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We present intersection type systems in the style of sequent calculus, modifying the systems that
Valentini introduced to prove normalisation properties without using the reducibility method. Our
systems are more natural than Valentini’s ones and equivalent to the usual natural deduction style
systems. We prove the characterisation theorems of strong and weak normalisation through the
proposed systems, and, moreover, the approximation theorem without using the reducibility method.
This provides in a uniform way proofs of the normalisation and approximation theorems via type
systems in sequent calculus style.

1 Introduction

A traditional way of proving strong normalisation for typed A-terms is the reducibility method [Tai67],
which uses set-theoretic comprehension. Other methods without using reducibility have also been stud-
ied in the literature (see, e.g. Section 5 of [VRSSX99]| for a review of those methods). Some of them
use an inductive characterisation of strongly normalising A-terms given by van Raamsdonk and Severi
[vRS935]. In [ValO1], Valentini introduced, instead of using the inductive characterisation, an intersection
type system that is closed under the rules of the original system, and proved strong normalisation by a
simple induction on the typing derivation.

In this paper we develop Valentini’s approach further providing an improvement on his system and its
extensions with an axiom for the type constant @. These systems are in the style of sequent calculus and
equivalent to the original intersection type systems in natural deduction style. Using the new systems, we
prove the characterisation theorems of strong and weak normalisation, which are well-known properties
of intersection type systems [Pot80, (CDCVS&I1].

Another important point in our approach is that we design new systems that derive the same sequents
as the original natural deduction style systems do, so that we can prove various other properties than nor-
malisation by simple inductions on the typing derivation (cf. [KikQ9l]). In the present paper we illustrate
that by showing the approximation theorem for the type system with @, which is usually proved using
reducibility predicates over a typing context and a type (see, e.g. [DCHMO1, [ BDS13l}).

The difference between the systems in [ValO1] and ours is the following. First, some rules of the
systems in [ValO1] have restrictions on types to be type variables. Also, the rule for abstraction takes a
form that implies the n-rule. On the other hand, our systems do not have the restrictions on types, and
our rule for abstraction is the usual one. In this natural setting, we show that our system is closed under
the rules of the original natural deduction style system. This part of the proof of strong normalisation
is much shorter than that in [ValOll]]. Secondly, the system characterising weakly normalising A-terms
in [ValO1]] does not have the type constant @, and is not related to the original natural deduction style
system. In this paper, we introduce new systems with an axiom for the type constant @, and prove weak
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normalisation of A-terms that are typable with w-free types in the original system. The closure under
the rules of the original system is shown by almost the same argument as that in the case of the system
without ®.

In [ValO1]], only normalisation properties are discussed, and other properties than normalisation are
not proved using the sequent calculus style systems. Some other papers [vRS95) Mat00, [Dav01, [Abe07]]
have studied strong normalisation for terms typable with intersection types without using reducibility.
Each of them uses an inductive characterisation of strongly normalising terms, but any other properties
than normalisation have not been treated. So the present paper seems to be the first to apply a proof
method for normalisation without reducibility to other properties of intersection type systems.

There is also an attempt in [vB04|] to give uniform proofs of the characterisation theorems of nor-
malisation and the approximation theorem. The method is through strong normalisation for reduction
on typing derivations. However, it uses reducibility predicates to prove the strong normalisation, and the
proof seems more complicated than ours.

The organisation of the paper is as follows. In Section [2) we introduce two kinds of intersection type
systems. In Section [3] we prove the characterisation theorem of strong normalisation through the new
type system. In Section ] we introduce type systems with @, and prove the characterisation theorem of
weak normalisation. In Section [5| we prove the approximation theorem using one of the new systems
with .

2 Intersection type systems

In this section we introduce two intersection type systems: one is in the ordinary natural deduction style
and the other in sequent calculus style. They prove to be equivalent, and both characterise strongly
normalising A-terms.

