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Abstract. Quantified Boolean formulas (QBFs) generalize propositiéormu-
las by admitting quantifications over propositional valésb QBFs can be viewed
as (restricted) formulas of first-order predicate logic aady translations from
QBFs to first-order formulas exist. We analyze the effectunhstranslations on
the complexity of resolution proofs. More precisely, wewhbat there are fami-
lies (@;):>1 and(£2;);>1 of short QBFs for which any resolution refutationd®jf
or £2; in Q-resolution, QU-resolution, LDQ-resolution and LDQ@g&kolution has
size super-polynomial ify but the translated versions &f and{2; possess short
first-order resolution refutations. We ug®;);>1 and(§2;);>1 to exponentially
separate two closely related translations of QBFs to firdewoformulas. More-
over we show a polynomial simulation of QU-resolution bytfiosder resolution
(together with a translation) and we discuss how first-optedicate logic can
be used to succinctly represent refutations of QBFs ohddiyeexpanding some
universal quantifiers.

1 Preliminaries

We assume familiarity with the basic concepts of proposél@nd first-order logic as
well as quantified Boolean formulas. Especially we assunmélitarity with resolution
and skolemization in first-order logic [7], Q-resolutio@-(es) [6], long distance Q-
resolution (DQ-res) [1, 3] together with their extended versioQs-res andLDQU-res
allowing also distance one resolutions oueiversalvariables. We consider resolution
derivations not restricted to tree form. As an example, wes@nt the definition of a
first-order resolution deduction of a clausdrom a setC of input clauses.

A sequence&’y, ..., C, is calledr,-deduction(first-order resolution deduction) of
aclauseC fromC if C,, = C and foralli = 1,...,n, one of the following conditions
hold.

1. C; is an input clause fror@.
2. C;is afactor of aC; for j < i.
3. C; is aresolvent of a variant @f; and a variant o€}, for j, k < i.

An R;-refutation ofC is anR;-deduction of the empty clause from C. The sizeof
a deduction is given by ", size(C;), wheresize(C;) is the number of character
occurrences iit;.

* The work was supported by the Austrian Science FoundatidfRfunder grant S11409-N23.



We introduce the translation from (closed) QBFs to (cloded}-order formulas
and variants of this translation from [9] (we u& to denote the Boolean quantifi@).

[L]] =p(f1) [T1] =p(fr) [=]] =p()

[-21] = -[2])] [ProP:]) =[P1]fo[P2]] [Qzd]] =Qu[P]}

The connective is a binary connective present in both languages@md{V,3}. The
symbolsp and f do not occur in the source QBJ;is a unary predicate symbol arfd
is used to construct (Skolem) constant and function symtyoladices.

The translations can be extended firsSYq[@]]g generating a skolemized version

of [#]/.

Definition 1. Let® be a closed QBF in prenex conjunctive normal form (PCNF) with

matrix M and Iet[[@]}g be its closed first-order translation. For any existentiatiable

a in the quantifier prefix o®, let dep(a) be the sequence of universal variables left of
a (in exactly the same order in which they occur in the prefiek £, be the Skolem
function symbol associated to We call vV [ M [/ o the skolemized formof [# ]/ and
denote it bySk[[QS]}g, where the substitutioa is as follows.

o = {a\ f.(dep(a)) | for all existential variables in ¢} .

Since we interpret over a two-element domain, proper Skélerttion symbols can
be eliminated by introducing new predicate symbols.

Definition 2. Let & be a closed QBF in PCNF with matrix/ and let[#]/ be its
closed first-order translation. Replaceﬂk[[@]}g any occurrence of a predicate of the
form p(f»(X)) by pp(X) wheref, is a proper function symbol (i.e., its arity is greater
than0) and X is a non-empty list of universal variables. The formula tesg after all
possible replacements is the ERP formAIBR[ ]/ .

We will see later that the first-order translation and the ERRslation have different
proof-theoretical properties because some resolutioratipes are blocked by different
predicate symbols.

Proposition 1. Let® be a closed QBF.
& is satisfiable  iff [[45]}[, Ap(fr) A —p(fL) is satisfiable.
& is satisfiable  iff Sk[[di]Lf Ap(fr) A —p(fL) is satisfiable.
& is satisfiable  iff EPR[[@M Ap(ft) A —p(fL) is satisfiable.
We conclude this section with two simple observations.

