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Abstract. Quantified Boolean formulas (QBFs) generalize propositional formu-
las by admitting quantifications over propositional variables. QBFs can be viewed
as (restricted) formulas of first-order predicate logic andeasy translations from
QBFs to first-order formulas exist. We analyze the effect of such translations on
the complexity of resolution proofs. More precisely, we show that there are fami-
lies(Φi)i≥1 and(Ωi)i≥1 of short QBFs for which any resolution refutation ofΦi

or Ωi in Q-resolution, QU-resolution, LDQ-resolution and LDQU-resolution has
size super-polynomial ini, but the translated versions ofΦi andΩi possess short
first-order resolution refutations. We use(Φi)i≥1 and(Ωi)i≥1 to exponentially
separate two closely related translations of QBFs to first-order formulas. More-
over we show a polynomial simulation of QU-resolution by first-order resolution
(together with a translation) and we discuss how first-orderpredicate logic can
be used to succinctly represent refutations of QBFs obtained by expanding some
universal quantifiers.

1 Preliminaries

We assume familiarity with the basic concepts of propositional and first-order logic as
well as quantified Boolean formulas. Especially we assume familiarity with resolution
and skolemization in first-order logic [7], Q-resolution (Q-res) [6], long distance Q-
resolution (LDQ-res) [1, 3] together with their extended versionsQU-res andLDQU-res
allowing also distance one resolutions overuniversalvariables. We consider resolution
derivations not restricted to tree form. As an example, we present the definition of a
first-order resolution deduction of a clauseC from a setC of input clauses.

A sequenceC1, . . . , Cn is calledR1-deduction(first-order resolution deduction) of
a clauseC from C if Cn = C and for alli = 1, . . . , n, one of the following conditions
hold.

1. Ci is an input clause fromC.
2. Ci is a factor of aCj for j < i.
3. Ci is a resolvent of a variant ofCj and a variant ofCk for j, k < i.

An R1-refutation ofC is anR1-deduction of the empty clause2 from C. Thesizeof
a deduction is given by

∑n

i=1
size(Ci), wheresize(Ci) is the number of character

occurrences inCi.
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We introduce the translation from (closed) QBFs to (closed)first-order formulas
and variants of this translation from [9] (we useQ

b to denote the Boolean quantifierQ).

J⊥ Kf
p = p(f⊥) J⊤ Kf

p = p(f⊤) Jx Kf
p = p(x)

J¬Φ Kf
p = ¬JΦ Kf

p JΦ1 ◦ Φ2 Kf
p = JΦ1 Kf

p ◦ JΦ2 Kf
p JQbxΦ Kf

p = Qx JΦ Kf
p

The connective◦ is a binary connective present in both languages andQ ∈ {∀, ∃}. The
symbolsp andf do not occur in the source QBF;p is a unary predicate symbol andf
is used to construct (Skolem) constant and function symbolsby indices.

The translations can be extended first toSkJΦ Kf
p generating a skolemized version

of JΦ Kf
p .

Definition 1. Let Φ be a closed QBF in prenex conjunctive normal form (PCNF) with
matrixM and letJΦ Kf

p be its closed first-order translation. For any existential variable
a in the quantifier prefix ofΦ, let dep(a) be the sequence of universal variables left of
a (in exactly the same order in which they occur in the prefix). Let fa be the Skolem
function symbol associated toa. We call ∀ JM Kf

pσ theskolemized formof JΦ Kf
p and

denote it bySkJΦ Kf
p , where the substitutionσ is as follows.

σ = {a\fa(dep(a)) | for all existential variablesa in Φ} .

Since we interpret over a two-element domain, proper Skolemfunction symbols can
be eliminated by introducing new predicate symbols.

Definition 2. Let Φ be a closed QBF in PCNF with matrixM and let JΦ Kf
p be its

closed first-order translation. Replace inSkJΦ Kf
p any occurrence of a predicate of the

form p(fb(X)) by pb(X) wherefb is a proper function symbol (i.e., its arity is greater
than0) andX is a non-empty list of universal variables. The formula resulting after all
possible replacements is the ERP formulaEPRJΦ Kf

p .

We will see later that the first-order translation and the EPRtranslation have different
proof-theoretical properties because some resolution operations are blocked by different
predicate symbols.

Proposition 1. LetΦ be a closed QBF.