First we introduce some basic notions on the A-calculus [Bar84]]. The set A of A-terms is defined
by the grammar: M ::= x | MM | Ax.M where x ranges over a denumerable set of variables. We use
letters x,y,z,... for variables and M,N,P,... for A-terms. The notions of free and bound variables are
defined as usual. The set of free variables occurring in a A-term M is denoted by FV (M). We identify
a-convertible A-terms, and use = to denote syntactical equality modulo o-conversion. [ := | is used
for usual capture-free substitution.

The B-rule is stated as (Ax.M)N — M|[x := N], and -reduction is the contextual closure of the f3-
rule. We use — g for one-step reduction, and %2} for its reflexive transitive closure. A A-term M is
said to be strongly (weakly) normalising if all (some, respectively) -reduction sequences starting from
M terminate. The set of strongly (weakly) normalising A-terms is denoted by SNP (WN?, respectively).

The set of types is defined by the grammar: ¢ ::= ¢ | 0 — 6 | 0N c where @ ranges over a denumer-

I'x:oFM:z I'M:c I'M:t
I . .
I''x:obx:o (Ax) I'FAxM:0—7 (=) I'tM:ont (N
where x ¢ I

I'rM:0—-1 I'EN:o I'EM:onN~t I'EM:onNv7
TFMN:t B T B e (0B

Figure 1: Natural deduction style system An



K. Kikuchi 3

I'sM[x:=NJN;...N,:6 I'kN:t
I'ty (Ax.M)NN;...N,: 0

(Ax) (Beta)®

I'x:okbsx:0

I'sN:oy I',y:0pFsyN1...N,: 7T I''x:o-sM: 71

R—
I''x:01—> 0, FgxNNy...N,,: 7 (L=) FI—Skx.M:G—H?( )
where y ¢ FV(Ny)U---UFV(N,) andy ¢ I where x ¢ I”
I''x:o01,x:00F;xN;{...N,: T (L) I'sM:0c THM:t (RN)

I''x:oiNopbgxNy...N,: 1T I'M:onzt

Figure 2: Sequent calculus style system A}

able set of type variables. We use letters o, 7, p,... for arbitrary types. The type assignment systems An
and A} are defined by the rules in Figures and respectively. A typing context is defined as a finite set
of pairs {x; : 01,...,x, : 0, } where the variables are pairwise distinct in the system A while they may
be the same in the system A3. A variable with different types is intended to have the type of intersection
of all of them. The typing context I, x : ¢ denotes the union I’ U{x: ¢}, and x ¢ I" means that x does not
appear in I', i.e., for no type 0, x: 0 € I'. Note that x : o € I' is possible in the typing context I',x : ©.
In particular, the premisses of the rule (L —) may have x : 6; — 0, in I'. In that case, x : 6] — 0 is
introduced by the rule (L —) with implicit contraction.

The system in [ValO1] has the restriction in A3 that the type ¢ in the rules (Ax) and (Beta)® and the
type 7 in the rules (L —) and (LN) must be type variables. Also, the rule (R —) takes the following

form:
I''x:oFsMx:t

I'EsM:0—7

where x ¢ I" and x ¢ FV (M), so that the system includes the 7n-rule and is not equivalent to the system
An. (For example, - Ax.x: (0 — 7) = ((p N o) — 7) is derivable in the system of [ValO1], but - Ax.x :
(0 — 1) = ((pN o) — 1) is not derivable in An.)

Example 2.1. Self-application can now be typed naturally in A2, as follows (cf. [ValO1l pp. 478-479]).

X:0kyx:0 x:0,y:Thsy:7t

X:0,x:0—=>Thyxx:7 (LHSL_))
x:0N(0—=1T)kFsxx:t
(R—)

FsAxxx:(onN(oc—1))—7
Proposition 2.2. I',x:c1Nox =M : tifand only if I' )x: 61,x: 0o -y M @ 7.
Proof. By induction on the derivations. O

Henceforth we write I~ for the typing context in which each variable has the type of intersection of
all the types that the variable has in I".

3 Characterisation of strongly normalising A -terms

If one tries to prove strong normalisation for terms typed in the system A~ directly by induction on
derivations, a difficulty arises in the case of the rule (— E). One way of overcoming this difficulty is to
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use reducibility predicates [Tai67]. Here we use the sequent calculus style system A} instead. For the
system A%, we can prove strong normalisation for typed terms directly by induction on derivations.

