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Abstract

We provide a sound and complete axiomatization for a class
of logics appropriate for reasoning about the rationality of
players in games. Essentially the same axiomatization applies
to a wide class of decision rules.

1 Introduction
Decision-making in an uncertain environment is a funda-
mental component of game theory: players must choose
what to do without necessarily knowing what their oppo-
nents will do. Under certainty, decision-making is straight-
forward; one simply chooses the course of action that leads
to the most preferred outcome. Under uncertainty, however,
a player must evaluate many possible outcomes in a manner
that somehow takes into account her relative degrees of be-
lief. There are many ways to do this. The maximin decision
rule, for example, focuses entirely on worst-case scenarios.
An expected utility maximizer, on the other hand, weights
each outcome according to her (subjective) probability and
chooses the course of action that maximizes the correspond-
ing expected value.

One can argue about which decision rules are reasonable
and which are not, and the word “rational” is often invoked
to denote this very divide, but this is not the notion of ratio-
nality that concerns us here. Rather, assuming that we have
fixed a decision rule for a given player, we can ask whether
that player is, in fact, making choices in accordance with
it, and call her rational precisely when she is. In classical
game theory, for example, rationality is typically identified
with expected utility maximization: a player is rational pre-
cisely if she is acting to maximize her expected utility.

Another fundamental component of game theory is
higher-order belief: what you believe your opponent will
do is connected with what you believe your opponent be-
lieves. In other words, your beliefs about their beliefs mat-
ter. Many notions of equilibrium, for example, require not
only that each player is rational, but also that each player
believes their opponents to be rational as well. Reasoning
about games therefore requires reasoning about beliefs.

Epistemic game theory takes this as its motto, and con-
cerns itself with models expressive enough to represent the
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complexities of higher-order beliefs in a game-theoretic con-
text. Formal logic furnishes a powerful and versatile class of
such models; namely, modal logics of belief appropriately
specialized for reasoning about games. Rationality is no less
important in this setting; however, while it has been incorpo-
rated into these models both syntactically and semantically,
no axiomatization of the resulting logical systems has been
provided. This paper fills this gap.

We take as our point of departure axioms for rationality in
the sense of expected utility maximization given in (Bjorn-
dahl, Halpern, & Pass 2011). We extend these axioms to ar-
bitrary decision rules, under the assumption that the players’
uncertainty is represented by a probability measure. This al-
lows us to deal with not just expected utility maximization,
but other standard rules such as maximin and minimax regret
(see (Halpern 2003) for a discussion of all the decision rules
mentioned in this paper). We then go on to consider what
happens when the players’ uncertainty is represented by a set
of probabilities, which allows us to capture well-known de-
cision rules such as maxmin expected utility and minimax ex-
pected regret. Finally, we consider situations where a player
might be uncertain about which decision rules his opponents
are using.

The rest of this paper is organized as follows. In Sec-
tion 2, we define the core concepts formally: games, modal
logics of belief appropriate for reasoning about games, and
the incorporation of rationality into these logics. Section
3 gives the axiomatization, and proves that it is sound and
complete. In Section 4, we provide sound and complete ax-
iomatizations for the cases where the players’ uncertainty is
represented by sets of probabilities, and where players may
be uncertain about the decision rules used by other play-
ers. In Section 5 we discuss the role of language. Section 6
concludes with a discussion of future work. More detailed
proofs and further discussion can be found in the full paper,
which is available at http://www.math.cornell.edu/∼abjorn-
dahl/Site/CV files/Axiomatizing%20Rationality.pdf.

2 Reasoning about games

Given a tuple (Xi)i∈I over some finite index set I =
{1, . . . , n}, we adopt the usual notational convention of
writing X :=

∏
i∈I Xi and X−i :=

∏
j 6=iXj . We also
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write X ′i ×X−i for

X1 × · · · ×Xi−1 ×X ′i ×Xi+1 × · · · ×Xn

and similarly (x′i, x−i) for (x1, . . . , xi−1, x
′
i, xi+1, . . . , xn).

A (normal-form) game is a tuple Γ =
(I, (Σi)i∈I , (ui)i∈I) where I = {1, . . . , n} is the set
of players, Σi is the (finite) set of strategies available to
player i, and ui : Σ→ R is player i’s utility function, where
Σ =

∏
i Σi denotes the set of strategy profiles.