Φ is satisfiable iff JΦ Kf
p ∧ p(f⊤) ∧ ¬p(f⊥) is satisfiable.

Φ is satisfiable iff SkJΦ Kf
p ∧ p(f⊤) ∧ ¬p(f⊥) is satisfiable.

Φ is satisfiable iff EPRJΦ Kf
p ∧ p(f⊤) ∧ ¬p(f⊥) is satisfiable.

We conclude this section with two simple observations.

O1 LetΦ be a (closed) QBF. ThenΦ ∼= JΦ Kf
p , i.e.,Φ andJΦ Kf

p are isomorphic.
O2 LetΦ be a closed QBF in PCNF with matrixM and letM ′ be the matrix ofSkJΦ Kf

p

or EPRJΦ Kf
p . ThenM ∼= M ′.

We will use the isomorphism between the QBF and its skolemized first-order and EPR
translation to construct first-order resolution refutations from Q-resolution refutations.



2 Exponential separation of resolution calculi

We constructed in [2] a family(Φn)n≥1 of short closed QBFs in PCNF for which any
Q-res refutation ofΦn is super-polynomial. The formulaΦn is

∃bXn∀
bYn∃

bZn

(
TPHP

Yn,Zn

n ∧ CPHP
Xn

n

)
.

CPHP
Xn

n is the pigeon hole formula forn holes andn + 1 pigeons inconjunctive
normal form and denoted over the variablesXn = {x1,1, . . . , xn+1,n}. Variablexi,j is
intended to denote that pigeoni is sitting in holej. CPHP

Xn

n is

( n+1∧

i=1

( n∨

j=1

xi,j

))
∧

( n∧

j=1

∧

1≤i1<i2≤n+1

(¬xi1,j ∨ ¬xi2,j)

)
.

The number of clauses inCPHP
Xn

n is ln = (n + 1)+ n2(n + 1)/2 andsize(CPHP
Xn

n )
is O(n3). The formulaTPHP

Yn,Zn

n is obtained from the pigeon hole formula indis-
junctivenormal form,DPHP

Yn

n , by a structure-preserving polarity-sensitive translation
to clause form [8]. The formulaDPHP

Yn

n is the negation ofCPHP
Yn

n where negation
has been pushed in front of atoms and double-negation elimination has been applied.
The following description of the construction ofTPHP

Yn,Zn

n has been taken from [2].
We use new variables of the formzi1,i2,j for disjuncts inDPHP

Yn

n . For the first
n + 1 disjuncts of the form

∧n

j=1
¬yi,j with 1 ≤ i ≤ n + 1, we use variables

z1,0,0, . . . , zn+1,0,0. For the second part, for any1 ≤ j ≤ n and then(n + 1)/2 dis-
juncts, we use

z1,2,j , . . . , z1,n+1,j, z2,3,j , . . . , z2,n+1,j, . . . , zn,n+1,j .

The set of these variables forDPHPn is denoted byZn. Due to this construction, we
can speak about the conjunction corresponding to the variable zi1,i2,j.

We construct the conjunctive normal formTPHP
Yn,Zn

n of DPHP
Yn,Zn

n as follows.
First, we take the clauseDZn

n =
∨

z∈Zn
¬z over all variables inZn. The formula

PYn,Zn
n for the first(n + 1) disjuncts ofDPHP

Yn

n is of the form

n+1∧

i=1

n∧

j=1

(zi,0,0 ∨ ¬yi,j) .

For the remainingn2(n + 1)/2 disjuncts ofDPHP
Yn

n , we have the formulaQYn,Zn
n

n∧

j=1

∧

1≤i1<i2≤n+1

(
(zi1,i2,j ∨ yi1,j) ∧ (zi1,i2,j ∨ yi2,j)

)
.

ThenTPHP
Yn,Zn

n is DZn
n ∧ PYn,Zn

n ∧ QYn,Zn
n andsize(TPHP

Yn,Zn

n ) is O(n3).
It is easy to check that

DPHP
Yn

n ≡ ∃bZn TPHP
Yn,Zn

n



holds.
We use a second family(Ω)i≥1 of QBFs whereΩn is

∀bYn∃
bZn∃

bXn

(
TPHP

Yn,Zn

n ∧ CPHP
Xn

n

)
.