O1 Letd be a (closed) QBF. Theh =[]/, i.e.,® and[ # ]/ are isomorphic.
02 Letd be a closed QBF in PCNF with matri and let)!’ be the matrix ofSk[ & ]/
or EPR[®]]. ThenM = M'.

We will use the isomorphism between the QBF and its skolednfizst-order and EPR
translation to construct first-order resolution refutatidrom Q-resolution refutations.



2 Exponential separation of resolution calculi

We constructed in [2] a family®,,),,>1 of short closed QBFs in PCNF for which any
Q-res refutation ofd,, is super-polynomial. The formutg,, is

PX, Y, 3 Z, (TPHP) %" A CPHP") .

CPHPf“’ is the pigeon hole formula for holes andn + 1 pigeons inconjunctive
normal form and denoted over the variablés = {z11,...,znt1,,}. Variablez; ; is
intended to denote that pigeors sitting in hole;. CPHPf"’ is

(7\1 (j\z xm')) A ( /”\ A G TAY ﬁ%,j)) :

i=1 j=11<i; <iz<n+1

The number of clauses BPHP; " isl,, = (n+ 1) +n?(n 4 1)/2 andsize(CPHPX")
is O(n?). The formulaTPHP)*?" is obtained from the pigeon hole formula diis-
junctivenormal form,DPH PZ", by a structure-preserving polarity-sensitive tranelati
to clause form [8]. The formulﬁ)PHPZ" is the negation oCPHPZ" where negation
has been pushed in front of atoms and double-negation eltrnmhas been applied.
The following description of the construction ©PH PZ"’Z" has been taken from [2].
We use new variables of the form, ;, ; for disjuncts inDPHP)". For the first
n + 1 disjuncts of the form/\?:1 -y with 1 < ¢ < n + 1, we use variables
21,0,05 - - - » Zn+1,0,0- FOr the second part, for arly< j < n and then(n + 1)/2 dis-
juncts, we use

217273', ey 217n+17j, 227373', ey 227n+1_’j7 ey Zn,nJrl,j .

The set of these variables fBPHP , is denoted byZ,,. Due to this construction, we
can speak about the conjunction corresponding to the \arigh;, ;.

We construct the conjunctive normal foffPHP}™#" of DPHP)"" as follows.
First, we take the claus®/~ = \/__, -z over all variables inZ,. The formula

PYnZn for the first(n + 1) disjuncts ofDPHP}™ is of the form

n+1
=1

=

(2i,0,0 V Wi ) -
1

J
For the remaining?(n + 1),/2 disjuncts ofDPHP}", we have the formulg}» %~
n
AN N (Guig Vi) A Gy Vin) -
J=11<d1<ia<n+1

ThenTPHPY"Z» is DZn A PYn:Zn A QYr7n andsize(TPHPY %) is O(n?).
Itis easy to check that

DPHP)" = 3*Z, TPHP) 7"



holds.
We use a second family?),>, of QBFs where2,, is

V'Y, 32, 3" X, (TPHP)» " A CPHP,™) .

The difference between the logically equivalent formubgsand (2,, is the quantifier
prefix. The number of quantifier alternationim &,,, whereas it id in £2,,.

Proposition 2. Any refutation of®,, and {2, in Q-res, QU-res, LDQ-res, andLDQU-res
has size super-polynomial in

The first part concerning,, is part of Proposition 3 in [2], the second part concerning
£2,, can be proved similarly. The proof is based on the fact thahé two conjuncts
of the QBFs®,, and{(2,, belong to languages with different alphabets and (ii) that t
alphabets cannot be made identical by instantiation of tifiens in Q-res, QU-res,
LDQ-res or LDQU-res. Therefore we have to refute eitiBPHP)"#" or CPHP:X" un-
der the given quantifier prefix. Sine8Y,,3*Z, TPH PZ’“Z” is true, there is no refuta-
tion in the above calculi and we have to turrgfoX,,CPH Pf". But then, we essentially
have to refut€CPH Pff" with propositional resolution and consequently, by Hakéa:
mous result [4], any refutation &fPH Pf“’ in Q-res, QU-res, LDQ-res or LDQU-res has
size super-polynomial in.