2.1 Syntax
One way of reasoning formally about a game is to build a
logical language that is expressive enough to capture the as-
pects of play that we are interested in analyzing. To this
end, given a game Γ, we begin by defining a propositional
modal language of belief and then specializing the primitive
propositions to correspond to the strategies available to the
players.

Given an arbitrary set Φ of primitive propositions, let
LB(Φ) be the language recursively generated by the gram-
mar

ϕ ::= p | ¬ϕ |ϕ ∧ ψ |Biϕ,
where p ∈ Φ and i ∈ I . As usual, we read Biϕ as “player
i believes ϕ”. We define ∨,→, and↔ as usual in terms of
∧ and ¬, and write B̂iϕ for ¬Bi¬ϕ (“player i consider it
possible that ϕ”). We also write

EB1ϕ ≡ B1ϕ ∧ · · · ∧Bnϕ and
EBkϕ ≡ EB1(EBk−1ϕ)

for “everyone believes ϕ” and its k-fold iteration, respec-
tively. Set

ΦΓ := {play i(σi) : i ∈ I, σi ∈ Σi},

where we read play i(σi) as “player i is playing strategy σi”;
we write

play(σ) ≡ play1(σ1) ∧ · · · ∧ playn(σn) and

play−i(σ−i) ≡
∧
j 6=i

playj(σj)

for “the players are playing according to the strategy profile
σ” and the analogous statement regarding the players other
than i. The language LB(ΦΓ) is thus appropriate for rea-
soning about the beliefs of the players with respect to the
strategies they are playing.

2.2 Semantics
A language of belief can be interpreted using Kripke-style
possible world semantics, where associated to each world ω
and each player i is a probability measure on the set of all
worlds, used to interpret player i’s beliefs at ω. In the case of
a language like LB(ΦΓ), we also must take care to interpret
the primitive propositions appropriately.

We restrict our attention to finite models. A finite Γ-
structure is a tuple M = (Ω, (Pr i)i∈I , s) satisfying the
following conditions:
(C1) Ω is a nonempty, finite set;

(C2) Pr i associates with each ω ∈ Ω a probability measure
Pr i(ω) on Ω;

(C3) Pr i(ω)({ω′ ∈ Ω : Pr i(ω
′) = Pr i(ω)}) = 1;

(C4) s : Ω → Σ satisfies Pr i(ω)({ω′ ∈ Ω : si(ω
′) =

si(ω)}) = 1.
Conditions (C1) and (C2) set the stage to interpret player

i’s beliefs at ω by the measure Pr i(ω). Condition (C3) then
ensures that at each world ω, each player is sure of (i.e. as-
signs probability 1 to) her own beliefs. Finally, condition
(C4) establishes that the strategy function s assigns to each
world ω a strategy profile s(ω) in game Γ—intuitively, the
strategy that each player is playing at ω—and moreover, that
each player is sure of her own strategy.

A finite Γ-structure M induces an interpretation [[·]]M :
LB(ΦΓ)→ 2Ω defined recursively as follows:

[[play i(σi)]]M := {ω ∈ Ω : si(ω) = σi}
[[ϕ ∧ ψ]]M := [[ϕ]]M ∩ [[ψ]]M

[[¬ϕ]]M := Ω [[ϕ]]M
[[Biϕ]]M := {ω ∈ Ω : Pr i(ω)([[ϕ]]M ) = 1}.

Thus, the primitive propositions are interpreted in the ob-
vious way using the strategy function (si denotes the ith
component function of s), the Boolean connectives are inter-
preted classically, and the formula Biϕ holds at all and only
those worlds ω at which Pr i(ω) assigns probability 1 to ϕ.
As is standard, we often write (M,ω) |= ϕ or just ω |= ϕ
to indicate that ω ∈ [[ϕ]]M . Similarly, we write M |= ϕ if
[[ϕ]]M = Ω, and when (M,ω) 6|= ϕ, we say that M refutes
ϕ (at ω), or just that ω refutes ϕ.

2.3 Rationality
Informally, a player is rational if the strategy she is play-
ing is a best response to her beliefs about the outcome of
the game, given her preferences. But there is no single con-
ception of what constitutes a “best response”; a variety of
principles of decision-making have been proposed and stud-
ied.