The difference between the logically equivalent formulasΦn andΩn is the quantifier
prefix. The number of quantifier alternations is2 in Φn, whereas it is1 in Ωn.

Proposition 2. Any refutation ofΦn andΩn in Q-res, QU-res, LDQ-res, andLDQU-res
has size super-polynomial inn.

The first part concerningΦn is part of Proposition 3 in [2], the second part concerning
Ωn can be proved similarly. The proof is based on the fact that (i) the two conjuncts
of the QBFsΦn andΩn belong to languages with different alphabets and (ii) that the
alphabets cannot be made identical by instantiation of quantifiers in Q-res, QU-res,
LDQ-res or LDQU-res. Therefore we have to refute eitherTPHP

Yn,Zn

n or CPHP
Xn

n un-
der the given quantifier prefix. Since∀bYn∃

bZnTPHP
Yn,Zn

n is true, there is no refuta-
tion in the above calculi and we have to turn to∃bXnCPHP

Xn

n . But then, we essentially
have to refuteCPHP

Xn

n with propositional resolution and consequently, by Haken’s fa-
mous result [4], any refutation ofCPHP

Xn

n in Q-res, QU-res, LDQ-res or LDQU-res has
size super-polynomial inn.

In the following we show thatSkJΩn Kf
p has a short refutation inR1. We usefxi,j

to denote the Skolem function symbol corresponding toxi,j ∈ Xn andfzi,j,k
to denote

the Skolem function symbols corresponding tozi,j,k ∈ Zn. All the Skolem function
symbols have arity|Yn| = n(n + 1). Let F denote the formulaF under the first-order
translation and skolemization. We have

CPHP
Xn

n :

( n+1∧

i=1

( n∨

j=1

p(fxi,j
(Yn)

))
∧

( n∧

j=1

∧

1≤i1<i2≤n+1

(¬p(fxi1,j
(Yn)) ∨ ¬p(fxi2,j

(Yn)))

)
.

FromTPHP
Yn,Zn

n we have

DZn
n :

∨

z∈Zn

¬p(fz(Yn))

PYn,Zn
n :

n+1∧

i=1

n∧

j=1

(p(fzi,0,0
(Yn)) ∨ ¬p(yi,j))

QYn,Zn
n :

n∧

j=1

∧

1≤i1<i2≤n+1

(
(p(fzi1,i2,j

(Yn)) ∨ p(yi1,j)) ∧

(p(fzi1,i2,j
(Yn)) ∨ p(yi2,j))

)
.

The refutation ofSkJΩn Kf
p is constructed as follows.



1. We usePYn,Zn
n together with the firstn + 1 clauses fromCPHP

Xn

n to derive
p(fzi,0,0

(Y ′
n))µi (for all i = 1, . . . , n+1). The derivation consists ofO(n2) clauses

and applies resolution and factoring. The substitutionµi is

n⋃

j=1

{y′
i,j\fxi,j

(Yn)} .

2. We useQYn,Zn
n together with the binary clauses fromCPHP

Xn

n to derive the clause
p(fzi1,i2,j

(Yn))νi1,i2,j (for all j = 1, . . . , n andi1, i2 with 1 ≤ i1 < i2 ≤ n + 1).
The derivation consists ofO(n3) clauses and applies resolution and factoring. The
substitutionνi1,i2,j is

{yi1,j\fxi1,j
(Yn)σi1,i2,j , yi2,j\fxi2,j

(Yn)σi1,i2,j},

whereσi1,i2,j is a variable renaming from the variant generation in resolution.

3. We useDZn
n together with the derived instance ofp(fzk,l,m

(Yn)) to derive2 by
resolution. Since any variableyi,j is assigned to a variant offxi,j

(Yn) for all i =
1, . . . , n + 1 and allj = 1, . . . , n, all resolution steps are possible. The derivation
consists ofO(n3) clauses.

The formulaSkJΦn Kf
p can be refuted similarly inR1 by replacing variants of the form

fxi,j
(Yn) by ai,j .

Proposition 3. Let(Φn)n≥1 and(Ωn)n≥1 be the families of closed QBFs defined above.
ThenJΦn Kf

p andJΩn Kf
p have shorttreerefutations inR1 consisting ofO(n3) clauses.

Moreover the size of the refutation is polynomial inn.

Theorem 1. The calculiQ-res, QU-res, LDQ-res, or LDQU-res cannot polynomially
simulateR1 with the translationSkJ · Kf

p or EPRJ · Kf
p .

