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Abstract. We generalize the notion of proof term to the realm of trans-
finite reduction. Proof terms represent reductions in the first-order term
format, thereby facilitating their formal analysis. Transfinite reductions
can be faithfully represented as infinitary proof terms, unique up to infini-
tary associativity. We use proof terms to define equivalence of transfinite
reductions on the basis of permutation equations. A proof of the compres-
sion property via proof terms is presented, which establishes permutation
equivalence between the original and the compressed reductions.
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1 Introduction

We study infinitary left-linear rewriting, based on the notion of strong conver-
gence, as developed in [5]. Proof terms denoting reductions for finitary rewriting
have been introduced in [11], Chap. 8. The use of proof terms marks a shift
of attention from reduction as a relation between terms, towards reductions as
objects by themselves. Proof terms represent reductions in the first-order term
format, thereby facilitating their formal analysis. For example, proof-theoretic
analysis, equational reasoning, and even rewriting techniques, can now be ap-
plied in the study of properties of rewriting such as standardisation and the like.
This use of proof terms in finitary rewriting has been well developed. See [11],
Chaps. 8 and 9.

The main objective of our work is to generalize the notion of proof term to
the realm of infinite reduction, and to use this to define and study the notion of
permutation equivalence for transfinite reduction. The representation of trans-
finite reductions by proof terms can be exploited to yield transparent proofs of
results like standardisation and compression. As a matter of fact, strong versions
of these theorems: the standardised or compressed reductions thus obtained are
permutation equivalent to the original ones. The compression proof will be pre-
sented here, standardisation is beyond the scope of this paper.

We will prove in Section 5 that any transfinite reduction can be faithfully
represented as an infinitary, so-called stepwise proof term. Moreover, the original
reduction can be reconstructed from the stepwise proof term: the representation
is injective. The proof terms formalism is broader, however. Apart from sequen-
tial reduction, also parallel and multi-step reduction can be represented.

An alternative, co-inductive approach to the study of infinitary rewriting,
was proposed in [3]. Proof objects emerge there as witnesses in the co-inductive
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characterisation of the reduction relation. Their focus, however, is on techniques
for proving properties of the reduction relation, rather than the fine structure of
the space of transfinite reductions, which is our primary interest. We use induc-
tive techniques. Although a term can be infinite, the distance of each symbol to
its root is finite, allowing for inductive reasoning about occurrences in a term.
Likewise, transfinite induction can be used to reason about infinite reduction
sequences, of which the length can always be expressed as an ordinal.

An extended version of the present article, containing full details of the def-
initions and proofs, is available as [8].

2 Preliminaries

We assume acquaintance with term rewriting, both finitary and infinitary, and
with ordinal numbers. As background sources on rewriting we mention [1], [11],
[5], [7]. The following survey fixes some notations and terminology.

Ordinals Properties of countable ordinals (cf. e.g. [10]) are extensively used in
this work. Especially we will make use of the following cofinality result.

Lemma 1. Let « be a countable limit ordinal. Then there exists a sequence of

ordinals (o)<, such that 0 < a; < a for all i < w, and a = X «;.
<w

Positions, terms A position is a finite sequence of elements of N~g. We will
use p, q,r for positions. The length of a position p is called its depth, denoted
|p|. The empty position is denoted by e. Concatenation of positions is denoted
by an infix dot, i.e. p - g. The dot will be mostly omitted. The prefiz order on
positions is denoted by <, i.e. p < q iff ¢ = pq’.

A tree domain (cf. [2]) is a set of positions P, such that P # (), P is prefix-
closed, and pj € P and ¢ < j imply pi € P. Note that a tree domain can be
infinite. However, the depth of any position in a tree domain is finite. A signature
X is a function from a set of symbols to N>o; the value of this function for a
symbol f is called its arity, denoted as ar(f). We write f/m € X to indicate
ar(f) = m. We assume a countably infinite set Var of variables. An infinitary
(i.e. finite or infinite) term over X' is a pair (P, F') where P is a tree domain, and
F : P — (X UVar) verifying the following: if p € P, then pi € P iff F(p) € ¥
and ar(F(p)) > i. We denote the set of infinitary terms over X' as Ter>(X). If
t = (P, F), then we define pos(t) := P and t(p) := F(p); we say that t is finite
iff pos(t) is. If f is a unary symbol, then f“ denotes the term f(f(f...)).

Given t,u terms and p a position in ¢, we let ¢|, denote the subterm of ¢ at
p, and t[u], the term that results by replacing that subterm of ¢ by w.

The distance between two terms ¢ and v is defined as follows: d(t,u) := 0 if
t = u; otherwise, d(t,u) := 27/P| where ¢ and u coincide on ¢ if || < |p|, and
t(p) # u(p). Given this notion of distance, the limit of any Cauchy-convergent
sequence of terms is defined.

Term rewriting systems, reduction A rule over a signature X' is a pair
(I, h) of terms over X' such that [ ¢ Var, [ is a finite term, and all the variables
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occurring in h occur also in . We denote the rule (I, h) as p : [ — h; here p is the
name of the rule, a symbol from a signature disjoint with X. A term rewriting
system (TRS) is a pair T' = (X, R), where X' is a signature and R a set of
rules over Y. We only consider left-linear TRSs, i.e., if ([,h) € R then [ has
no multiple occurrences of the same variable. If the rules are used for infinitary
rewriting, as in this paper, then T is also called an infinitary TRS (iTRS).

A reduction step over a TRS T = (X, R) is a triple a = (t,p, u) where t is
a term, p € pos(t), and p: | — h € R, iff t|,= ol for some substitution o. We
define the source term, target term, activity position and depth of a = (¢, p, u)
as follows: src(a) :=t, tgt(a) := t[oh],, rpos(a) :=p, d(a) := |p|.