Theorem 3.1. IfI" ;M : G then M € SNP.
Proof. By induction on the derivation of I" = M : T in A}, O

To complete a proof of strong normalisation for terms typed in the system An, what remains to be
shown is that if M is typable in An then it is typable in A%. This is proved using several lemmas below.
First we show that A% is closed under the weakening rule.

Lemma 3.2. If ' =M :tthenl',x:0 ;M : 1.
Proof. By induction on the derivation of I' -, M : 7. O

The next two lemmas are the essential difference from the proof of [ValOll]. These are used in the
proof of Lemma [3.5|below. The simply typed counterpart of Lemma [3.3]is found in the second proof of
strong normalisation for the simply typed A-calculus in [JMO3]].

Lemma33. If'-sM:0 —tandx ¢ 1T then',x:0kFsMx: 1.
Proof. By induction on the derivation of I' =3 M : 0 — 7. Here we show a few cases.

. (AX)

I'y:oc—1thHyy:0—>1

In this case we take two axioms I',x: o Fsx:cand I',x:0,z:Thkyz:7,and obtain I"',x: 0,y :
0 — Tk, yx: T by an instance of the (L —) rule.
I'sM|y:=N|N,...N,:0—>71 T'k;N:

o s [y ] 1 n K p (Beta)s

I'ty (Ay.M)NN;...N,,: 6 = 1T

By the induction hypothesis, we have I',x : ¢ -y M[y := N|N;...N,x : 7, and by Lemma [3.2] we
have I',x : o k- N : p. From these, we obtain I',x: 6 5 (Ay.M)NN;...N,x : T by an instance of
the (Beta)* rule.

I'y:oc-sM: 7t
. (R—)
I'bsAyM:0— 1
where y¢ I'. From I,y : oy M : T, we have I',x: ¢ -y M[y := x| : 7. From this and the axiom
I''x:0ksx:0,weobtain I',x: ¢ F; (Ay.M)x : T by an instance of the (Beta)® rule. O

Lemma34. fT'-sM:ocNtthenl WM :cand ' 3 M : 7.
Proof. By induction on the derivation of I' =M : 6N 7. O

Now we are in a position to prove the following important lemma.

Lemma 3.5. A is closed under substitution, i.e., if ' ,x: 01,...,X: Oyt P: T wherex ¢ I', m > 0 and
0; # Cjfori# j, and, foranyic {1,...,m},I' ;N : 0;, thenI" ¢ P[x:==N]: 7.

Proof. The proof is by main induction on the number of ‘—’ and ‘"’ occurring in oy, ..., G,, and sub-
induction on the length of the derivation of I',x: 01,...,x: G,, -5 P : T. We proceed by case analysis
according to the last rule used in the derivation of I',x : 01,...,x: G, 5 P : 7. Here we only consider a

few cases.
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e Suppose the last rule in the derivation is

I''x:cbsM:py I''x:0,y:p2bsyNi...Ny: T
I''x:6,x:p1 > paFsxMNy...N,: T

(L—=)

where {Xx: 0, x:p1 = p2} ={x:01,....x: 0, }, y¢ FV(N;)U---UFV(N,) and y ¢ ' ,x: G. By
the subinduction hypothesis, we obtain both

I'sM[x:=NJ:p; (D

and
Lyy:pabs (YNy...Ny)[x:=N]: 7T 2)

Now consider the assumption I" ¢ N : p; — p; and a fresh variable z. Then by Lemma [3.3] we
have I',z: p; s Nz : p. From this and , we have I' Fg NM[x := N] : p; by the main induction
hypothesis. Then, again by the main induction hypothesis, we obtain

I' g NM[x:=N|Ni[x:=N]...NyJx:=N|: 7
from 2) and I g NM|[x := N] : ps.
e Suppose the last rule in the derivation is