We use(Φn)n≥1 and(Ωn)n≥1 to exponentially separate the first-order translation
with skolemization from the ERP translation.

Proposition 4. Let(Ωn)n≥1 be the family of closed QBFs defined above and letΩ′
n be

the EPR formulaEPRJΩn Kf
p ∧ p(f⊤) ∧ ¬p(f⊥). Then anyR1-refutation ofΩ′

n has
size super-polynomial inn.

Proof (Sketch).Similar arguments as in Proposition 3 in [2] apply, because the EPR
translations ofTPHP

Yn,Zn

n andCPHP
Xn

n are denoted in different languages and literals
from the former cannot be resolved with literals from the latter. The reason here are
the different first-order predicate symbols used to represent universal and existential
literals. For universal literals, the unary predicate symbol is p, for existential literals, the
predicate symbol ispb whereb is the atom of the literal. Again, the pigeonhole formula
has to be refuted. Consequently, the (essentially propositional) resolution proof has size
super-polynomial inn. ⊓⊔

Theorem 2. R1with translationEPRJ · Kf
p cannot polynomially simulateR1with trans-

lation SkJ · Kf
p .



3 Polynomial simulations of resolution calculi

In this section we show that the first-order resolution calculus R1 polynomially simu-
latesQU-res and therefore alsoQ-res. Moreover we discuss howR1 can simulate effects
of universal expansion.

Let P1 andP2 be two proof systems. ThenP1 polynomially simulates(p-simulates)
P2 if there is a polynomialp such that for every natural numbern and every formulaϕ,
the following holds. If there is a proof ofϕ in P2 of sizen, then there is a proof ofϕ
(or a suitable translation of it) inP1 whose size is less thanp(n).

Proposition 5. R1 polynomially simulatesQU-res.

Proof. Let Φ : Qb M be a QBF in PCNF with quantifier prefixQb and matrixM . Con-
sider the first-order translationJΦ Kf

p of Φ andSkJΦ Kf
p (the skolemized form ofJΦ Kf

p ).
Then every literal inM has an isomorphic counterpart inM ′, the matrix ofSkJΦ Kf

p .
We employ this isomorphism in the following.

Let C1, . . . , Cn be aQU-res deduction ofCn. For any clauseCi (1 ≤ i ≤ n) of the
form Li,1 ∨ · · · ∨ Li,mi

generate a first-oder clauseDi of the formKi,1 ∨ · · · ∨ Ki,mi

whereKi,j
∼= Li,j (i.e.,Ki,j is the isomorphic counterpart ofLi,j) for j = 1, . . . , mi.

We show by induction onn that there exists anR1 deductionp(f⊤),¬p(f⊥), E1, . . . , En

of En from SkJΦ Kf
p ∧ p(f⊤) ∧ ¬p(f⊥) such that the following holds fori = 1, . . . , n.

1. Ei is non-tautological.
2. Di = Eiσ for some variable substitutionσ.

Condition 2 implies that allEi are not instantiated with non-variable terms.

Base: n = 1. ThenC1 is an input clause fromM , C1 in non-tautological by assumption
(of QU-res), andD1 is a first-order input clause withC1

∼= D1. TakeE1 = D1 and
D1 = E1σ whereσ is the empty substitution denoted byǫ.

IH: Supposen ≥ 1 and for allk ≤ n, we have based onC1, . . . , Ck anR1 deduction
p(f⊤),¬p(f⊥), E1, . . . , Ek of Ek from SkJΦ Kf

p ∧ p(f⊤) ∧ ¬p(f⊥) such that condi-
tions 1. and 2. hold.

Step: ConsiderC1, . . . , Cn+1, D1, . . . , Dn+1 andE1, . . . , En+1.

CASE 1: Cn+1 is an input clause. Then proceed as in the base case.

CASE 2: Cn+1 is the consequence of a∀ reduction applied toCi (i ≤ n). Let ℓ be
the universal literal removed. Without loss of generality,let ℓ be positive and of the form
x. Then there is a clauseDi : D̃i ∨ p(x). Observe that the variablex does not occur in
D̃i. By IH, we have a non-tautological clauseEi : Ẽi ∨ p(y) and a variable substitution
σ with Di = Eiσ. En+1 is obtained fromEi and¬p(f⊥) by resolution resulting iñEi.
ThenDn+1 = En+1σ andEn+1 is non-tautological becauseEi is non-tautological.

