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1 Introduction

Intersection types have been presented in the literature in many variants. Historically, one
of the first versions is the one characterizing solvable terms, that we call system C, shown in
Fig. 1 [5, 7]. Intersection enjoys associativity, commutativity, and in particular idempotency
(A∧A = A). Given a type A and a typing environment Γ, the problem of deciding whether there
exists a term t such that Γ ` t : A is provable, is known in the literature both as emptiness
problem and as inhabitation problem. The inhabitation problem for system C has been proved
to be undecidable by Urzyczyn [10]. Van Bakel [12] simplified the system, using strict types,
where intersection is not allowed on the right side of the arrow; his system S is presented
on the left part of Fig. 2, where intersection is naturally represented through set formation,
and the universal type ω by the empty set. The right part of the figure presents the relevant
version of S, Sr, a system being relevant if and only if, in its provable judgments, typing
environments only contain the consumed premises. The systems C, S and Sr are equivalent
with respect to the typability power (neglecting the universal type ω). Urzyczyn’s proof of
undecidability of the inhabitation problem for system C can be easily adapted to system S.
Moreover, the inhabitation problem for C seems to reduce to that for Sr, proving that the latter
is undecidable, too [11], so proving that relevance has nothing to do with the hardness of the
inhabitation problem.

We consider the type assignment system M, which is a variant of Sr, where the idempo-
tency of the intersection has been removed, and we prove that its inhabitation is decidable, by
exploiting the fact that in this case types keep track faithfully of the different uses of variables
in terms. System M characterizes solvable terms. i.e., terms having head normal form, so we
design a sound and complete algorithm, that, given a typing environment Γ and a type σ, builds
a set of approximate normal forms from which all and only the head normal forms t such that
Γ ` t : σ can be generated.

In the literature, various restrictions of the classical intersection types system have been
shown to have decidable inhabitation [8, 3]. The approach is substantially different from that
used in this work, since in all cases intersection is idempotent, and the decidability is obtained
by restricting the use of rules (∧I) and (∧E), so that the corresponding type assignment does
not characterize interesting classes of terms, anymore.

x : A ∈ Γ

Γ ` x : A
(var)

Γ ` t : ω
(ω)

Γ, x : A ` t : B

Γ ` λx.t : A → B
(→ I)

Γ ` t : A → B Γ ` u : A

Γ ` tu : B
(→ E)

Γ ` t : A Γ ` t : B

Γ ` t : A ∧ B
(∧I)

Γ ` t : A1 ∧ A2

Γ ` t : Ai
(∧E)

Types: A ::= α | ω | A →

A | A ∧ A Typing environments: Γ ::= ∅ | Γ, x : A x 6∈ dom(Γ)

Figure 1: System C
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x : A ∈ Γ σ ∈ A

Γ ` x : σ
(var)

x : {σ} ` x : σ
(varr)

Γ, x : A ` t : τ

Γ ` λx.t : A → τ
(→ I)

Γ, x : A ` t : τ

Γ ` λx.t : A → τ
(→ I)

Γ ` t :{σi}i∈I → τ (Γ ` u : σi)i∈I

Γ ` tu : τ
(→E)

Γ ` t :{σi}i∈I → τ (∆i ` u : σi)i∈I

Γ ∪i∈I ∆i ` tu : τ
(→Er)

Types: Typing environments:
σ ::= a | A → σ (strict types) Γ ::= ∅ | Γ, x : A x 6∈ dom(Γ)
A ::= ∅ | {σ} | A ∪ A (set types) (Γ ∪ ∆)(x) = Γ(x) ∪ ∆(x)

Figure 2: Systems S and Sr

2 The type assignment system M
In this section we consider a relevant type system for the λ-calculus having strict intersection
types that enjoy associativity and commutativity, but not idempotency. In order to emphasize
this last property we represent intersections as multisets of types.

We recall that terms of the λ-calculus are generated by the following grammar:

t, u, v ::= x | λx.t | tu

The β-reduction is given by the rule (λx.t)u→β t{u/x} where t{u/x} denotes the capture free
replacement of x by u in t.

Definition 1.

1. The set T of types is defined by the following grammar:

σ, τ, ρ ::= α | A→ τ (types)
A ::= [σi]i∈I (multiset types)

where α ranges over a countable set of base types and I is a finite, possibly empty, set of
indices.