In the following we show thafk[ {2, M has a short refutation iR;. We usef,, ;
to denote the Skolem function symbol corresponding;tp€ X,, andf., , , to denote
the Skolem function symbols corresponding:tg » € Z,. All the Skolem function
symbols have arityy,,| = n(n + 1). Let F' denote the formul& under the first-order
translation and skolemization. We have

(/\ A hp(f%,j(m)vﬁp<fwiz,j<yn>>>).

j=11<i; <iz<n+1

FromTPHP)»# we have

Dgn : \/ ﬁp(.f,z(y;z))

2€Zn
n+l n
7 NN @(Feio0 (V) V =p(3i 5))
=1 5=1
Qo /\ ((P(fry iy (V) VD1 5)) A

( (lel 12]( ))\/p(%2 J))) .

The refutation ofSk[ £2,, 7 is constructed as follows.



1. We useP,™?" together with the first, + 1 clauses fromCPHP:" to derive
P(f2i00(Yy))ps (foralli = 1,...,n+1). The derivation consists 6#(n?) clauses
and applies resolution and factoring. The substitutipis

2. We us&)}™?" together with the binary clauses froaPH Pf"' to derive the clause
p(fzil’i%]. (Yn))Vil,ig,j (for a”_] =1,....,n andil,ig withl <4 <iy <n+ 1)
The derivation consists @?(n?) clauses and applies resolution and factoring. The
substitutiony;, 4, ; iS

{yihj\fwil,j (Yn)ail 112,09 yi27j\fmi2,j (Yn)ail 7i27j}7

whereo;, 4, ; iS a variable renaming from the variant generation in reisaiu

3. We useD;" together with the derived instance pff., , ,.(Y»)) to derived by
resolution. Since any variablg ; is assigned to a variant g, ; (Y,,) forall i =
1,...,n+1andallj =1,..., n, all resolution steps are possible. The derivation
consists oD(n?) clauses.

The formulaSk[ &, ]]Z{ can be refuted similarly iR, by replacing variants of the form
fIi,j (Yn) by Qg5

Proposition 3. Let(®,,),,>1 and({2,,),>1 be the families of closed QBFs defined above.
Then[®,, ]J and[ 12, ] have shortreerefutations inR; consisting of0(n?) clauses.
Moreover the size of the refutation is polynomiahin

Theorem 1. The calculiQ-res, QU-res, LDQ-res, or LDQU-res cannot polynomially
simulater; with the translationSk[ - ]/ or EPR][-].

We use(P,,),>1 and(£2,),>1 to exponentially separate the first-order translation
with skolemization from the ERP translation.

Proposition 4. Let(£2,,),>1 be the family of closed QBFs defined above andlebe
the EPR formulatPR[ £2, ]/ A p(ft) A =p(f1). Then anyr;-refutation of(2;, has
size super-polynomial in.

Proof (Sketch)Similar arguments as in Proposition 3 in [2] apply, becabhseEPR
translations of PHPY*# andCPHP:X" are denoted in different languages and literals
from the former cannot be resolved with literals from thedatThe reason here are
the different first-order predicate symbols used to repriegaiversal and existential
literals. For universal literals, the unary predicate sphidp, for existential literals, the
predicate symbol ig, whereb is the atom of the literal. Again, the pigeonhole formula
has to be refuted. Consequently, the (essentially prapoal) resolution proof has size
super-polynomial im. a0

Theorem 2. Rywith translationEPR] - ]]g,f cannot polynomially simulate, with trans-
lation Sk[-]7.



3 Polynomial simulations of resolution calculi

In this section we show that the first-order resolution dals®; polynomially simu-
latesQU-res and therefore alsQ-res. Moreover we discuss hoRy can simulate effects
of universal expansion.

Let P, andP; be two proof systems. They, polynomially simulateép-simulates)
P, if there is a polynomiap such that for every natural numheand every formula,
the following holds. If there is a proof @f in P, of sizen, then there is a proof af
(or a suitable translation of it) if", whose size is less tharin).

Proposition 5. R; polynomially simulateQU-res.

Proof. Let®: Q” M be a QBF in PCNF with quantifier pref@” and matrix)/. Con-
sider the first-order translatidrb |/ of & andSk[ ]/ (the skolemized form of & 7).
Then every literal inM/ has an isomorphic counterpartid’, the matrix ofSk[[di]}g.
We employ this isomorphism in the following.