A reduction sequence is: either Id;, the empty reduction sequence for the
term ¢, or else a non-empty sequence of reduction steps ¢ := (0[c])a<p, Where
B > 0 and the following conditions are met: (1) for all « such that a« + 1 < S,
sre(0la + 1)) = tgt(d[a]); and for all limit ordinals By < B: (2.a) the sequence
(tgt(d]a]))a<p, has a limit, (2.b) that limit coincides with src(d[Bo]), and (2.c)
for all n < w, there exists 8’ < [y such that d(d[a]) > n if B/ < a < By. We
say that a reduction sequence ¢ is strongly convergent if either § = Id; for some
term t, or else & = (d[a])a<p, and either § is a successor ordinal, or else 3 is a
limit ordinal and conditions (2.a) and (2.c) hold for 5 as well. By convergence,
we will always mean strong convergence.

The symbols —, — and —» denote the one-step, finite rewrite, and convergent
infinitary rewrite relations respectively.

We will denote the step a = (¢,p, u) as t " u, or t P4 where u = tgt(a).
Analogously for — and —». We indicate the TRS below the arrow if needed.

WN® is the property of having an infinitary normal form and UN® of
unicity of normal forms. SN is more complicated, but boils down to the absence
of non-convergent reduction sequences. All orthogonal iTRSs are UN°, see [11],
Chap. 13 or [7].

3 Finitary and Infinitary Proof Terms

The idea motivating the definition and application of proof terms, as they were
introduced in [11], Chap. 8, is to denote reductions of a TRS T as terms over
an extended signature. For each reduction rule p : I — r of T a rule symbol is
introduced, which we will also denote by p. The arity of the rule symbol p equals
the number of different variables occurring in . So e.g., the signature of proof
terms for a TRS T' = (¥, R) with rules p : f(z) — g(x), p : h(m(z),m(y)) —
k(z) and v : g(z) — k(z) adds to X' rule symbols /1, p/2 and v/1.

We describe some valid proof terms along with the T-reductions they denote.
Proof terms with only one occurrence of a rule symbol denote single reduction
steps: p(a) : f(a) — g(a) and g(p(a,b)) : g(h(m(a), m(b))) — g(k(a)). With
more occurrences of rule symbols, they denote multi-steps, like h(u(a), (b)) :
B(f(a). £(B)) — h(gla),g(b) and p(u(a),b) : h(m(f(a),m(b)) — k(g(a)). A
proof term ¢ without rule-symbol occurrences denotes an empty step. It will
also be denoted by the symbol 1, or just briefly 1.
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The beginning and end terms of the corresponding reductions are called the
source and target of the proof term. For the proof terms considered so far,
they can be obtained via rewriting in two companion TRSs, denoted as SRC
and TGT respectively. For each rule symbol p : [ — r, SRC includes a rule
p(x1,...,xm) = lz1,...,2m] and TGT a rule p(1,...,%m) — r[T1,..., Tm].
Source and target of a proof term are its normal forms in SRC and TGT,
respectively. It is easy to see that SRC' and T'GT are orthogonal and terminating.

To complete the definition of the set of finitary proof terms, we add a new
binary function symbol - (written infix), expressing concatenation, or composi-
tion, of reductions. There is a restriction on term formation, though: ¥ - ¢ is a
valid proof term only if tgt(1)) = sre(¢). Computing source and target for proof
terms containing the symbol - is made possible by schematically adding rewrite
rules ¥ - ¢ — ¢ to SRC and ¢ - ¢ — ¢ to TGT.

Just to give a simple example, the proof term f(u(a)) - f(v(a)) denotes
the two-step reduction f(f(a)) — f(g(a)) — f(k(a)). The same reduction is
represented by the proof term f(u(a) - v(a)).

Proof terms without the symbol - are called multi-steps, with one-step proof
terms, multi-steps with precisely one rule-symbol occurrence, as a special case.

3.1 Infinitary Proof Terms

We extend the concept of proof terms to the setting of infinitary rewriting.
Infinitary multi-steps are finite or infinite terms over the signature extended
with rule symbols. A multi-step may now contain infinitely many rule symbol
occurrences, as e.g. in the proof term p* : f“ — ¢g“. As in the finite case,
infinitary multi-steps with just one rule-symbol occurrence are called one-steps.
Source src(v) and target tgt(1)) for an infinitary multi-step ¢ can again be
defined using the TRSs SRC and T'GT, now considered as infinitary TRSs, as
the respective infinitary normal forms of . Of course there are the questions of
existence and uniqueness. First note that UN° holds for both SRC and TGT,
since they are orthogonal iTRSs. It is also not hard to verify WN* for SRC.
For TGT, however, we have WN only if the object TRS does not include
collapsing rules. We conclude that the source of an infinitary multi-step % is
always uniquely defined. The target is only defined if ¥ is W N°°, but if so, it is
also unique. If ¢ is not WN for TGT, then we say that tgt(¢) is undefined.
The set of redexes in src(y) corresponding to the rule symbol occurrences
in ¢ admits at least one convergent development (respectively, all developments
are convergent) precisely if ¢ is WN® (respectively SN*°) in the TRS TGT.
An infinitary multi-step is called convergent, if its target can be computed.
Composition is expressed, as before, by the binary symbol - of which a proof
term may now contain an infinite number of occurrences. Not all terms over the
thus extended signature are valid proof terms though, but only those that can
be constructed starting from the infinitary multi-steps by the following three
inductive clauses.
First, closure under application of function or rule symbols: if 91, ..., ¥, are
proof-terms, then so are f(t¢1,...,%,) and p(i1, ..., 1¥y,).
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Secondly, binary composition: if 1, ¢ are proof terms, then so is 1 - ¢, provided
that tgt(vy)) = src(¢). This presupposes convergence of 1. The proof term ¢ - ¢
is convergent iff ¢ is.