2. Typing environements, or simply environments, written Γ,∆, are functions from variables
to multiset types, assigning the empty multiset to almost all the variables. The domain
of Γ, written dom(Γ), is the set of variables whose image is different from [ ]. Given
the environments {Γi}i∈I , the environment +i∈IΓi maps x to ]i∈IΓi(x), where ] denotes
multiset union. If I = ∅, the resulting environment is the one having empty domain. Γ+∆,
and by abuse of notations Γ +i∈I ∆i are defined accordingly. Γ \ x is the environment
assigning [ ] to x, and acting as Γ otherwise; x1 : A1, . . . , xn : An is the environment
assigning Ai to xi, for 1 ≤ i ≤ n, and [ ] to any other variable.

3. A typing judgement is a triple of the form Γ ` t : A. The type systemM is given in Fig. 3.
The measure of a derivation Π, written meas(Π), is the number of rule applications in
it. Π . Γ ` t : σ denotes a derivation proving Γ ` t : σ; by abuse of notation, Γ ` t : σ
denotes the existence of such a derivation.

Let us recall the notion of head-normal forms (hnf), which is the syntactical counter part
of the well known notion of solvability for the λ-calculus. A λ-term is in hnf if it is generated
by the following grammar:

J ::= λx.J | K K ::= x | Kt
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x : [ρ] ` x : ρ
(var)

Γ ` t : ρ

Γ \ x ` λx.t : Γ(x) → ρ
(→ I)

Γ ` t : [σi]i∈I → ρ (∆i ` u : σi)i∈I

Γ +i∈I ∆i ` tu : ρ
(→ E)

Figure 3: The type assignment system M

A term has hnf if it β-reduces to a hnf.
Rule (→ E) enables the typability of non strongly normalizing terms, when I = ∅. For

example x : [[ ] → α] ` x((λy.yy)(λy.yy)) : α , where the outermost application is typed
neglecting its unsolvable argument. This feature is shared by all the intersection type systems
characterizing solvability. The same holds for the fundamental subject reduction property: if
Π . Γ ` t : σ and t →β u, then Π′ . Γ ` u : σ. What is peculiar to M is the fact that the
size of Π′ is strictly smaller than that of Π, whenever the reduction t →β u takes place in an
occurrence of t which is typed in Π. This property, stated in Theorem 2.1 below, allows for an
original, combinatorial proof of the fact that typed terms do have hnf.

We do not provide here the formal definition of what a typed occurrence is. Roughly
speaking, given a derivation Π . Γ ` t : σ, an occurrence of a subterm u of t is typed in Π if u
at this occurrence is the subject of a subderivation of Π.

Theorem 2.

1. Π . Γ ` t : σ and t →β u imply Π′ . Γ ` σ where meas(Π′) ≤ meas(Π). Moreover, if the
reduced redex is typed in Π, then meas(Π′) < meas(Π).

2. Γ ` t : σ if and only if t has hnf.

Proof. For 1 see [9] and for 2 see [4].

3 Inhabitation for system M
The system M allows to type a term without giving types to all its subterms through the rule
(→ E) in case I = ∅. So in order to reconstruct the subject of a derivation we need a notation
for these untyped subterms. We will use the standard notion of approximate normal form [1],
which can be defined through the following grammar:

a, b, c ::= Ω | N N ::= λx.N | L L ::= x | La

Approximate normal forms are ordered by the smallest contextual order ≤ such that Ω ≤ a,
for all a. We write a ≤ t when the term t is obtained from a by replacing all the occurrences
of Ω by terms.

Let A(t) = {a | ∃u t→∗β u and a ≤ u} be the set of approximants of the λ-term t, and let∨
denote the least upper bound w.r.t. ≤. We write ↑i∈I ai to denote the fact that

∨
{ai}i∈I

does exist. It is easy to check that, for every t and a1, . . . an ∈ A(t), ↑i∈{1,...,n} ai.
An approximate normal form a is a head subterm of b if either b = a or b = cc′ and a is a

head subterm of c.
The type assignment system M gives type to approximate normal forms, also, simply as-

suming that no type can be assigned to the constant Ω. It is easy to check that, if Γ ` a : σ
and a ≤ b (resp. a ≤ t) then Γ ` b : σ (resp. Γ ` t : σ). Given Π . Γ ` t : τ , where t is in hnf,
we denote by A(Π) the minimal approximant b of t such that Π . Γ ` b : τ . Formally,
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a ∈ T(Γ + (x : A), τ) x /∈ dom(Γ)

λx.a ∈ T(Γ, A → τ)
(Abs)

