t = €"(Ax.s)r and t; = €(t]) with s[r/z] —1 t}. There are two possibilities.
(a) to = ujug with €*(Az.s) —1 ug and r —1 us. Then the proof is analogous

to case 3(b).
(b) to = e(th) with s[r/z] —1 t,. By the coinductive hypothesis there ex-
ists t4 such that t} —1 t5 and t;, —; t5. Hence we may take t5 = e(t}).

Lemma 9. ]f t1 —1 to —>So ts then t1 —)20 t3.
Proof. Coinduction with case analysis on to —2° t3.
Lemma 10. If ¢(t) —° s then s = e(s’') with t - §'.

Proof. Tt follows directly from the definition of —2° that s = e(s’) with e(t) =%
e(t’) and t' =2 §'. From the definition of —; it follows that ¢ —F t’. Thus
t =2 s’ by repeated application of Lemma 9.

Lemma 11. If s = §' and t =t/ then s[t/x] = §'[t'/z].

Proof. Coinduction with case analysis on s —2° s’

slu/x] =7 t[u/z], which follows from Lemma 7.

, using that s —7 ¢ implies

Lemma 12. Ift =2°t; andt —1 ta then there exists ts such that t; —1 t3 and
to —)SO ts3.

Proof. Coinduction, analysing ¢ —2° ¢;. There are two interesting cases.

1. t = e"(Az.s)r, t1 = ujug, to = €(th) with €"(Az.s) = uy, r = up and
s[r/x] —1 th. Because €"(A\x.s) = uq, it follows from Lemma 10 and the
definition of —2° that u; = €*(Az.u)) with s =2 u}. Hence s[r/z] —&°
u)[uz/x] by Lemma 11. By the coinductive hypothesis there exists ¢4 such
that uj[uz/z] —1 t§ and th —2° t4. Hence to = €(th) — e(ty) and t; =
urus = €*(Az.u)))ug —1 €(th). Thus we may take t3 = e(t}).

2. t1 = e(t)) with t =7 €(s) and s =2 #]. Since t =7 €(s) and t — ¢, it
follows from Lemma 8 by an easy diagram chase that there exists s’ such
that to —7% €(s’) and €(s) —1 €(s’). From the definition of —; we obtain
s —1 §'. By the coinductive hypothesis there exists ¢ such that ' —2° ¢/
and t] —7 t'. Hence to —%° €(t’), because to —F €(s’) and s’ =2 /. Also
t1 = €(t]) —1 €(t’). We may thus take t3 = €(t').

Lemma 13. Ift —° t; and t =X ty then there exists ts such that t1 —2° ts3
and ty —>So t3.

Proof. By coinduction. There is one non-trivial case, when e.g. to = €(t;) with
t =% e(s) and s —%° ). By repeated application of Lemma 12 we obtain u
with 1 =% u and €(s) =2 u. By Lemma 10, u = ¢(s’) with s = s’. By the
coinductive hypothesis there is t5 with t§, —2° t§ and s’ = 4. So t1 = €(t}),
since t1 =7 €(s') and s —° t4. Also ty = e(th) —° e(t}). So take t3 = €(t}).



The above lemma states the Church-Rosser property of —+2°. Now we need to
translate this result into confluence of —3” up ~. For this purpose we need to be
able to transform infinitary e-reductions on A¢-terms into infinitary S-reductions
on their erasures, and vice versa. This is achieved in Lemmas 16, 21.

Lemma 14. If ¢y = uy and ty > ug then t1[ta/x] = uy|us/x].
Proof. Coinduction with case analysis on t; > w1, using Lemma 5.

Lemma 15. If t; > u; —g ua then there exists ta such that t1 —¢ t3 > us.
Moreover, if the contraction uy — g us occurs at the root, then ty starts with e.

Proof. Induction on u; —g usg. If t; = € then w; is root-active. By Lemma 4
so is ug, since u; —g ug. Thus take to = €. If t; # € then it suffices to
consider the case when t; = €™ (e"(Az.s1)s2), u1 = (Az.v1)ve and ug = vy [va/z]
with s; = v; and sy = ve. But then t; —. €™!(s1[s2/x]). Also si[sa/z] =
v1[ve/x] = ug by Lemma 14. If s1[so/x] = € then e™T1(s1[sy/x]) = €, and
thus €™ (s1[s2/2]) = up. Otherwise e™*1(s1[sa/z]) = up from the definition
of =. So take to = €™ (s1[s2/7]).

Lemma 16. Ift; > uy _>?30 ug then there exists ta such that t1 —2° to > us.
Proof. Coinduction with case analysis on u; —>?3° us. There are three cases.

1. ug = z and u; —} z. By repeated application of Lemma 15 we obtain {5
such that ¢; =% to > x. Then also t; —2° to and we are done.