I''x:0,x:p1,x:p2F5xNy...N,: T
I''x:o,x:p1Np2FsxNy...N,: T

(LN)

where {X: G,x: piNp2} = {x: 01,...,x: 0y }. Then, applying Proposition 2.2]to the conclusion,
we have I',(x: G)/,x: p1,x: pa by xNy...N, : T where (x: ) =x: 0\ {x: piNp2}. Now, from
the assumption I' =g N : py N pp, we have I' ¢ N : py and I ¢ N : p, by Lemma[3.4] Hence, by
the main induction hypothesis, we obtain I -3 NN;[x := N]...N,[x :=N] : 7. O
Now we can show that the system A} is closed under the (— E) rule.
Lemma3.6. [fI'-sM:0 —>7andl' 34N :0 then I 3 MN : 1.
Proof. By Lemma[3.3| we have I',x: 6 k- Mx : 7 for any fresh variable x. Hence by the previous lemma,
we obtain I' kg (Mx)[x :=N]=MN : 7. O
Now we can prove the announced theorem.

Theorem 3.7. If'-M : 0 then' -sM : G.
Proof. By induction on the derivation of I' - M : & in An, using Lemmas [3.4]and [3.6] O

The converse of this theorem also holds when typing contexts are restricted to those of An.
Theorem 3.8. ' ;M : ¢ ifand only if IZF M : ©.

Finally we show that all strongly normalising terms are typable in A}
Theorem 3.9. If M € SN® then there exist a typing context I' and a type © such thatI' -y M : ©.
Proof. The proof is by main induction on the maximal length of all B-reduction sequences starting from

M and subinduction on the structure of M. We analyse the possible cases according to the shape of the
term M.
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e M = x for some variable x. In this case we just have to take x : 6 - x : 0, which is an axiom.

e M =xN;...N,. By the subinduction hypothesis, for any i € {1,...,n}, there exist a typing context
I; and a type o; such that I =5 N; : 0;. Then consider the following derivation (recall that A3 is
closed under the weakening rule):

Ul FgNyo, ULy, :Thyy,: T
UE,}’nfl : Op _> T I_s ynfllvn T

(L—=)

UL g N> 0n UE,yzZG3—>‘--—>G,;—>T|—sy2N3...]VnI’L'
Ul Fs Ny ko Uli,yj:0p =+ —0,—>TkgyiNy...N, : T (L—))
Uli,x:0y > ---—0,—TkyxN;...N,: T

(L—=)

e M = Ax.P. By the subinduction hypothesis, there exist a typing context I" and a type ¢ such that
I''x:0y,...,x: 0,5 P: 0o where x ¢ I' and n > 0. Then we have I' -, Ax.P: 01 N---N0C, = C
by the (LN) and (R —) rules. (We use a weakening rule instead of (LN) when n =0.)

e M = (Ax.P)NN;...N,. By the main induction hypothesis, there exist a typing context I] and a
type o) such that I F; P[x := N]|N; ...N, : 01, and, by the subinduction hypothesis, there exist a
typing context I3 and a type o, such that I3 ¢ N : 6,. Then, by the weakening and (Beta)*® rules,
we obtain I,I3 b5 (Ax.P)NN; ...N, : 0y. O

It is interesting to note that in the above proof we do not use the (RN) rule at all, so it is redundant
for characterising the strongly normalising A-terms. The absence of the (RN) rule leads to a restriction
on types that is similar to those investigated in [vB92].

The results in this section are summarised as follows.

Corollary 3.10. For any A-term M, the following are equivalent.
1. M is typable in An.
2. M is typable in A},
3. M is strongly normalising.

4. M is typable in A}, without using the (RN) rule.

4 Characterisation of weakly normalising A -terms

In this section we are concerned with weak normalisation and some type systems obtained by extending
the systems A and A%. The main goal of this section is to prove the characterisation theorem of weak
normalisation in a similar way to that of strong normalisation in the previous section.

The extended systems are listed in Figure|3| First we introduce a new rule (Beta)/, which is a general
form of the rule considered in [ValOI] (o is restricted to type variables in [ValOI]). Then the system A}
is obtained from A# by replacing the (Beta)® rule by the (Beta)’ rule. The systems Ang, A%, and AL,
are obtained from An, A and A/, respectively, by adding the type constant @ and the (®) rule. In order
to distinguish the judgements of the systems, we use the symbols F, g, 50 and Fg.