Let(Cy,...,C, be aQU-res deduction ofC,,. For any claus€’; (1 < i < n) of the
formL; V.-V L; ., generate a first-oder claugg of the formk; V- -V K,
whereK; ; = L; ; (i.e., K, ; is the isomorphic counterpart &f; ;) for j = 1,...,m;.
We show by induction on that there exists aR; deductiorp(fT), -p(fL), F1,..., Fn
of E,, from Sk[® ]/ A p(fr) A —p(f1) such that the following holds far=1,...,n.

1. E; is non-tautological.
2. D; = E,o for some variable substitution

Condition 2 implies that alF; are not instantiated with non-variable terms.

Base: n = 1. Then( is an input clause from/, C'; in non-tautological by assumption
(of QU-res), and D is a first-order input clause wite; = D,. TakeE; = D; and
D, = E10 whereo is the empty substitution denoted by

IH: Suppose: > 1 and for allk < n, we have based ofiy, ..., C) anR; deduction
p(f1),~p(fL), Er,..., Ey of By from SE[®]S A p(fr) A —p(f1) such that condi-
tions 1. and 2. hold.

Step: ConsiderCy,...,Cpy1, D1, ..., Dy @andEy, ..., Epyy.
CAase 1: C,41 is aninput clause. Then proceed as in the base case.

CAsE 2: C,,+1 is the consequence ofvareduction applied t@; (i < n). Let{ be
the universal literal removed. Without loss of generaléyy be positive and of the form
x. Then there is a claus®; : D; V p(x). Observe that the variabledoes not occur in
51-. By IH, we have a non-tautological claugg: E V p(y) and a variable substitution
o with D; = E,0. FE,,4+1 is obtained fromE; and—p(f, ) by resolution resulting @;
ThenD, ., = E,+10 andE,,; is non-tautological becaudg is non-tautological.

CAske 3: C,,41 is a factor ofC; (i < n). Then there is a clause; : D;V L(t) VL)
where((t) is a literal with predicate symbal with a term¢ as argument. ByH, we
have a non-tautological claugg and a variable substitutionwith D, = F;o. If tisa



constant, theiZ,,  ; is F; with one occurrence of(¢t) removed,E; is non-tautological
and so isk,, 11 andD,, 11 = Eyy10.

Let the termt be of the formf(X). ThenE; is E; V {(f
o(u,) =z, forallu, € YUZ. Letn be the unifier of ¢(f(Y")
{y:\z | forall y; € Y}. The factorE, ,; is then(E; V{(f(Z))
holds.

We argue in the following thak,,; is non-tautological. Supposg, . ; is tauto-
logical. Then, sincd,,.1 = E,t10, D,y is tautological which in turn implies that
Cr+1 is tautological. But this is impossible by the definition@fes andQuU-res.

Lett be a variabler. Then this case is similar to the case f(x).

(Y)) v £(f(Z)) and
),¢(f(Z))} of the form
)

™ ananH Ek+10'

CAse4: (41 is aQ-resolvent of’; andC; (¢, j < n) upon the existential variable
e. Then there are two clause;: D; V p(t.) andD,: D; V —p(t.). By IH, we have
non-tautological clauses; with D; = E;o, andE; W|th D = Ejo, whereo; as well
aso, are variable substitutions.

SuBcAsE4.1:t. is a functional terny.(X). Then

E; : E;Vp(f.(Y)) ando(y.) =z, forally, € Y;

E; : E;V-p(f.(Z)) andoy(z,) = =, forall z, € Z.
Let 1 be a renaming substitution such that and E; are variable-disjoint. In or-
der to construct the resolvent, we have to compute the masrgeunifier (mgu)r
of {p(fe(Y))u,p(fe(Z))}, which is{u(y.)\z- | forally, € Y}. The unifierr is a
matcher; it affects only variables frof; .. The resolvenf,, ; is thenEi;ur Vv Ej.

We show that there exists a variable substitutiosuch thatD,, ,; = E,,+10. First
observe thaD; = E;u{u(u)\o1(u) | for all u € var(E;)}. Then

D; = Ejpm{m(u(u))\oy (u) | forallu € var(E;)}
follows. For ally; € Y, we haver(u(y;)) = zi, 01(y;) = 2; andoa(z;) = x;. Then
D;V D = Ejpm{n(u(u))\o1(u) | forallu € var(E;)} V Ejos
= (Ejur vV Ej)o
whereo is
{p(u)\o1(u) |forallu € var(E;) \ Y} U {v\oz(v) | forall v € var(E;)}}.