2. up = vivh with uy —7% vivg and v; =3 v;. By Lemma 15 there is s such
that ¢t; =7 s > vive. There are two possibilities.

(a) s =€ and vyv9 is root-active. Since vivy —F v vy = ug, by Lemma 4,
ug is root-active. Thus t; —2° € > ug and we take ty = €¥.

(b) s = €"(s152) with s; > v;. If n =0 then ¢t; = rire and u; = wiwy with
r; = w;. Moreover, by the second part of Lemma 15, no contraction in
uy —% v1v2 occurs at the root. Thus w; =7 v; —F v;. Hence w; =5 vl
By the coinductive hypothesis there are s, s with r; —&° s, = vl
Hence t1 = rirg =2 sish = vjvh = ug and we take ¢t = s|s). Now
assume n > 0. Since s; > v; =3 v, by the coinductive hypothesis
there are s}, sb with s; =2 s > v}. Hence €"(s}s) = vjvh = us. Also
t1 = €"(s182), because t; —7 €(e""!(s1s2)) and s; = s (to obtain
the derivation apply once the penultimate rule and then n times the the
last rule). Thus take ty = €"(s152).

3. uz = Az.ug with up —% Az.awj and v —F uy. By Lemma 15 there is s
with ¢t —F s = Az.uj. Obviously, Az.uj is not root-active, so the only
possibility for s = Az.uj to hold is when s = €*(Az.s’) with s’ = ). If
n =0 then t; = Az.t) and uy; = Av.ug with ) = uo —% v} =3 us. Thus
th = ug —3° us. By the coinductive hypothesis there is r with #; —2° r = us.
So t1 = Ax.t] = Az.or = Az.uh = ug. So take ty = Az.r. Now assume
n > 0. Since s’ = u} =3 uj, by the coinductive hypothesis there is 7 with
s' =% r = ul. Thus e"(\z.r) = ub. Because t; —7 s = (" }(A\z.s')) and
s = r, also t; —° €*(Ax.r). So take to = €”(Ax.1).



Lemma 17. Ift —7 e(t') then there exists s such that t =¥ €(s) and s =7 t/,
where the length of s =7 t' is not larger than the length of t —7 €(t').

Proof. Induction on the length I of the reduction t —7 €(t'). If t = e(u) then
u —7 t’ follows from the definition of —1. Hence, take s = u. Otherwise t = ujus
and we may decompose t —7 €(t’) into reductions: u; —7 €™ (Az.v) of length Iy,
uz =37 w of length Iy, €"(Ax.v)w —1 e(r) and r —F ¢’ of length Iy, where
l1+1s < l. By applying the inductive hypothesis m times, we conclude there is u
with uy —F €™(u}) and v} =3 Az.v, where the length of uf —7 Az.v is at most [;.
By the definition of —1, we have u] = Az.vg with vg —7 v of length at most ;.
By repeated application of Lemma 7, there is a reduction vo[uz/z] —7 v[jw/z]
of length at most {1. Since €™ (Az.v)w —1 €(r), v[w/z] —1 r. Hence, there is a
reduction vglus/x] =7 vjw/x] =1 r =% t' of length at most I; + 13+ 1 < 1. Also
t =wujug = €™(Az.vg)us —¢ vo[ug/x]. Thus take s = volua/z].

Lemma 18. If s =° ¢ and t # €*, then there exists ' such that s —F s’ and
one of the following holds:

- s =€"(x)=t, or
— ' =e"(Ax.r) and t = €"(Ax.r’) with r =2 1/, or
— ' =€"(rire) and t = €™(rirh) with r1 —° r] and ro —2° r}.

Proof. By the definition of —%° there is s’ such that s —7 s’ and one of the
three conditions hold. For instance, suppose s’ = €™ (r172) and ¢t = €"(r}r}) with
r1 =2 r] and ro = . By applying Lemma 17 n times we obtain s1, s with
s =% €"(s182) and $182 —7F r172. By the definition of —; we have s; —7 r; and
S2 =7 r2. By Lemma 9, s1 —° ] and so —&° r}. This finishes the proof.

Lemma 19. Ift; —¢ ta and t1 > wy, then there exists up such that u; —pg us
and ty > ug. Moreover, if t1 does not start with € but ty does, then the contraction
up —g ug occurs at the root.

Proof. We proceed by induction on t; — to. All cases are trivial except when
t1 = e (e"(Ax.8)t) — €mTL(s[t/x]) = ta. Then u; = (Az.vy)vy with s = vy and
t > vg. Thus u; — g v1[va/z]. By Lemma 14, s[t/x] > v1[va/z]. Let ug = v [ve/x].
If s[t/x] = € then e™Ti(s[t/z]) = ¥, and thus €™ (s[t/z]) = ug. Otherwise
€™ tL(s[t/x]) = ug also holds by the definition of >-.