One influential notion, particularly in game theory, is that
of expected utility maximization. Given a game Γ and a
probability measure µ on Σ−i (thought of as representing
player i’s beliefs about the strategies her opponents will
play), the expected utility of a strategy σi ∈ Σi is just the
expected value of the function ui(σi, · ) : Σ−i → R with
respect to µ:

EU i(σi;µ) :=
∑

σ−i∈Σ−i

ui(σi, σ−i) · µ(σ−i).

A best response for an expected utility maximizer is a strat-
egy that maximizes this value. Abstractly, we might identify
the mandate “maximize expected utility” for player i (in the
game Γ) with a function deui that takes as input a belief µ on
Σ−i and returns as output the set of strategies σi ∈ Σi that
maximize player i’s expected utility given µ:

deui (µ) := {σi ∈ Σi : (∀σ′i ∈ Σi)(EU i(σi;µ) ≥ EU i(σ
′
i;µ))}.

Let ∆(Σ−i) denote the set of all probability measures on
Σ−i. Then, generalizing the above, we define a decision
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rule for player i (in Γ) to be a function di : ∆(Σ−i) →
2Σi {∅}. Intuitively, σi ∈ di(µ) just in case σi is a best
response for player i to the belief µ according to the decision
rule di. For example, the “maximin” mandate for player
i, which says to maximize the worst-case outcome among
those considered possible, corresponds to the decision rule
defined as follows: let

WC i(σi;µ) := min{ui(σi, σ−i) : µ(σ−i) > 0},

and set

dmi (µ) := {σi ∈ Σi : (∀σ′i ∈ Σi)(WC i(σi;µ) ≥WC i(σ
′
i;µ))}.

Decision rules can be interpreted in Γ-structures; roughly
speaking, for each world ω, we can define the set of di-best
responses for player i at ω, and thus determine whether or
not player i is being di-rational (i.e., acting in accordance
with the decision rule di) at ω. Formally, given a Γ-structure
M , for each player i and each world ω, the probability mea-
sure Pr i(ω) induces a probability measure µi,ω defined on
Σ−i as follows:

µi,ω(σ−i) := Pr i(ω)([[play−i(σ−i)]]M ).

In fact, µi,ω is the pushforward of Pr i(ω) by s−i. Since
Pr i(ω) is interpreted as representing player i’s beliefs at ω,
it makes sense to apply her decision rule to µi,ω . This leads
us to define the set of di-best responses for player i at ω to
be di(µi,ω). We say that player i is di-rational at ω just in
case si(ω) ∈ di(µi,ω).

Since we wish to reason formally about games using the
logic developed above, and rationality is an important con-
cept for such analyses, we expand the language to include
primitive propositions denoting rationality of the players.
Given a profile of decision rules d = (di)i∈I , let

Φd
Γ := ΦΓ ∪ {RAT di

i : i ∈ I},

where RAT di
i is read “player i is di-rational”. Henceforth,

except where noted otherwise, we work with an arbitrary
but fixed profile of decision rules d. For notational con-
venience, we omit the di when possible, referring to “best
responses” and “rationality” instead of “di-best responses”
and “di-rationality”, and writing RAT i instead of RAT di

i .
We also make use of the syntactic abbreviation

RAT ≡ RAT 1 ∧ · · · ∧ RATn

for “everyone is rational”.
Given a Γ-structure M , the interpretation [[·]]M is ex-

tended to LB(Φd
Γ) in the obvious way, by setting

[[RAT i]]M := {ω ∈ Ω : si(ω) ∈ di(µi,ω)}.

When d = deu, so each player’s decision rule is given by ex-
pected utility maximization, we regain the traditional notion
of rationality in game theory. Rationality so defined can be
used to characterize several well-known solution concepts
in terms of Γ-structures. For example, as shown by Tan
and Werlang (1988) and Brandenburger and Dekel (1987),
given a game Γ, a strategy σi is rationalizable if and only if
there exists a Γ-structure M and a state ω therein such that

ω |= play i(σi) and for every k ∈ N, ω |= EBk(RAT )
(i.e. it is common belief that everyone is rational).

