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Abstract: We developed a method that allows to check the satisfiability of a formula in the combined theories
of sets and the bridging functions card, sum, avg, min, max by using a prover for linear arithmetic. Since
abstractions of certain verification tasks lie in this fragment, this method can be used in program verification.

1 Introduction

In [2, 1], Kuncak et al. give a sound, complete and terminat-
ing method to check the satisfiability of formulae in the the-
ory of Boolean algebras and Presburger arithmetic (BAPA),
which is equivalent to the combined theory of sets and car-
dinalities. They reduce the given problem to a problem in
pure Presburger arithmetic and then use a prover for Pres-
burger arithmetic. We extended this method, such that in
addition to considering BAPA, we can deal with additional
bridging functions between the theory of sets and the the-
ory of Presburger arithmetic, namely the functions sum that
calculates the sum of all elements of a set, avg that calcu-
lates the average of all elements of a set and min and max
that calculate the minimal and maximal element of a set,
respectively.

This variety of additional bridging functions allows us to
deal with a broader range of verification tasks.

2 Preliminaries

As we need the concepts of atomic sets and atomic decom-
position, these are introduced as follows:

For n given sets Aj,..., Ay, there are 2" atomic sets
So, ..., Son_1 that are defined as follows:

Si= A" foro <i<2m
=0

where d(i, j) is the j-th binary digit of i and A is defined
as A and A! is defined as the complement of A, A.

Due to the construction of the atomic sets, all S; are dis-
joint.

We define that an atomic set S; = ﬂ;.L:O A}i(] ’Z), for 0 <
1 < 2™ is contained in a set A if and only if there is a j such
that A’V = A,

Each given set A; and its complement A; can now be rep-
resented uniquely as atomic decomposition, which is the
union of all atomic sets that are contained in the set.

As the developed approach relies on the method de-
veloped by Kuncak et al. [3], we give a short introduction
to the latter.

3 Boolean Algebra and Presburger Arithmetic

The method of Kuncak et al. [2, 1] follows these 5 steps: a)
replace equations of sets A; = A, with subset relations in
both directions A; C A; AA; C Aq, b) replace every subset
relation between two sets A; € A, with a relation on the
cardinality card(A; N'A,) ~ 0, c) create all atomic decom-
positions for the sets appearing in the given formula and
represent all set expressions by equivalent unions of atomic
sets, d) replace cardinality of unions with sum of cardinalit-
ies of atomic sets, e) purify by introducing new constants of
sort natural numbers for cardinalities of atomic sets. After
these steps, a prover for Presburger arithmetic can be used
to check the satisfiability of the derived formula. With this
method a formula in the combined theory BAPA is reduced
to a formula in Presburger arithmetic in a sound and com-
plete way. This works nicely as the only attributes of the
sets that needs to be considered is their size, i.e specific ele-
ments are not of interest. We extended this method to deal
with the additional bridging functions.

4 Combined Reasoning with Sets and Aggregation
Functions

In contrast to the method of Kuncak et al. [2, 1], we are
considering not only the size of the sets but their elements
as well. This makes the method applicable for checking the
satisfiability of a formula in the combined theories of sets
of numbers and the aggregation functions sum, avg, min,
max more complex.

In our approach, the bridging functions min and max
have to be considered together, and the handling of avg re-
lies on the function sum, i.e. we have three different the-
ories, called BAPAy, (for min and max), BAPAA (for avg)
and BAPAg (for sum), or combinations thereof.

The method involves the following parts, which are ex-
plained afterwards: a) enrichment of the given formula
with axioms, b) transformation of the formula to pure lin-
ear arithmetic, ¢) computation of a model of this formula
and construction of a new formula in pure linear arithmetic
from the model, and finally d) computing a model of this
formula. If we have both models, we can construct a model
of the original formula.



In the enrichment step, a certain set of axioms for each of
the theories is added to the given formula, to model some
properties of the involved theories, resulting in the so called
enriched problem. In the transformation step, we use an ex-
tended version of the transformation of Kuncak et al. with
additional steps for treating each of the aggregation func-
tions. The result of this step is called transformed enriched
problem. We then need a prover for linear arithmetic for
checking the satisfiability of the transformed enriched prob-
lem. In Kuncak et al.’s approach, this is a prover for Pres-
burger arithmetic, as the value for the cardinality of a set is
a natural number. As we are considering not only the size
of the sets, but their elements as well, and as those can be
elements of N, Z, Q, R, we need a prover that can deal with
these domains and combinations thereof. The choice of the
universe affects the completeness of the method. This is
discussed in a later paragraph.

With a model of the enriched formula, we have values
for the size of each of the involved sets and an assignment
for the different instances of the involved aggregation func-
tions, but no assignment of the elements of the sets.

To be able to generate assignments for the elements of
the sets with the help of a prover for linear arithmetic, we
use the values from the constructed model to build a new
formula, which we call set constraint. A template on how
to use the values from the models is used to incorporate
the properties of sets and the involved aggregation func-
tion. There is one distinct template for each of the theories
BAPAs, BAPAA and BAPA.

A model of the set constraint defines assignments for the
sets, i.e. defines which elements are in which of the sets.
Together with the assignments gathered from the model
of the transformed enriched problem, we can construct a
model for the original formula.

BAPAs. The method for dealing with the function sum is
proven to be sound, i.e. a model of the enriched transformed
model and a model of the set constraint can always be used
to construct a model of the original problem. Completeness
is proven for the case that the model of the transformed
enriched problem has the property that for all individuals
of the domain c there exist infinitely many individuals a
and b in the domain such thata ZbAa+ b= c.

If this property is not fulfilled, then the method is not
able to generate a model of the set constraint an therefore
no model of the original formula can be constructed.

BAPAA. As avg relies on sum the same considerations
concerning completeness and soundness apply.

BAPA\,. Informal considerations lead to the result that

the method for dealing with min and max is sound. If a

dense ordering on the domain of the model of the trans-

formed enriched problem exists, the method is complete. If

the considered model does not have this property, the effect

is equivalent to the one for the appropriate case for sum.
Termination of the method is obvious.

Combination of the three theories BAPAg, BAPAA and
BAPA\, are possible as well. For generating the trans-
formed enriched problem, a combination of the transforma-
tion methods is used, and the set constraint is a conjunction
of the involved set constraints, i.e. the template for con-
structing the set constraint in the combined case is a union
of the templates used for the involved theories.

5 Conclusion and Ongoing Work

We have developed a way for checking satisfiability of
formulae in BAPAs, BAPAA, BAPAy, or combinations
thereof. This method simplifies certain verification task and
only relies on provers for arithmetic, which are well estab-
lished and reliable tools.

As a next step we will formalize the proofs of soundness,
completeness and termination for the methods for reasoning
in BAPAy.

Based on the snippet presented in the appendix of [2], we
are implementing a system that allows to use the presented
methods and a prover for linear arithmetic for checking sat-
isfiability of formulae in the presented theories.

To increase the flexibility of the developed approach, we
will consider an extension that works in the following way:
Instead of applying the aggregation functions on the ele-
ments of the sets, we change the method in such a way that
a function f can be supplied so that the aggregation func-
tions do not consider an element e but f(e). This allows to
reason about properties of elements of a set.

With this extension, we will have a verification tool with
a variety of use cases in verification with data structures.
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