Lemma 20. Ift =2 € and t = u, then u is root-active.

Proof. Suppose u —3° u’ with u’ root-stable. Then by Lemma 16 there is ¢/
with t =2 ¢/ = «/. Since € is in normal form w.r.t. infinitary e-reduction, by
Lemma 13, t' —&° €. Since ¢’ > v’ and v’ is not root-active, t’ = €”(s) where s
does not start with e. From the definition of —2° we have s —7 €(s’) for some s’.
By Lemma 17 there is r with s —% €(r). Since ¢ > u we have s > u'. By
Lemma 19 there is w such that v’ —J w with at least one contraction occuring
at the root. But this contradicts the fact that ' is root-stable.



Lemma 21. Ift; = ta and t1 > uy, then there exists ua such that ty > us
and uy %go Us.

Proof. We proceed by coinduction. First, assume that t5 = €. By Lemma 20, u;
is root-active. Take us = uy. So assume ty Z ¢“. Then by Lemmas 18, 19 there
are s, uy with t; =% s = u), u1 =% u} and we have one of three possibilities.

— s =¢"(x) =t2. Then v} =2 and u; =3 z. So we may take uz = uj.

— s=¢"(Az.r) and ¢y = €"(Ax.r’) with r —2° /. Then v} = Az.w with r > w.
By the coinductive hypothesis there is w’ with w —3° w’ and 7" > w'.
So ty = €*(Azr’) = Araw'. Also uy =% Az.w’, since ug =% Ar.w and
w — w’. Thus take uy = w'.

— s =€"(r1r2) and ty = €"(rir}) with 1y —2° | and ro =2 r}. Analogous to
the previous case.

Lemma 22. If uj,us € A then: uy ~ us iff there exists t € A° such that
t>=uy and t = us.

Proof. By coinduction.

Theorem 1. Ift ~ 1, t =3 s and t' =3 §', then there exist v, r' such that
s —=F T, s =% ' andr ~ 1.

Proof. By Lemma 22 there is tg € A€ such that g > ¢ and tg > t’. By Lemma 16
there are sg, s, such that so > s, s{, = §', to = sp and tg —° s(,. By Lemma 13
there is 7o such that sg —2° rg and sj, —2° ro. By Lemma 21 there are r, ' such
that 7o = r, 7o = ', s =5 r and s’ = r’. By Lemma 22, 7 ~ r’. See Fig. 1.

4 Confluence of Bohm reduction

In this section we show that the relation —7° of infinitary Bohm reduction is
confluent. The high-level strategy of the proof resembles that of the correspond-
ing proof in [11]. At the end of this section we also indicate how to show that
our definition of infinitary Bohm reduction corresponds to the definition in [11].

Definition 4. Given the L-rules
t— L if ¢ is root-active and t # L

we define the relation — 3, of B_L-contraction as the compatible closure of the j3-
rule and the L -rules. The relation =51 of B_L-reduction is the transitive-reflexive
closure of =3 .

The relation —3 of infinitary Bohm reduction is defined coinductively.

s—=h @ S—hy ity t =3t b =Pty s A =g

s =P L) s =3 Az’
The relation — is defined coinductively.

s is root-active and s £ L S1 =Lt S9—) to s—1 8

s— L T =T 5189 — | tito Ax.s — | dx.s



Lemma 23. Ifs —, s andt — ¢’ then s[t/x] — §'[t'/x].
Proof. Coinduction with case analysis on s — s, using Lemma 5.
Lemma 24. Ift; —, to —p t3 then there exists t| such that t1 —p t) — t3.

Proof. Induction on ty —g t3. The only interesting case is when to = (Ax.51)s2
and t3 = s1[s2/z]. We exclude ¢t = L, because then t3 = L. So t; = (Az.ui)us
with u; = s;. By Lemma 23, uq[uz/z] =1 $1[s2/x]. Thus take ¢} = uj[uz/x].

Lemma 25. Ift > u and u is root-active, then t —2° €.

Proof. By coinduction. If ¢t = € then the claim is obvious, so suppose otherwise.
Since u is root-active, u = ujus with uq —>;§° Azx.s. Then uy —>;§ Az.s’ for some s'.
Since t # €, we have t = €¢"(t1to) with t; > uy and t5 = us. By Lemma 15 there
is ¢} such that t; —F t§ = Az.s’. We have t| = ¢™(Az.r) with r > s’. Hence
t =t1te =7 €™(Ax.r)ta —1 €(r[te/x]). By Lemma 14, r[ta/x] > s'[uz/x]. Since u
is root-active and u = ujup —3° s'[ug/z], by Lemma 4 we conclude that s'[uz/z]
is root-active. By the coinductive hypothesis r[ty/x] —2° €. Therefore t = €,
by applying the last rule in the definition of —°.