Thirdly, infinite composition: the term corre-

sponding to the figure is a proof term, if ¥, Y1, 9o, . .. Wo SN )

are, provided that for each i < w we have convergence VAN

of ¢; and tgt(¢;) = sre(iy1). A linear rendering 1 ‘

would be ¥y - (1 - (2 - ...)). We use -« ¥; as Y \'

shorthand for this proof term. o B
For ¢ = i<y i, we define sre(y) = sre(ihg). That leaves convergence for

i<w Vi to be defined, and the target, if it exists. For this we need the notion of
minimal activity depth of a proof term 1), notation mind(t). This can be defined
as the minimal depth of a rule symbol occurrence, where dot occurrences are not
counted when computing the depth of a symbol. (If ¢ does not have any rule
symbol occurrence, then we call ¢ trivial and define mind(¢)) = w. ) For example:
if = p(a) - v(a): f(a) = g(a) = k(a), then mind(¢) = 0. This is the correct
value since ¥ denotes a reduction including contractions at the root.

Now we define ¥ = -;<,, 1; to be convergent if the sequence (mind(v;))i<w
tends to infinity, and if so, tgt(¢) is defined as the limit of the sequence tgt(1);).

In [8] infinitary proof terms are defined in layers corresponding to ordinal
numbers. We implicitly refer to these layers when applying induction on proof
terms. Let v(1)) denote the ordinal layer for ¢. We have v(i1 - ) = v(v1) +
v(e) + 1, and v( i< ¥i) = Xicw v(W;). Hence v(;) < vy - o) for i = 1,2,
v(tho + ... - ) < V(ticw ;) for all n < w, and v(v) is a limit ordinal iff ¢ is
an infinite composition.

By the above definition of proof terms an infinite composition is also a binary
composition: ;< ¥; = ¥g * (i<w Yir1). However, since proof terms have unique
layers, in the layered definition the proof term is constructed only once, as infinite
composition, and with layer a limit ordinal. We still have unique constructibility.

3.2 Examples

The definition of infinitary proof terms extends that of the finitary ones so that
the examples given earlier are infinitary proof terms as well.

Let us show some infinite examples. Let 1 : f(z) — g(z) and v : g(x) — k(z).
Consider f“ —» ¢ taken as the simultaneous reduction of all the p redexes
present in the term f“. Such a simultaneous reduction can be denoted by the
infinitary multi-step 11 := p®. To compute src(y1) = f¢ and tgt(v1) = g* we
observe that the “companion TRSs” SRC and TGT include the rules p(z) —
f(z) and p(z) — g(z) respectively, leading to the convergent reduction sequences
pe = f(p) = fA(pe) = f< and g — g(pu®) = ¢*(u) = g*.

Consider the reduction sequence f* — g(f*) — g%(f*) —» g“ having length
w. The i-th step of this sequence, namely ¢*(f“) — ¢**1(f“), can be described
by the proof term g'(u(f*)). It is straightforward to check that the sequence
formed by these proof terms verifies the conditions of the infinitary composi-
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tion rule, and that the depth of the denoted activity tends to infinity. There-
fore 1o == <o, g'((f*)) is a valid and convergent proof term; we observe
sre(ye) = f¢. In order to obtain tgt(1s) = ¢v, it is enough to observe that the se-
quence of targets of each g*(u(f*)), namely g(f*), g>(f*),..., converges to that
term. Analogously, the reduction sequence f“ — g(f“) — k(f*) — k(g(f¥)) —
K2(f“) —» k“ can be denoted by either ¢3 := ;. (K*(u(f*)) - ki(v(f“))) or
n = i (B () - V(f2))).

The rules defining the set of proof terms can be combined in different ways.
E.g., the reduction f¥ —» g —» k¥, can be denoted by either ;. g*(u(f*)) -
i<w k(v (g®)) (if taken as a sequence having length wx2) or u* - v* (if considered
as the composition of two infinite simultaneous reductions). The reduction f* —
F(9(F*)) = FR(F“) = Flk(g(f*))) — FORR(F<)) = F(k*) — g(k*) can be
denoted by i<y f(E' (u(f“) - v(f*))) - p(k).

Particularly, infinite composition can be combined with itself. Let us consider
a reduction sequence having length w?, and ¢i; be a proof term denoting its
w * ¢ + j-th step, so that for each i < w, -j<. ¢;; denotes the subsequence
including the steps from the w *i-th up to the w (i 4+ 1)-th. Then i<, -j<w ¢ij
is a proof term denoting the entire reduction sequence. By iteration of this
pattern, proof terms can be built denoting reduction sequences of any countable
ordinal length. This claim is proved in Sec. 5.

4 Permutation Equivalence

Two proof terms can be the result of arranging the same contraction activity
in different ways, regarding parallelism /nesting degree, sequential order, and/or
localisation of contractions. Such proof terms should be recognised as being
permutation equivalent.

In this section we give the definition of equivalence between infinitary proof
terms. We do this by extending permutation equivalence, as it is defined in [11]
Sec. 8.3, to the infinitary setting. Permutation equivalence, which will be de-
noted & henceforth, is defined there for finitary proof terms as the congruence
generated by the following six basic equivalences.

(IdLeft) o

(IdRight) -1 =

(Assoc) @)~ 8-

(StrUCt) (wlv"'vwm) : f(¢177¢m) Q"f( ¢17"'7¢m ¢m)
(Outln) w(th, .. ) zu(sl,.. Sm) - T, . m)
(InOut) 11, Um) Nzwl,...,%] ity t)

where p: 1 — 7, s; = sre(¢;) and t; = tgt(v;) in (InOut) and (Outln).

In the present, infinitary setting, three elements must be added in order to
obtain an adequate characterisation of infinitary permutation equivalence. Two
of these elements are related with infinitary composition.