For the system A/, we have the following theorem.

Theorem 4.1. IfI' =M : 0 then M € WNA,

Proof. By induction on the derivation of I' -, M : t. O
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I'=M[x:=N|N,...N,: 0 (Beta)! (@)
I't (Ax.M)NN;...N,: o I'EM: o
Notation
AL = A% —(Beta)* + (Beta)’ ' M:oc
Ao = A+ (o) I'FeM:o
Mo = A+ (o) I'boM:o
Mo = A+(o) I'bpM:o

Figure 3: Systems extended with @

For characterisation of weak normalisation in terms of typability in the extended systems, it is neces-
sary to clarify the relationship among them. First we show that the terms typable in the ordinary natural
deduction style system An, are typable in A%, in almost the same way as in the previous section.

Theorem 4.2. If '+, M : 0 then 3y M : o.

Proof. It is easy to see that Lemmas through hold for A%, instead of A%. Then the theorem

follows by induction on the derivation of I' ¢ M : G in Ang. O]
Next we relate the systems A%, AL, and A%. This completes one direction of the characterisation

theorem of weak normalisation.

Lemma4.3. I'+,, M : o ifand only if I’ iy M : ©.

Proof. The implication from left to right is immediate by forgetting the right premiss of (Beta)*. For
the converse, observe that the (Beta)’ rule is derivable in A5, using the rules (Beta)* and (®). O

Lemma 4.4. Suppose ¢ and all types in I are @-free. Then I -1y M : © if and only if ' -, M : ©.

Proof. The implication from right to left is trivial. For the converse, observe that every type occurring
in the derivation of I" ;, M : ¢ also occurs in I or ©. ]

Corollary 4.5. IfI"' -4, M : 0 where ¢ and all types in I are @-free, then M € WNA.
Proof. By Theorem[d.2] Lemmas[4.3|and[4.4] and Theorem[4.1 O

Conversely, if a A-term M is weakly normalising, then there exist a typing context I" and a type o,
both m-free, such that I" -, M : 6. This is proved through the fact that in the system Anq, types are
preserved under the inverse of -reduction.

Lemma 4.6. If 'y, N:oand M —>ﬁNthenF}—wM: o.

Theorem 4.7. If M € WNB then there exist a typing context I’ and a type o such that I' -4, M : 6 and
both I' and © are w-free.

We can also prove the equivalence of the systems A, A3, and A%,,.
Theorem 4.8. For any typing context I, any A-term M and any type G, the following are equivalent.
1. InFo M: o.
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2. 'ty M : 0.
3. I'bjpyM:o.
Corollary 4.9. For any A-term M, the following are equivalent.
1. I' o M : o for some typing context I' and type o, both w-free.
2. I' Fyp M : 0 for some typing context I' and type &, both @-free.
3. I' by M : © for some typing context I' and type G, both @-free.
4. I' =1 M : o for some typing context I" and type ©.
b}

. M is weakly normalising.

S Application to other properties

The sequent calculus style systems we introduced in the previous sections are very useful for proving
properties of intersection type systems. In this section we illustrate that by giving a simple proof of the
(logical) approximation theorem, a property that is usually proved using reducibility predicates para-
metrised by typing contexts (see, e.g. [DCHMO1,[BDS13])). Proofs of some other properties through the
sequent calculus style systems are found in [KikO9]], which also makes a comparison between general
conditions for applying the reducibility method and our approach.

For the statement of the approximation theorem, we introduce some preliminary definitions. The set
of A L-terms [Bar84] is obtained by adding the constant L to the formation rules of A-terms. The type
systems in the previous section are extended to those for A L -terms, where _L is typable by the (®) rule.