It is worth noting that decision rules are general enough to
represent processes that fall outside the traditional purview
of “rationality”. For example, suppose that player i is a com-
puter system and Σi is a collection of actions it can execute.
Suppose also that the system maintains a database consisting
of estimates of the values of certain variables, which can be
represented as beliefs about the strategies of “opponents”.
In this context, a decision rule can be thought of as a non-
deterministic process that the computer system might use to
choose which action to execute on the basis of the informa-
tion in its database. In particular, RAT di

i asserts that the
system has executed an action consistent with the nondeter-
ministic process di.1

2.4 Example
In order to help solidify the framework just introduced, we
present a simple example. Consider the standard Bach-or-
Stravinsky game Γ (Osborne & Rubinstein 1994), in which
each of two players must choose which of two concerts to
attend this evening: one featuring the music of Bach, and
one of Stravinsky. Player 1 prefers to attend the Bach con-
cert, while player two prefers the Stravinsky; however, each
much prefers to attend the same concert as the other. We can
represent these preferences with the utility functions sum-
marized in Table 1.

Bach Stravinsky
Bach 3,2 0,0

Stravinsky 0,0 2,3

Table 1: Bach or Stravinsky?

We now describe a Γ-structure in which we can reason
about the beliefs and rationality of the players. Let Ω =
{ω0, ω1, ω2} and let Pr1(ω0) be the uniform distribution on
{ω1, ω2}, so player 1 considers ω1 and ω2 equally likely.
Consider a strategy function s defined such that s2(ω1) =
Bach and s2(ω2) = Stravinsky. It is easy to see that in
this case, the induced measure µ1,ω0

assigns probability .5
to Bach and .5 to Stravinsky. It follows easily that player 1’s
expected utility on choosing Bach is 1.5, while his expected
utility on choosing Stravinsky is 1. Thus,

ω0 |= RAT
deu
1

1 ↔ play1(Bach).

On the other hand, the worst-case outcome for player 1 on
choosing either Bach or Stravinsky yields a utility of 0, so
we have

ω0 |= RAT
dm
1

1 ,

regardless of which strategy player 1 actually chooses at ω0.

1In this sense, we can think of a decision rule as a knowledge-
based program (Fagin et al. 1995). Knowledge-based programs
have previously been used to characterize rationality and solution
concepts (Halpern & Moses 2007).
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3 Axiomatization
Although reasoning formally about beliefs and rationality
has long been recognized as important to game theory (see,
e.g., (?)), to the best of our knowledge, rationality has not
been axiomatized in a logic of belief. In this section we pro-
vide an axiomatization and prove that it is sound and com-
plete.

3.1 The axioms
While most of the axioms are easy to state and understand,
two require some preliminary definitions. Fix a game Γ and
a profile of decision rules d. Given a subset S ⊆ Σ−i, let

δi,S ≡
∧

σ−i∈S
B̂i play−i(σ−i) ∧

∧
σ−i /∈S

¬B̂i play−i(σ−i).

Intuitively, the formula δi,S says that player i considers pos-
sible all and only the strategy profiles for his opponents that
are elements of S. It is easy to see that for each player i and
any world ω, exactly one of the formulas δi,S holds.

Given a measure µ on a finite set X , let

supp(µ) := {x ∈ X : µ(x) > 0},

the support of µ. For each player i and each σi ∈ Σi,
let S+

i (σi) denote the collection of all S ⊆ Σ−i such that
there exists a probability measure µ with supp(µ) = S
and with respect to which σi is a best response; that is,
σi ∈ di(µ). Similarly, define S−i (σi) to be the collection
of all S ⊆ Σ−i such that there exists a probability measure
µ with supp(µ) = S and σi /∈ di(µ).

Consider the following axiom schemes:

G1.
∨

σi∈Σi

play i(σi)

G2. ¬(play i(σi) ∧ play i(σ
′
i)), for σi 6= σ′i

G3. play i(σi)↔ Bi play i(σi)

G4. RAT i ↔ Bi(RAT i)

G5. (play i(σi) ∧ RAT i)→
∨

S∈S+
i (σi)

δi,S

G6. (play i(σi) ∧ ¬RAT i)→
∨

S∈S−i (σi)

δi,S .