First, we add one basic equation, the analogue of (Struct) for infinite com-
position:

(InfStrUCt) i<w f(¢3’7¢2n) ~ f( i<w 1/117---, i<w Mm)
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Secondly, we need an infinitary equational logic rule in order to ensure that =~
behaves as a congruence also w.r.t. infinite composition:

Y~ ¢; foralli <w
icw Vi N icw @

InfComp

Lastly, we need a limit rule, by which permutation equivalence of two convergent
reductions can be concluded, roughly, from permutation equivalence up to any
finite depth. In the following Lim-rule this is implemented by requiring that for
any k the reductions can be factorised into prefixes that coincide and “tails” for
which all activity occurs at depth greater than k.

VA Xk Y mand(Py) >k

b~ xi B mind(d)) > k } forall b <w o
Y R

Here = is the congruence generated by the six basic equations, (InfStruct) and
InfComp, but excluding the Lim-rule itself. Variations of the Lim-rule can be
considered; we will briefly discuss this point in the conclusions.

The equational logic that we use to define permutation equivalence is in-
finitary in two ways. It involves the infinite proof terms, and two of the rules,
InfComp and Lim, require an infinite number of premises. In order to obtain a
sound (transfinite) induction principle to reason about infinitary permutation
equivalence, its definition can be layered by ordinals, analogously to the defini-
tion of the set of proof terms. For details we refer to [8].

In the remainder of this section, we will give some examples of infinitary
permutation equivalence. Let p : f(z) — g(z), v : g(x) = k(z), o : k(z) = m(z),
p:h(x,y) >z, mia—b 7i(x) >z, and & f(x) = g(f(x)).

Consider ¢ = 91 - P2 where 91 = -ic, ¢'(u(f*)) and ¢ 1= i<, k' (v(g)),
and ¢ = ;< x; where x; = k" (u(f*) - v(f*)). These proof terms denote different
sequentialisations of the same contraction activity, namely, the transformation
of each occurrence of f in f“ to g and subsequently to k, by means of the u-
and v-rules respectively.

Using the augmented congruence, including the Lim rule, the assertion ¢ ~ ¢
can be justified as follows. Let n < w. Then

~ p(fe) - g(r) - v(g®) - k() =~ p(f*) - v(f“) - k(1) - k(¥2)
~ Xo - k(Y) ~ Xo - k(xo - k(¥))

~ Xo - k(xo) - K*(¢) = xo-x1-K(¥)

AUX0 X1 e Xn s KPTH(Y)
by applying (InfStruct), (InOut), (Outln), (Struct), repeating this for the copy of
¥ in k(v) followed by (Struct), and so on. For ¢ we have ¢ = x0 - X1 * -+ Xn
“i<w Xn+1+i- Hence Lim yields ¢ ~ ¢.

We point out the infinitary aspects of this transformation. An infinite number

of v-steps must be permuted, each one over an infinite number of u-steps. Per-
muting a v-step requires equations (InOut) and (Outln). The equation (InfStruct)
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is used to extract the pattern g(O) of v, obtaining g(1)1), thereby allowing per-
mutation of a v step over an infinite number of p-steps, using (InOut) and
(Outln) just once. The infinite number of v-permutations take place at ever-
bigger depths. This makes it possible to apply Lim.

4.1 The Role of the InfComp Rule

We consider the following variation of the first permutation equivalence example
discussed: let ¢ = 1y - Py where ¥ = - K (u(f¥)) - K (v(f*)) and ¢y =
ricw M(0(k¥)), and ¢ = i<y xi where x; = m'(u(f) - v(f*) - o(f*)). Let
Y= icw KT ((fY)) - k(v (f@)). The proof terms ¢ and ¢ denote the
transformation of f¢“ to m®“, where at each depth level the rules u, v and o are
applied successively.

The idea of a judgement allowing to assert ¥ = ¢ is similar to that of the
previous example: in order to transform ¢ into ¢, 1) must be transformed into
k(11), so that the first o step can be permuted. But in this case, for any ¢ < w, the
(Struct) equation gives K 1(u(f*)) - kHL(w(f)) 1 k(K (u(f*)) - K (v(f)).
Consequently, InfComp yields ¥ &1 icw k(K" (u(f*)) - K*(v(f%))). Therefore,

(f
Y p(f) v(fe) o) - ico m“”l( (k<)) .
~ p(fe) - v(fe) - (z<w ( (u(fe)) -k ( (f<))) - ( )' ricw M (o (k)
L p(f9) - v(f) -k (icw K (u(f)) - K ((f9))) - o( m(icw m'(a(k¥)))
= p(f)-v(f*) - k¥1) - o(k*) - (¢2)
~ p(f<) - v(f9) - o(f<) - m(r) - m(ye)
~ Xo - m(Y)

by (Assoc), the previous argument, (InfStruct), (InOut) followed by (Outln), and
(Struct) respectively. An iteration of this argument yields ¥ &~ xo + ... * Xn *
m" () for any n < w. From this result, it is easy to conclude ¥ ~ ¢ by
resorting to the Lim rule.

4.2 Infinitary Erasure

As for the finitary setting, this characterisation of permutation equivalence mod-
els adequately the phenomenon of erasure of some contraction activity by step
permutation.A simple example follows: by applying twice the (Outln) equation,
we obtain p(u(a), 7) ~ p(f(a),i*) - pla) = p(u(a),i).

Now consider ¢ = f(7) - -icw ¢g'(k(b)) and ¢ = ;<. g"(k(a)). These proof
terms are sequential descriptions of the reduction sequences f(a) — f(b) —
g(f()) > g2(F(b) = g* and f(a) — g(f(a)) — g*(f(a)) —» g* respectively.
Observe that the 7 step in the former sequence can be permuted with each &
step in turn, yielding f(a) — g(f(a)) = ... = g"(f(a)) = g"(f(b)) = ¢g*. The
latter sequence can be seen as the result of taking the limit of this sequence of
step permutations.