CASE 3: Cn+1 is a factor ofCi (i ≤ n). Then there is a clauseDi : D̃i ∨ ℓ(t)∨ ℓ(t)
whereℓ(t) is a literal with predicate symbolp with a termt as argument. ByIH, we
have a non-tautological clauseEi and a variable substitutionσ with Di = Eiσ. If t is a



constant, thenEn+1 is Ei with one occurrence ofℓ(t) removed,Ei is non-tautological
and so isEn+1 andDn+1 = Ek+1σ.

Let the termt be of the formf(X). ThenEi is Ẽi ∨ ℓ(f(Y )) ∨ ℓ(f(Z)) and
σ(ur) = xr for all ur ∈ Y ∪Z. Letπ be the unifier of{ℓ(f(Y )), ℓ(f(Z))} of the form
{yi\zi | for all yi ∈ Y }. The factorEn+1 is then(Ẽi∨ℓ(f(Z)))π andDn+1 = Ek+1σ
holds.

We argue in the following thatEn+1 is non-tautological. SupposeEn+1 is tauto-
logical. Then, sinceDn+1 = En+1σ, Dn+1 is tautological which in turn implies that
Cn+1 is tautological. But this is impossible by the definition ofQ-res andQU-res.

Let t be a variablex. Then this case is similar to the caset = f(x).

CASE 4: Cn+1 is a Q-resolvent ofCi andCj (i, j ≤ n) upon the existential variable
e. Then there are two clauseDi : D̃i ∨ p(te) andDj : D̃j ∨ ¬p(te). By IH, we have
non-tautological clausesEi with Di = Eiσ1 andEj with Dj = Ejσ2 whereσ1 as well
asσ2 are variable substitutions.

SUBCASE 4.1:te is a functional termfe(X). Then
Ei : Ẽi ∨ p(fe(Y )) andσ1(yr) = xr for all yr ∈ Y ;
Ej : Ẽj ∨ ¬p(fe(Z)) andσ2(zr) = xr for all zr ∈ Z.

Let µ be a renaming substitution such thatEiµ and Ej are variable-disjoint. In or-
der to construct the resolvent, we have to compute the most general unifier (mgu)π
of {p(fe(Y ))µ, p(fe(Z))}, which is{µ(yr)\zr | for all yr ∈ Y }. The unifierπ is a
matcher; it affects only variables fromEiµ. The resolventEn+1 is thenẼiµπ ∨ Ẽj .

We show that there exists a variable substitutionσ such thatDn+1 = En+1σ. First
observe thatDi = Eiµ{µ(u)\σ1(u) | for all u ∈ var (Ei)}. Then

D̃i = Ẽiµπ{π(µ(u))\σ1(u) | for all u ∈ var(Ei)}

follows. For allyi ∈ Y , we haveπ(µ(yi)) = zi, σ1(yi) = xi andσ2(zi) = xi. Then

D̃i ∨ D̃j = Ẽiµπ{π(µ(u))\σ1(u) | for all u ∈ var (Ei)} ∨ Ẽjσ2

= (Ẽiµπ ∨ Ẽj)σ

whereσ is

{µ(u)\σ1(u) | for all u ∈ var (Ei) \ Y } ∪ {v\σ2(v) | for all v ∈ var(Ej)}}.

ThereforeDn+1 = En+1σ.
SUBCASE 4.2:te is a constant. Similar to SUBCASE 4.1 but with an empty mguπ.
The clauseEn+1 from both subcases is non-tautological by the same reason asin

CASE 3.

CASE 5: Cn+1 is a Q-resolvent ofCi andCj (i, j ≤ k) upon the universal variable
u. Similar to SUBCASE 4.1. ⊓⊔

The following example illustrates how first-order resolution is able to mimic effects
of universal expansion. It is unknown whetherQU-res polynomially simulates universal
expansion.