(ai ∈ T(Γi, σi))i∈I ↑i∈I ai∨
i∈I

ai ∈ TI(+i∈IΓi, [σi]i∈I)
(Union)

a ∈ H
x:[σ]
x (Γ, σ) . τ

a ∈ T(Γ + (x : [σ]), τ)
(Head)

σ = τ

a ∈ H∆
a (∅, σ) . τ

(Final)

Γ = Γ0 + Γ1 b ∈ TI(Γ0, A) a ∈ H
∆+Γ0
cb (Γ1, σ) . τ

a ∈ H∆
c (Γ, A → σ) . τ

(Prefix)

Figure 4: The inhabitation algorithm

Definition 3. Given Π . Γ ` t : σ, where t is in hnf, A(Π) ∈ A(t) is defined by induction on
meas(Π) as follows:

• If Π . Γ ` x : ρ, then A(Π) = x.

• If Π . Γ ` λx.t : A → ρ follows from Π′ . Γ, x : A ` t : ρ, then A(Π) = λx.A(Π′), t being
in hnf.

• If Π . Γ ` tu : ρ follows from Π′ . Γ ` t : [ ]→ ρ, then A(Π) = A(Π′)Ω, t being in hnf.

• If Π.Γ = Γ′+i∈I∆i ` tu : ρ follows from Π′.Γ ` t : [σi]i∈I → ρ and (Πi.∆i ` u : σi)i∈I ,
for some I 6= ∅, then by Theorem 2.2, we know that u reduces to a hnf u′ and, by Theorem
2.1, we have Π′i . ∆i ` u′ : σi, and meas(Π′i) ≤ meas(Πi), for all i ∈ I. Moreover,
↑i∈I A(Π′i), since A(Π′i) ∈ A(u′), for all i ∈ I. Then A(Π) = A(Π′)(

∨
i∈I A(Π′i)).

Proposition 4. If Π . Γ ` t : σ then Π . Γ ` A(Π) : σ.

Proof. Induction on meas(Π).

3.1 The Inhabitation Algorithm

The inhabitation rules are given in Fig. 4. The algorithm, given an environment Γ and a type
σ, builds the set T(Γ, σ) containing all the approximate normal forms a such that there exists
a derivation Π . Γ ` a : σ, with a = A(Π), then stops. The algorithm uses two auxiliary
predicates, namely TI(Γ, [σi]i∈I) and H∆

a (Γ, σ) . τ .
TI(Γ, [σi]i∈I) contains all the approximate normal forms a =

∨
i∈I ai such that Γ = +i∈IΓi,

ai ∈ T(Γi, σi) for all i ∈ I, and ↑i∈I ai.
Finally, H∆

a (Γ, σ) . τ contains all the approximate normal forms b such that a is a head
subterm of b, and such that if a ∈ T(∆, σ) then b ∈ T(Γ + ∆, τ).

Rule Union, in the particular case I = ∅, gives Ω ∈ TI(∅, [ ]), where ∅ denotes the envi-
ronement having empty domain. The algorithm is not an obvious extension of the classical
inhabitation algorithm for simple types [2, 6]. In particular, given an environment Γ and a type
σ it reconstructs all the terms t in normal form such that Γ ` t : σ, while the algorithm for sim-
ple types reconstructs just the long η-normal forms. The algorithm exhibits a non deterministic
behaviour, as showed in the following example.

Example 5. 1. Let Γ = ∅ and σ = [[α] → α] → [α] → α. With input (Γ, σ), the algorithm
can have the following two behaviours:
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Choosing the sequence of rules: (Abs), (Abs), (Head), (Prefix), (Final) the final approxi-
mant is λxy.xy;

Choosing the sequence of rules: (Abs), (Head), (Final) the final approximant is λx.x.

2. Let Γ = ∅ and σ = [[ ] → α] → α. With input (Γ, σ), the algorithm applies the sequence
of rules: (Abs), (Head), (Prefix), (Final) and the final approximant is λx.xΩ;

Soundness and completeness of the inhabitation algorithm follow from the following Lemma,
relating typings of approximate normal forms in system M and runs of the algorithm:

Lemma 6. a ∈ T(Γ, σ) ⇔ ∃Π . Γ ` a : σ such that a = A(Π).

Theorem 7. 1. (Soundness) If a ∈ T(Γ, σ) then, for all t such that a ≤ t, Γ ` t : σ.

2. (Completeness) If Π . Γ ` t : σ and t is in hnf, then A(Π) ∈ T(Γ, σ).
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