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Abstract: Predicate quantification can be applied to characterize definientia of a given formula that are in
terms of a given set of predicates. Methods for second-order quantifier elimination and the closely related
computation of forgetting, projection and uniform interpolants can then be applied to compute such definientia.
Here we address the question, whether this principle can be transferred to definientia in given classes that allow
efficient processing, such as Horn or Krom formulas.

Tasks in knowledge processing such as view-based query
rewriting with exact rewritings [1, 14, 16, 5, 21] involve
the computation of a definiens R of a given “query” for-
mula Q within a second given “background” formula F ,
such that R meets certain conditions, for example, that it is
expressed in terms of a given set S of predicates. That is,
for given Q,F and S, a formula R must be computed, such
that F |= (R ↔ Q) and only predicates from S do occur in
R. If the requested property of R is indeed that it involves
only predicates from a restricted set, then the class of solu-
tion formulas R can be characterized straightforwardly with
predicate quantification. This allows to relate the computa-
tion of formulas R to the various advances concerning ap-
plications of and methods for second-order quantifier elim-
ination and its variants, the computation of forgetting, of
projection, and of uniform interpolants, in particular with
respect to knowledge representation in first-order logic and
description logics [7, 6, 9, 12, 18, 2, 19, 10], and in the pre-
processing of propositional formulas [4, 8, 13]. The under-
lying basic principle is that the second-order formula ∃P F ,
where F is a first-order formula and P is a predicate, is –
if it admits elimination of the predicate quantifier – equiv-
alent to a first-order formula that does not involve P but is
equivalent to F with respect to the other predicates.

The question addressed here is whether also definientia
in given classes of formulas that are typically characterized
by other means than vocabulary restrictions, such as Horn
formulas, conjunctions of atoms or Krom formulas, can be
specified with predicate quantification and can thus be com-
puted by second-order quantifier elimination methods. The
envisaged main application is to compute such definientia
as query rewritings that are in restricted classes which al-
low further processing in particularly efficient ways or by
engines with limited deductive capability. It seems that also
the requirement that the negation of a definiens R is in some
given formula class can be useful: R might be evaluated by
proving that a given knowledge base is unsatisfiable when
conjoined with ¬R. The case of negated definientia is sub-
sumed by the general case: The requirement that R is a
definiens for Q, where ¬R is in some formula class, can be
expressed just as the requirement that R′ is a definiens in
some formula class for ¬Q and letting R be ¬R′.

A starting point for the second-order characterizations of
the considered formula classes is the semantic characteri-
zation of the class of propositional Horn formulas [3, 15]:

A propositional formula is equivalent to a Horn formula if
and only if it has the model intersection property. Literal
projection [11, 17] is a generalization of predicate quan-
tification that allows to specify that only positive or nega-
tive predicate occurrences are affected. It can be combined
with the semantic characterization of Horn formulas to ex-
press the requirement that the definiens is a conjunction of
atoms. This restriction can be – up to equivalence – charac-
terized purely by second-order operators that can be defined
in terms of predicate quantification. It can be applied to
express restrictions to further classes as vocabulary restric-
tions by meta-level encodings. We show this for Krom for-
mulas, which can be represented as conjunctions of “meta-
level” atoms of the form clause(L,M), defined in the back-
ground formula with equivalences (clause(L,M) ↔ L ∨
M) for literals L,M of the original vocabulary.

As elaborated in [22], such characterizations of
definienta and definability, that is, the existence of definien-
tia, can be developed in a framework on the basis of three
second-order operators: For literal projection, for “rais-
ing” [18], which can be applied to express generalizations
of circumscription, including model maximization, and for
“scoped difference” [22], which allows, for example, to
specify a formula whose models are exactly all the lower
bounds of the set of models of a given formula (interpreta-
tions are compared there w.r.t. the subset relationship be-
tween the sets of the ground atoms that they satisfy). The
characterizations of definientia and definability are then ex-
pressed by further second-order operators, which can be de-
fined like macros in terms of these three basic ones. As also
shown in [22], the three basic operators themselves can all
be encoded as predicate quantification, such that character-
izations of definability and definientia in terms of these op-
erators can be translated to characterizations with predicate
quantification as the only second-order operator.

An inherent feature or limitation of the presented ap-
proach is that it applies only to formula classes that are
closed under equivalence. Nevertheless, with respect to vo-
cabulary restrictions, elimination methods usually produce
outputs that do no longer contain the quantified predicates,
thereby ensuring that results are also in the corresponding
syntactic classes. It needs to be investigated, in which way
elimination methods applied to the suggested second-order
expressions for the considered formula classes yield results
that are actually also in the corresponding syntactic classes.



Although the envisaged underlying logic is classical first-
order logic, the material in has been technically developed
in [22] essentially for propositional logic, for simplicity of
presentation and because the considered formula classes
there have immediate correspondence to syntactic classes
such as Horn and Krom formulas as well as conjunctions
of atoms. Actually, the material transfers to a large ex-
tent easily to first-order logic, following the principles in
[17, 18, 21]. Some minor particularities are indicated in
[22]. What still need to be examined for the first-order case
is the correspondence of the semantic characterizations of
formula classes to expressibility in syntactic classes.

Operators and properties are formally defined in terms of
each other in a way that fits mechanization. In fact, they
have been defined similarly on top of the ToyElim system
[20].1 This is currently only suitable for small experiments
and an advanced implementation of the suggested operators
seems to be a major challenge on its own. At least in princi-
ple, the presented characterizations of definientia should be
expressible also on top of other systems for second-order
quantifier elimination and its variants, the computation of
forgetting, projection and uniform interpolants.
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