Definition 5.1. The approximation mapping o from A-terms to A 1 -terms is defined inductively by
O (AX] ... Xy XNy ... Ny) = Axy ... Xy x0(N}) ... Q(Npy)
O (Axy ... Xy (AX.M)NN;...Ny) = Axy...x,. L
where n,m > 0.
Lemma 5.2.
1. IfI'tio (M) : 0 and M— 5 N then I b a(N) = ©.

2. Let M—j N, M—, N, Ity a(N):o and I' by a(N') 2 T. Then there exists N” such that
M—p N"andT 1y a(N"):oNT.

Proof. The first part is proved by induction on the derivation of I" t;, ot(M) : ©. For the second part,
we use confluence of -reduction. 0

Now the logical approximation theorem can be formulated as follows.

Theorem 5.3. I' ¢ M : G if and only if there exists M’ such that M—j M andT 4 a(M'): o.

Proof. (=) By Theorem it suffices to show that if I' F;, M : o then there exists M’ such that
M —>2§ M and I' b, oo(M') : 6. The proof is by induction on the derivation of I" -, M : 0. Here we
consider some cases.
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Fl—le[xI:N]Nl...NniG I
. (Beta)
I'tiy (Ax.M)NN;...N,: o

By the induction hypothesis, there exists M’ such that M[x := N]N; .. .N,,—)E M and I
o(M') : 0. This M’ also satisfies (Ax.M)NN, < Na— M.
o Fl—lei (o] F,y:62 '_la)yN1~~Nn T (L—))
I''x:01, — 02 xNNy...N,: T
where y ¢ FV(N;)U---UFV(N,) and y ¢ I'. By the induction hypothesis, there exist N', Ny, ..., N,
such that N— N, Ni—j N, I'Fjp a(N'): oy and I,y : 03 by you(N]) ... 0(N,) : T. Hence,
by an instance of the (L —) rule, we obtain I",x : 61 — 03 b x(N')a(N7) ... a(N}) : T. So we
take xN'N| ... N} as M'.
I''x:obpN:7T

R
* Fl—,wlx.N:cr—w( =)

where x ¢ I'. By the induction hypothesis, there exists N’ such that N —p N and I',x: 0 by
o(N’) : 7. By an instance of the (R —) rule, we obtain I" -, Ax.at(N') : 6 — 7. Since a(Ax.N') =
Ax.o(N'), we take Ax.N" as M'.

Fl—leZG Fl—lei’L'

¢ I'bigM:oNt (RM)

By the induction hypothesis, there exist My, M, such that M —>Z§ M,M —>2§ My, I'bip (M) : o
and I' by (M) : 7. Then by Lemma 5.2, there exists M’ such that M —>Z§ M and I

oM):oNnrt.
(<) We can show by induction on the derivation that if I" -4, a(M’) : o then I' -, M’ : 6. Hence, by
Lemma[.6| we have ', M : ©. O

Thus our method has been successfully applied to proving the approximation theorem for the map-
ping o and the system An,. It is work in progress to give similar proofs of the approximation theorems
for the n-approximation mapping o, which maps Ax.L directly to L, and type systems with various
preorders as discussed in [DCGd98,[DCHMO1, BDS13].

6 Conclusion

We have presented uniform proofs of the characterisation theorems of normalisation properties and the
approximation theorem. The proofs have been given via intersection type systems in sequent calculus
style. As investigated in [Kik09], our method can be considered to have embedded the conditions for
applying reducibility [KRW12] directly into the typing rules of the sequent calculus style systems.

Other syntactic proofs of strong normalisation for terms typable with intersection types are found
in [KW95! Bou03]], where the problem is reduced to that of weak normalisation with respect to another
calculus or to another notion of reduction. The proofs of [vRS95| [ValO1]] and ours are different from
those of [KW95| IBou03]] in that strong normalisation is proved directly rather than inferring it from
weak normalisation. Yet another syntactic proof [BPS03|] uses a translation from terms typable with
intersection types into simply typed A-terms.

Acknowledgements I would like to thank Katsumasa Ishii for drawing my attention to Valentini’s paper
and pointing out that the system includes the n-rule. I also thank the anonymous reviewers for valuable
comments. The figures of the derivations have been produced with Makoto Tatsuta’s proof . sty macros.
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