Example 1 (Simulation of universal expansion).Let Φ be a QBF with quantifier prefix
∃ba ∀bx∃bb ∃bc ∃bd and matrixM in CNF containing the following clauses:

C1 : a ∨ x ∨ b ∨ c C2 : ¬a ∨ ¬x ∨ b ∨ c C3 : x ∨ ¬b ∨ c
C4 : ¬x ∨ ¬b ∨ d C5 : ¬c ∨ d C6 : ¬d

We expand the∀b quantifier and obtainΦe with the new expanded quantifier prefix
∃ba ∃bb ∃bb′ ∃bc ∃bc′ ∃bd∃bd′ and the following clauses:

D1 : a ∨ b ∨ c D2 : ¬a ∨ b′ ∨ c′ D3 : ¬b ∨ c D4 : ¬b′ ∨ d′

D5 : ¬c ∨ d D6 : ¬c′ ∨ d′ D7 : ¬d D8 : ¬d′

A Q-resolution refutation ofΦe (in linear form) is as follows:

D1, D2, b ∨ b′ ∨ c ∨ c′, D3, b′ ∨ c ∨ c ∨ c′, b′ ∨ c ∨ c′, D4, c ∨ c′ ∨ d′, D5,
c′ ∨ d ∨ d′, D6, d ∨ d′ ∨ d′, d ∨ d′, D7, d′, D8, 2

There exists noLDQ-res refutation for the original (unexpanded) formula) of the same
structure, because the second resolution step (uponb) would fail. TranslatingΦ results
in a first-order formulaΦf (in skolemized form) and addingp(f⊤) and¬p(f⊥) yields
the following clauses:

F1 : p(a) ∨ p(x) ∨ p(fb(x)) ∨ p(fc(x)) F2 : ¬p(a) ∨ ¬p(x) ∨ p(fb(x)) ∨ p(fc(x))
F3 : p(x) ∨ ¬p(fb(x)) ∨ p(fc(x)) F4 : ¬p(x) ∨ ¬p(fb(x)) ∨ p(fd(x))
F5 : ¬p(fc(x)) ∨ p(fd(x)) F6 : ¬p(fd(x))
F7 : p(f⊤) F8 : ¬p(f⊥)

We use resolution to compute clausesF9 to F12 corresponding toD1 to D4 as follows.

F9 : F1, F8, p(a) ∨ p(fb(f⊥)) ∨ p(fc(f⊥))
F10 : F2, F7, ¬p(a) ∨ p(fb(f⊤)) ∨ p(fc(f⊤))
F11 : F3, F8, ¬p(fb(f⊥)) ∨ p(fc(f⊥))
F12 : F4, F7, ¬p(fb(f⊤)) ∨ p(fd(f⊤))

ForC5, C6, no special clauses are needed in the first-order part, sinceF5, F6 are instan-
tiated by unification. The constants in the resolvents blockfactoring similar to primed
and unprimed variables in the QBF case. A derivation of theseclauses is not necessary,
because the first-order theorem prover can decide not to factor.

A first-order resolution refutation ofΦf is as follows:

F9, F10, p(fb(f⊥)) ∨ p(fb(f⊤)) ∨ p(fc(f⊥)) ∨ p(fc(f⊤)), F11,
p(fb(f⊤))∨p(fc(f⊥))∨p(fc(f⊥))∨p(fc(f⊤)), p(fb(f⊤))∨p(fc(f⊥))∨p(fc(f⊤)),
F12, p(fc(f⊥)) ∨ p(fc(f⊤)) ∨ p(fd(f⊤)), F5, p(fc(f⊤)) ∨ p(fd(f⊥)) ∨ p(fd(f⊤)),
p(fd(f⊥)) ∨ p(fd(f⊤)) ∨ p(fd(f⊤)), p(fd(f⊥)) ∨ p(fd(f⊤)), F6, p(fd(f⊤)), 2

4 Conclusion

We studied first-order resolution refutations as a representation of refutations in dif-
ferent Q-resolution calculi. We identified infinite families (Φ)i≥1 and(Ω)i≥1 of QBFs
whereΦi andΩi have only super-polynomially sized resolution refutations in Q-res,



QU-res, LDQ-res and LDQU-res, but both translations (together with first-order res-
olution) result in short refutations. Moreover, we have shown that slightly different
translations of QBFs to first-order formulas may result in different formulas with super-
polynomial differences in refutation size. Instantiationis thefeature for obtaining short
first-order refutations for our formulas and it comes for free by unification. Moreover,
effects of universal expansion can be easily mimicked on thefirst-order level.

In future work, we will extend the polynomial simulation to long distance Q-reso-
lution calculi.
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