Lemma 26. Ifs —, t then s ~ t.
Proof. By coinduction.
Lemma 27. Ift is root-active and s — t ort — s, then s is root-active.

Proof. By Lemma 26, s ~ t. By Lemma 22 there is r with r > s and r > t.
Since t is root-active, by Lemma 25, r =2 €. But r > s, so s is root-active by
Lemma 20.

Lemma 28. Iftl — 1 to = 13 then t1 —1 ts3.

Proof. Coinduction with case analysis on to — t3, using Lemma 27.
Lemma 29. If s =%, t then there exists v such that s =5 r — . t.

Proof. Induction on the length of s —%, ¢, using Lemma 24 and Lemma 28.
Lemma 30. If t1 — 1 to _),%OJ— t3 then tq —)%OJ_ t3.

Proof. Coinduction with case analysis on ¢y —3 t3, using Lemmas 29, 24, 28.
Lemma 31. If s =3 t then there exists r such that s =3 r — t.

Proof. By coinduction with case analysis on s =3 ¢, using Lemmas 29, 30.

Lemma 32. Ift — t; and t — to then there exists t3 such that t1 — t3
and to = t3.



Proof. Coinduction with case analysis on ¢ — t;. The only non-trivial case is
when ¢ = s;$9 is root-active and e.g. t; = L. But since ¢ — t5, by Lemma 27,
ty is also root-active. Thus to — | 1 =t; and we take t3 = t7.

Lemma 33. Ift; ~ ty then there is s with t1 = s and ts — s.

Lemma 34. Ift; ~ty =3 t3 then there is th, such that t, —F th ~ t3.

Proof. By Lemma 22 there is s with s > ¢; and s > 3. Since s > to -3 3,
by Lemma 16 there is s’ with s —2° s’ > t3. Since s > t; and s =-° ¢, by

Lemma 21 there is , with t; —3° ¢, and s’ = 3. Since s = t5 and s’ > 3, by
Lemma 22 we obtain ¢} ~ t3.

Lemma 35. Ift = s and s is root-active, then so is t.

Proof. Suppose t —7° t' for a root-stable t’. By Theorem 1 there are s1, sy with
t/ —>§° So, § —>[°3° s1 and s ~ s9. First, we show s, is root-stable, from which we
obtain that s; is root-stable — a contradiction. Without loss of generality, assume
t' = t1tg, 59 = rirg with t; —>g° ri. Ifrq —>g° Ax.rg for some rg, then ¢ —>§° AL.Tg
by Lemma 3, which would contradict the fact that ¢’ is root-stable. Since s is
root-stable, s1 = ujus with u; ~ r;. Because s; is root-active, there is w with
u; =3 Az.w. Then by Lemma 34 there is w’ with rq =5 Az.w’ ~ Az.w. This
contradicts the fact that s, is root-stable.

Lemma 36. Ift =3 s and s is root-active, then so is t.

Proof. Follows from Lemmas 31, 27, 35.

Lemma 37. Ift; —>%° to — | t3 then ty —>§°J_ t3.

Proof. Coinduction with case analysis on ¢; —3° 2, using Lemma 36.

Theorem 2. Ift %ga_ t1 and t %g‘j_ to then there exists t3 such that tq %%‘l t3
and to —>g<i t3.

Proof. The proof is illustrated by the following diagram.

t > th =t
o0
8
o0 T‘l
oo
8 L

B L
th > S2 s .

B 1

1 1 L L
to s ) wWo ° °

B i 1 1

By Lemma 31 there are t}, t; with ¢ —%° t; — t;. By Theorem 1 there
are s1, S with ¢} —>g° s; and s ~ so. By Lemma 33 there is s with s; — s.
By Lemma 26, t; ~ t;. By Lemma 34 there are r1, ro with ¢; —>§° ri ~ S;. By
Lemma 33 there are wq, wo with r; = w; and s; = w;. The remaining squares
follow from Lemma 32. The claim then follows from Lemmas 28, 37.



4.1 Equivalence with the standard definition

Let —p5, —>iﬁ and —% denote infinitary Béhm reduction w.r.t. root-active terms,
infinitary S-reduction and parallel L-reduction, all as defined in [11] by means
of strong convergence. From [6] we have: (a) t =} s iff t =3 s. We show: (b)
t —p siff t =3 s. This could probably be shown by easy modification of the
proof of (a) from [6]. We derive (b) from (a) using some results from [11]. Suppose
t —p 5. In [11] it is shown that then there is 7 with ¢ =} r = s. By (a), t = r.
From definitions 7 —* s implies 7 — s. Then t -3 s by Lemma 37. Now
suppose t =37 s. Then by Lemma 31 there is r with ¢t —3° r —1 s. By (a),
t —>i6 r. From definitions r —>ﬁ_ s. Then t —5 s.
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