ThereforeD,, 1 = Fp410.
SUBCASE 4.2:t. is a constant. Similar tolCASE 4.1 but with an empty mgu.
The clauseF,, 1, from both subcases is non-tautological by the same reasim as
CASE 3.

CASE5: (41 is a Q-resolvent of; andC; (4,5 < k) upon the universal variable
u. Similar to SUBCASE4.1. O

The following example illustrates how first-order resabutis able to mimic effects
of universal expansion. It is unknown whetl@y-res polynomially simulates universal
expansion.



Example 1 (Simulation of universal expansidmt ¢ be a QBF with quantifier prefix
3%a Vo2 3°b 3°c 3°d and matrix)M in CNF containing the following clauses:

Ci:aVxVbVe Cy: —aV—-xVbVe Cs:xV-bVe
Cy:—zV-bVvd Cs5: —cVd Cg: —d

We expand ther’ quantifier and obtairb, with the new expanded quantifier prefix
Jba 330 Fb¢ 3¢’ 3°d 3°d’ and the following clauses:

Di:aVbVe Do: —aVb Vv Ds:=bVe Dy: =b'vd

Ds: —cVvd Dg: = vd D7: —d Dyg: —d’

A Q-resolution refutation o, (in linear form) is as follows:

D1, Do, bV Vevd, D3, b/ vVevevd, VeV, Dy, cvdvd, Ds,
dvdvd,Dg,dvdVvd,dvd, Dy d, Dg, O

There exists naDQ-res refutation for the original (unexpanded) formula) of thenga
structure, because the second resolution step (tipaould fail. Translatingb results

in a first-order formulad; (in skolemized form) and adding f+) and—p(f.) yields

the following clauses:

Fy:pla) Vp(x)Vp(fe(z) Vp(fe(z)  Fo:—pla)V-p(x)Vp(fe(z)) Vp(fe(r))
Fy:p(x) V =p(fo(x)) V p(fe(z)) Fy: —p(x) V —p(fo(x)) V p(fa(x))

Fs: =p(fe(x)) V p(fa(w)) Fs: —p(fa(x))

Fr:p(fr) Fg: —p(f1)

We use resolution to compute claugesto F15 corresponding td; to Dy as follows.

Fo: Iy, Fy,p(a) vV p(fo(fL)) Vp(fe(fL))
Fio: Py, Fr, =p(a) vV p(fo(fT)) Vp(fe(fT))
Fiy: By, Fy, =p(fo(fL)) Vo(fe(fL))

Fia: Fy, Fr, =p(fo(fr)) vV o(fa(fT))

ForC5, Cg, no special clauses are needed in the first-order part, inde; are instan-
tiated by unification. The constants in the resolvents bfackoring similar to primed
and unprimed variables in the QBF case. A derivation of tletmgses is not necessary,
because the first-order theorem prover can decide not torfact

A first-order resolution refutation @, is as follows:

Fy, Fio, p(fo(f1)) vV p(fo(f1)) Vp(fe(fL)) V p(fe(fT)), Fin,
p(fo(fr)Vp(fe(fL)) Vo(fe(fo) Vo(fe(f)), p(fo(fT)) VR(fe(fL) VR(fe(fT)),
Fia, p(fe(f1) vV p(fe(fT)) V p(fa(fT)), F5, p(fe(f7)) V p(fa(fL)) V p(fa(fT))s
p(fa(fL)) vV o(fa(fr)) Vv o(fa(fr)), p(fa(fL) vV o(fa(fr)), Fe, p(fa(fT)), B

4 Conclusion

We studied first-order resolution refutations as a reptasien of refutations in dif-
ferent Q-resolution calculi. We identified infinite famgié®),>1 and(£2);>1 of QBFs
where®, and (2; have only super-polynomially sized resolution refutasiomQ-res,



QU-res, LDQ-res and LDQU-res, but both translations (together with first-order res-
olution) result in short refutations. Moreover, we havewhdhat slightly different
translations of QBFs to first-order formulas may result ffedént formulas with super-
polynomial differences in refutation size. Instantiatisthefeature for obtaining short
first-order refutations for our formulas and it comes foeft®y unification. Moreover,
effects of universal expansion can be easily mimicked orfitsieorder level.

In future work, we will extend the polynomial simulation twnlg distance Q-reso-
lution calculi.
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