This example shows the existence of a form of erasure unique to infinitary
rewriting: some contraction activity (in this case the 7 step) is erased as the result
of a limit of step permutations.We call this phenomenon infinitary erasure.
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According to this view, ¥ and ¢ denote equivalent contraction activities, and
they therefore should be stated as permutation equivalent. Observe that

~ f(m) - () - g(icw g'(K(D))) _

~ hi(a) - g(f(7)) - g(r(b) - ¢*(ricw g'(K(D)

~ k(a) - g(k(a)) - g(f(m)) - G(5(0) - ¢°(vicw 9'(K(D))) ...
where the first component of each successive infinitary concatenation is extracted
by (Assoc), (Struct) and (InfStruct), and each inversion involves (Struct) (except
for the first one), (InOut) and (Outln). Consequently, for any n < w, we can
obtain ¢ ~ k(a) - ... - g"(k(a)) - g"* (f(7m)) - """ (vicw ¢'(5(D))). On the
other hand, it is straightforward to get ¢ ~ r(a) - ... - g"(k(a)) - g" 1 (9).
Hence, the Lim rule yields ¥ ~ ¢.

This example adequately describes infinitary erasure: the equivalence be-

tween ¢ and ¢ is obtained by a limit argument.

5 Denotation

In this section we show that any reduction sequence can be faithfully denoted by
a proof term. Since also simultaneous reduction can be expressed by proof terms,
in the form of infinitary multi-steps, not every proof term uniquely denotes a
reduction sequence. However, we will define a subclass of so-called stepwise proof
terms, which do have unique denotations. We will show that any reduction can
be represented by a stepwise proof term, which is unique up to an equivalence
which we baptized “rebracketing”, and which results from applying associativity
of composition in this infinitary setting.

5.1 Existence

A stepwise proof term is inductively defined as: either a one-step proof term,
or a binary or infinite concatenation of stepwise proof terms. A stepwise-or-nil
proof term is either a stepwise proof term or a term in Ter®(X).

Given a stepwise-or-nil proof term 1, we define the number of steps and
the a-th step of 1, notation ns(¢)) and ©[a] respectively. The definitions are
straightforward. For number of steps: ns(¢) := 0 if ¢ € Ter>(X), ns(y) :=1
if ¢ is a one-step, ns(Y1 - 2) = ns(P1) + ns(2), ns(icw Vi) = Zicwns(yi).
Moreover, a-th step is defined for o < ns(v) by: [0] := 1 if ¢ is a one-step,
sicw Wila] := 1r[y] where o = X;ns(v;) +v and v < ns(iy)T, and analogously
for binary concatenation.

Observe that the steps of stepwise proof terms are one-step proof terms. A
stepwise proof term is a representation of the sequence of its steps, organised
by means of binary and infinite compositions. In this way, one-step proof terms
denote reduction steps, while stepwise proof terms denote reduction sequences.

Properties that support this view of stepwise proof terms can be proved
by analysing their form. Specifically, if ¢ is a stepwise proof term: src(y) =

T Properties of ordinal infinitary sum imply uniqueness of k and ~ here.
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37“0(1/)[0})7 tgt('(/)) = tgt(¢[a]) if ”5(¢) =a+1, tgt('(/)) = hma%ns(zp) tgt(w[ab
if ns(¢y) is a limit ordinal, sre(ya + 1]) = tgt(¢la]) if a +1 < ns(¢h), and
mind(1) = min{d(¥la]) | a < ns(v)}.

We formalise the relation between stepwise proof terms and reduction se-
quences as follows: a stepwise-or-nil proof term v denotes a reduction sequence
0 iff ns(v) = length(6), sre(y) = sre(d), and for all o < ns(y)), ¥[a] coincides in
source term, redex position and rule (symbol) with §[a]. This relation preserves
convergence: if 1) denotes §, then v is convergent if and only if ¢ is, cf. [8].

In this setting, the existence requirement amounts to the following:

Proposition 1. Let § be a reduction sequence having countable length. Then
there exists a stepwise-or-nil proof term 1 such that 1 denotes §.

Proof. By induction on length(¢). If length(d) = 0, i.e. 6 = Id;, then just take
¥ = t. If length(d) = 1, then replacing the pattern of the contracted redex in
the source term by the corresponding rule symbol yields a one-step proof term
denoting ¢. If length(0) is a successor (resp. limit) ordinal, then it is easy to split
4 in two (resp. w, cf. Lem. 1) parts, so that IH can be applied on each part and
then the results joined by binary (resp. infinite) concatenation.

5.2 Uniqueness

We say that two stepwise-or-nil proof terms 1 and ¢ are denotationally equivalent
iff they contain exactly the same sequence of steps, organised in possibly different
ways. Formally, ¥ = ¢ iff ns(¢)) = ns(¢) and either ns(y) = 0 and ¥ = ¢, or
ns(y) > 0 and ¢Y[a] = dla] if a < ns(y). It is straightforward to verify that
two stepwise-or-nil proof terms are denotationally equivalent iff they denote the
same reduction sequence.

We define rebracketing equivalence, notation ~(), as the congruence gener-
ated using (Assoc) as the only basic equation, and including InfComp and Lim as
equational logic rules.! The corresponding base rebracketing equivalence, nota-
tion ~(1), is defined analogously but not including Lim as a rule. In the premises
of Lim for ~, the occurrences of ~ must be replaced by ~ ).

We claim that the denotation of reduction sequences by using proof terms is
unique modulo rebracketing. To verify this claim, we show that the relations =
and () coincide.

Lemma 2. Let 1) be a stepwise proof term, and o an ordinal verifying 0 < o <
ns(1p). Then there exist stepwise proof terms ¢, x such that ¢ =@y ¢ - x and
ns(¢) = a. Moreover, v(¢) < v(v) and v(x) < v(¥).

Proof. Easy induction on 1. Cf. the stated properties about v in Sec. 3.1.

Proposition 2. Let ), ¢ be stepwise-or-nil proof terms such that ¢ ~(y ¢. Then
V=0

¥ This is part of what in [11], Table 8.1, are called the reduction identities, adapted to
the infinitary setting.
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Proof. Induction on the judgement 1) ~() ¢, observing the rule used to conclude
it. We give some details w.r.t. the Lim rule. We prove ns(¢)) = ns(¢) by contra-
diction. Assume wlog that ns(¢) > ns(), implying that the step ¢[ns(1))] exists.
Let n := d(¢[ns(¢)]), observe n < w. Then the premises of the Lim rule yield
Yy x - Y and ¢ =) x - ¢', where mind(y)’) > n and mind(¢’) > n. In turn,
Y =1y x - ¢ implies ns(y) > ns(x), while ¢ =y x - ¢/, IH, and mind(¢") >
n = d(@[ns(6)]), imply Glns()] = x[ns(¥)), then ns(x) > ns(1); hence, a con-
tradiction. Let v < ns(1), and consider ¢ ~(1y x - ¥ and ¢ ~(1) x - ¢’ where
mind(¢') > d(¥[y]) and mind(¢') > d(v[y]). Then IH on these premises and
the definition of = imply that ¥[y] = (x - ¥')[y] and ¢[v] = (x - ¢')[7]. In turn,
the conditions on mind(¢)’) imply that v < ns(x), so that ¥[y] = ¢[v] = x[7]-

Proposition 3. Let 1, ¢ be convergent stepwise-or-nil proof terms such that

= ¢. Then ¢ =~ ¢.

Proof. We proceed by induction on (1, ¢). The interesting cases are when 1 is
either a binary or an infinite concatenation.

Assume ¢ = 17 - . It is easy to see that also ¢ must be of this form: ¢ = ¢ -
¢2. U ns(1h1) = ns(¢1), then ¢; = ¢, for i = 1,2, so that TH and then congruence
suffice to conclude. Assume ns(1)1) < ns(¢1). Then Lem. 2 implies ¢1 =) x1 - X2
where ns(x1) = ns(y1), and therefore ¢ =~ (x1 - x2) - ¢2 = x1 - (X2 - ¢2).
Hence hypotheses and Prop. 2 imply 11 - o =9 = ¢ = x1 - (X2 - ¢2). From this,
since ns(x1) = ns(¢1), it is easy to show ¥; = x1, and also ¥2 = x2 - ¢2. The
result then follows by applying IH twice, congruence and transitivity. Finally, if
ns(¢1) > ns(¢p1), an analogous argument yields x1 - (x2 - ¥2) =¥ = ¢ = ¢1 - P2
where ns(x1) = ns(¢1), and hence x1 = ¢1 and 2 - Y2 = ¢o. Again using
Y1 ~() X1 - X2, it is now easy to obtain v(x1) < v(¢) and v(x2 - ¥2) < v(¥).
Hence the result follows again by IH, congruence and transitivity.

Assume ¢ = ;. ¥;. Then also ¢ is an infinite concatenation: ¢ = ;- ¢;.
By recombining the steps of ¢, a proof term x = ;<. x; can be built satisfying:
(i) x =¥, (i) ns(x;) = ns(¢;) for all i < w, and (%) for all p < w, xo -+ ... -
Xp 1) Yo ... - & wherens(xo-...-Xp) = ns(Yo ... V;)+a, a < ns(Yji1),
VYip1 =) € - § and ns(§) = a; cf. Lem. 2. E.g. if ns(¢o) = ns(1o) 4 a such that
a < ns(1h1), then we define xo := 1 - & and x3 such that x1[0] = &3[0], where
Y1 =) &1 - & and ns(&y) = a.

Let n < w, p such that mind(x;) > n if i > p, and 7,&, £ as in condition

(111) above. Let us call &, 1= x0 - ... - Xp, ¥, =&+ “icw Vjyoti, and x), =
“icw Xptigi- Then & =aqy Yo - ... - ¢; - & implying ¢ ~1) &, - ¥;,. Prop. 2
yields &, = - ... - ¢; - &, from this and (%) it is easy to obtain X/, = ¢,, and

therefore mind(v;,) = mind(x;,) > n. Hence we can obtain 1 =) x by applying
the Lim equation.

Moreover, (i) and ¢ = ¢ imply ¢ = x. From this and considering (%), it is
easy to obtain x; = ¢; for all 7. Furthermore, for any ¢ < w it can also be proved
that v(x;) < v(v), so that we can apply IH to obtain x; ~() ¢;.

We conclude by building the following rebracketing equivalence judgement.
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LIH ...
Yy e - —qb
~ N n =0 On ...
X~ &n  Xn Lim X 0 InfComp
SRS X ~() ¢
(ESTON

6 Compression

The compression lemma, [5,11,6] states that the full power of (strongly) con-
vergent reduction can be achieved by reductions having length at most w. For-
mally: if t~‘5—>»u, then there exists a convergent reduction ti»»u, such that
length(y) < w. In [5] a more precise statement is given: for orthogonal TRSs, =y
can be chosen such that it is Lévy-equivalent (cf. [4]) to 4.

We present the compression result for arbitrary proof terms. Moreover, it
establishes permutation equivalence between the original and the compressed
proof terms. Via the faithful representation of reduction sequences as stepwise
proof terms, our compression result extends to the original reductions as well.

As in [6], we do not require orthogonality for compression (although our
general assumption of left-linearity is crucial here). However, as far as we know
the combination of not assuming orthogonality and yet obtaining equivalence
between original and compressed form is new.

The compression proof uses as a key technical result, that any proof term can
be factorised into a leading part denoting finite contraction activity, composed
with a tail denoting activity at arbitrary depths. That is, for any proof term
and n < w, we obtain two proof terms x and ¢, such that ¢ ~ x - ¢, x is a
finite stepwise-or-nil proof term, and mind(¢) > n.

Collapsing rules make factorisation non-trivial for infinitary multi-steps. We
need the notion of a collapsing chain for an infinitary multi-step ¢: a sequence
of positions (p;)i<n (resp. (pi)i<w), such that for all i < n (i < w), Y(p;) :
lz1,...,2m] = x; is a collapsing rule symbol, and p;y1 = p; j. We consider
particularly chains starting at €, i.e. such that py = e.

Lemma 3. Let ¢ be an infinitary multi-step such that an infinite collapsing
chain for ¢ starting at € exists. Then v is not TGT-weakly normalising.

Proof. 1t is enough to verify that if O ¢ by using the TGT companion TRS,
then ¢ includes an infinite collapsing chain starting at €, implying that ¢(e) is a
(collapsing) rule symbol, and therefore it is not a TGT-normal form.

Lemma 4. Let 1) be an infinitary multi-step and n, 1 <n < w, such that there
s no collapsing chain of length n for 1, starting at €. Then there exists a TGT-
reduction sequence 9, such that %;gi), length(8) < n, d(4[i]) = 0 for all

i < length(6), and ¢(¢) € X.

Proof. By induction on n. If n = 2, then either 1(e) € X' so that we conclude
immediately, or ¥(e) = p where p : l[zy1,...,2m] — f(t1,...,tk), and then
P %9 f(th,...,t}), thus we conclude. Assume n = n’+1. Then ¢(¢) not being a



Proof Terms for Infinitary Rewriting 13

collapsing rule symbol allows an argument similar to that of the previous case.
Otherwise, i.e. if (€) = u where p : l[x1,...,Tm] = @, and P %“;Mk, it is not
difficult to verify that a collapsing chain having length n’ in 9|, would imply the
existence of a collapsing chain having length n in %, contradicting the lemma
hypotheses. Then IH can be applied on |, which suffices to conclude.

Lemma 5. Let ¢ be a convergent infinitary multi-step. Then there exist x, ¢
such that b = x - ¢, X 1s a finite stepwise-or-nil proof term, d(x[i]) = 0 for all
i < ns(x), and ¢ is a convergent infinitary multi-step verifying mind(¢$) > 0.

Proof. Convergence of ¢ implies that ¢ is WN* in TGT, so that Lem. 3 implies
the existence of some n < w such that 1) does not have a collapsing chain of length
n starting with e. Therefore, Lem 4. implies 1 %; ¢, length(d) < n, d(d[i]) =0
for all i < length(d), and ¢(€) € X. Then, it is not difficult to prove that v 1%1» 1)
implies ¥ = x - ¢, where x is a stepwise-or-nil proof term verifying ns(x) =
length(d) and d(x[i]) = d(d[¢]) if ¢ < length(d): induction on d(4[0]) yields the
property for one-steps, and then induction on length(d) suffices. Observe that
¢(€) € X implies mind(¢) > 0. To verify that ¢ is convergent, the strip lemma
or parallel moves lemma, valid for TG'T since it is an orthogonal iTRS, yields
that ¢ convergent implies ¢ convergent. Thus we conclude.

To extend factorisation to any proof term we need to be able to swap its
components. The (InOut) and (Outln) equations allow for this swapping in sim-
ple cases, e.g. as in the following permutation equivalence judgement: f(u(a)) -

u(g(a)) ~1 pp(a)) = p(f(a)) - g(u(a)), where p: f(z) — g(x). The following
lemma shows that such an operation can be performed in a general case.

Lemma 6. Let v be a finite stepwise-or-nil proof term. Then there exist two
numbers n,n’ < w such that, for any convergent proof term & verifying tgt(§) =
sre(v) and mind(€) > n+n', a finite stepwise-or-nil proof term ¢’ and a con-
vergent proof term &' can be found, such that & - ¥ =~ ' - &, ns(¢’) = ns(y),
d('[Q]) = d([i]) for all i, and mind(¢") > mind(§) —n' > n.

Proof. Induction on ns(v), the interesting case being when v is a one-step.

Let u be the rule symbol occurring in 1, and p the position of the occurrence
of p in 1. We consider n := |p| and n’ to be the depth of the deepest variable
occurrence in the left-hand side of p. It is not difficult to obtain that ¢ =
Clti, ... tj—1, (U1, ..., Um), tj41, . - ., tg) where the depth of all the holes in C
is exactly n. By carefully defining the compressed to fixed prefix form of a proof
term for which no activity is performed at any position in a prefix-closed set, we
can obtain that f ~ C[fl, AN 7§j—l> l[¢1, ey (bm], §j+1a AN ,gk}. Therefore

"
<

Clér-ty, o &or-tjo1, Ud1, oy O] - pp(Uny oo Um ), Ep -ty ooy St
C[flv "'7§j—17/’4(¢17 ---a¢m)a§j+1a afk]

0{81'51, ey 8= &1, W o W) B[ B1s e By Sj1 €ty ey Sk Ek]
C

Ol

[ S

ar

=

S1, "'73j—17,u(w1a "~7wm)7$j+17 "'ask] :

517 "'agjflvh[gbl? "'7¢m}v£j+1v 751@‘}

where p: 1 — h, s; = sre(§;) and w; = sre(p;).
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We consider ¢ = Cls1,...,8j—1, p(W1, ..., Wm),Sj+1,...,5;] and
& = Clé, .. &1, h[o1, ..., dm], &j+1, - - -, &k]. Convergence of ¢ stems from
convergence of each &; and each ¢;. Finally, a careful analysis of minimal activity
depth yields the desired condition about mind(¢’).

Now we can prove the general factorisation result.

Proposition 4. Let 1) be a convergent proof term and n < w. Then there exist
x and ¢ such that ¥ =~ x - ¢, x s a finite stepwise-or-nil proof term, ¢ is
convergent and mind(¢p) > n.

Proof. We proceed by induction on .

If 4 is an infinitary multi-step, then we proceed by induction on n. Lem. 5 im-
plies ¢ = xo0 - f(¢1,...,%m). If n =0 then we are done. Otherwise convergence
of all ¢; can be obtained from convergence of f(v1,...,%,) by a careful study of
projections. Then TH applied to the ¢;’s yields ¥ & x0 - f(X1* P15+ Xin * Pm)-
From this proof term, a permutation equivalence argument allows to conclude.

Assume ¢ = 11 - 5. Then IH on vy yields v =4 11 - x2 - ¢2. IH applies also
on v w.r.t. a sufficiently big n’, yielding v & x1 - ¢1 - X2 + ¢2. Then Lem. 6
on ¢1 - x2 implies ¥ = x1 - xb - @] - b2, which suffices to conclude.

If v = ;<. ;, then it is enough to observe that ITH can be applied to
o + ... - Yy, where mind(1);) > n if i > k.

If ¢» = f(41,...,%m) then an easy inductive argument suffices.

Finally, if ¥ = p(t1,...,%m), then two cases must be considered: pu is col-
lapsing or not. In either case an easy argument suffices. If u is not collapsing,
then observe that the (Struct) equation can be extended to arbitrary contexts
having a finite number of holes.

Theorem 1. Let 1) be a convergent proof term. Then there exists some stepwise
proof term ¢ verifying ¢ = ¢ and ns(¢) < w.

Proof. We define the sequences of proof terms (¥;);<, and (¢;)i<. as follows.
We start defining vy := 1. Then, for each i < w, we define ¢; and ;1 to be
proof terms such that 1; ~ ¢; - P11, ¢; is a finite stepwise-or-nil proof term
and either mind(w;+1) > mind(1;) or mind(;+1) = mind(y;) = w; cf. Prop. 4.
Observe that mind(v;) < w implies mind(¢;) = mind(1);), so in that case ¢;
is a stepwise proof term, i.e. it is not trivial. Moreover, an easy induction on n
vields ¥ &1 ¢g - ...+ Py - Py for all n.

There are two cases to consider. If there is some n such that 1, is trivial,
then it is enough to take ¢ := ¢ - ... - ¢p—1 for the minimal such n (or just
¢ = sre(v) if o = 9 is trivial). Otherwise, it is easy to prove that ¢ ~ ;<. ¢;
using the Lim rule, and, moreover, ¢; being finite for all ¢ implies ns( < ¢;) < w.

7 Conclusions and Future Work

The reasoning in the compression proof in Sec. 6 can be extended in order to
obtain standardisation results. As noted in [6], a concept of standard reduction



Proof Terms for Infinitary Rewriting 15

being adequate for infinitary rewriting should be used, leftmost-outermost re-
duction does not fit in this setting. We claim that it is possible to prove the
existence of a unique standard reduction in each permutation equivalence class,
using depth-leftmost standardness as defined in [6].

It seems natural to consider a variant of permutation equivalence in which
the Lim-rule can be used at most once in a derivation, and only as its last step.
The derivations of permutation equivalence in our examples in Sec. 4 are all
of this form. By a proof-theoretic analysis using the purported standardisation
result, one can show that the restricted variant is equivalent to the more general
version used in this paper. We plan to present these results in a future paper.

Another area for further exploration is the comparison of permutation equiv-
alence as defined in this paper with other notions of equivalence of reduction.
Compare [11], Ch. 8 and [9], where the equivalence of several such notions is es-
tablished for finitary rewriting. An obvious first candidate would be Lévy equiv-
alence as defined in [5] and [11], Ch. 12, via projections of reductions.

Acknowledgements We thank Eduardo Bonelli, Delia Kesner, Vincent van
Oostrom and Femke van Raamsdonk for support, stimulating discussions and
some useful suggestions. This work was partially funded by the French—Argen-
tinian Laboratory in Computer Science INFINIS.

References

1. Baader, F., Nipkow, T.: Term Rewriting and All That. Cambridge University Press,
Cambridge (1998)

2. Courcelle, B.: Fundamental properties of infinite trees. Theor. Comput. Sci. 25,
95-169 (1983)

3. Endrullis, J., Hansen, H.H., Hendriks, D., Polonsky, A., Silva, A.: A coinductive
treatment of infinitary rewriting (2013), presented at WIR 2013, First International
Workshop on Infinitary Rewriting, Eindhoven, Netherlands, June 2013

4. Huet, G.P., Lévy, J.J.: Computations in orthogonal rewriting systems, i and ii. In:
Computational Logic - Essays in Honor of Alan Robinson. pp. 395-414 (1991)

5. Kennaway, R., Klop, J.W., Sleep, M.R., de Vries, F.J.: Transfinite reductions in
orthogonal term rewriting systems. Inf. Comput. 119(1), 18-38 (1995)

6. Ketema, J.: Reinterpreting compression in infinitary rewriting. In: 23rd Interna-
tional Conference on Rewriting Techniques and Applications, RTA. LIPIcs, vol. 15,
pp. 209-224. Schloss Dagstuhl - Leibniz-Zentrum fir Informatik (2012)

7. Klop, J.W., de Vrijer, R.C.: Infinitary normalization. In: We Will Show Them:
Essays in Honour of Dov Gabbay. vol. 2, pp. 169-192. College Publications (2005)

8. Lombardi, C., Rios, A., de Vrijer, R.: Proof terms for infinitary rewriting, progress
report (2014), http://arxiv.org/abs/1402.2245

9. van QOostrom, V., de Vrijer, R.: Four equivalent equivalences of reductions. Elec-
tronic Notes in Theoretical Computer Science 70(6), 21-61 (2002)

10. Suppes, P.: Axiomatic Set Theory. D. van Nostrand, Princeton, USA (1960)
11. Terese: Term Rewriting Systems, Cambridge Tracts in Theoretical Computer Sci-
ence, vol. 55. Cambridge University Press, Cambridge (2003)