G1–G4 are straightforward. G1 and G2 say that, at each
state, each player plays exactly one strategy. G3 and G4
say that each player is certain of her strategy and of whether
or not she is rational. The interesting axioms are G5 and
G6. Intuitively, G5 says that if RATi holds and player i
is playing σi, then player i must consider possible a collec-
tion of strategy profiles2 on which she could place a prob-
ability that would justify her playing σi. G6 is interpreted
analogously. Notice that player i’s actual (i.e. quantitative)

2Note that the sets S+
i (σi) and S−

i (σi) could be empty; by
convention, we define the empty disjunction to be ⊥ (or false). If,
for example, S+

i (σi) = ∅, this means that σi is not a best response
to any beliefs, in which case the corresponding axiom (play i(σi)∧
RAT i)→ ⊥ is intuitively correct.

beliefs are not fully specified. This may be somewhat sur-
prising, given that the semantic interpretation of RATi is
defined in terms of the quantitative probabilities that consti-
tute player i’s beliefs. Nevertheless, as we show in Section
3.2, these axioms completely characterize the logical prop-
erties of rationality as expressible in the language LB(Φd

Γ);
we return to this point in Section 5. Axioms G1–G4 and the
specialization of axioms G5 and G6 to the rule of maximiz-
ing expected utility appear in (Bjorndahl, Halpern, & Pass
2011).

Let GLdΓ be the axiom system that results from adding
G1–G6 to the standard KD45 axioms and rules of inference
of belief logic (see, e.g., (Fagin et al. 1995)). It bears em-
phasizing that GLdΓ is parametrized by two variables: the
underlying game Γ that determines the players, their strate-
gies, and their preferences, and the profile of decision rules d
that determines the meaning of “rationality” for each player.
Thus, what we are axiomatizing here is not a single logic but
a class of logics.

For each fixed Γ and d, the corresponding axiom system
GLdΓ is trivially decidable (i.e., we can effectively determine
whether a formula is an instance of an axiom scheme) be-
cause KD45 is decidable and there are only finitely-many
instances of the axiom schemes G1–G6 (the implicit quan-
tification in these schemes ranges in some cases over players
and in others over strategies, all of which are finite sets).

But there is arguably a more interesting question. Up to
now we have fixed a game Γ, and considered decision rules
in the game Γ. But rules like maximizing expected utility,
maximin, or minimizing regret can be applied in all games
in a uniform way. To capture this, we define a decision
paradigm to be a function that maps each game Γ to a deci-
sion rule in Γ. Suppose that we are given decision paradigms
Di for each player associating with each game Γ a decision
rule Di(Γ) for that player in Γ. We might want to know,
given the profile D = (Di)i∈I , whether the mapping

Γ 7→ GL
D(Γ)
Γ

is decidable; in other words, given as input a game Γ, can
we effectively determine whether a formula belongs to the
axiom system GL

D(Γ)
Γ ? For each game Γ, this requires

determining membership in the sets S+
i (σi) and S−i (σi),

which are defined by existential quantification over sim-
plices ∆(Σ−i), subject to constraints based on the decision
rules Di(Γ). In the case of familiar decision paradigms like
maximin or expected utility maximization, computing the
sets S+

i (σi) and S−i (σi) boils down to solving systems of
linear inequalities. In general, however, we must impose cer-
tain computability requirements on the decision paradigms
in order to be able to decide whether a formula is an instance
of an axiom. At this point, we have not found an interesting
characterization of when we get decidability.

3.2 Soundness and completeness
Theorem 3.1: GLdΓ is a sound axiomatization of the lan-
guage LB(Φd

Γ) with respect to the class of all finite Γ-
structures.

181



Proof: The proof is much in the same spirit as the proof
of the corresponding result in (Bjorndahl, Halpern, & Pass
2011) (except that now we consider rules more general than
just maximizing expected utility). Soundness of the axioms
and rules of KD45 can be proved as usual. It therefore suf-
fices to show that G1–G6 are valid in all finite Γ-structures.

Fix a finite Γ-structure M = (Ω, (Pr i)i∈I , s). Sound-
ness of G1 and G2 is an immediate consequence of the fact
that s is a (total) function. Soundness of G3 is a straight-
forward consequence of condition (C4), while soundness of
G4 follows easily from the combination of conditions (C3)
and (C4).

Now suppose that ω |= play i(σi) ∧ RAT i; then σi ∈
di(µi,ω). Set S := supp(µi,ω), and observe that S ∈
S+
i (σi). For each σ−i ∈ S, it is easy to see that ω |=
B̂i play−i(σ−i); therefore, we must have

ω |=
∧

σ−i∈S
B̂i play−i(σ−i).

Similarly, for each σ−i /∈ S, we have ω |=
¬B̂i play−i(σ−i), so

ω |=
∧

σ−i /∈S

¬B̂i play−i(σ−i).

In other words, ω |= δi,S ; this establishes the soundness of
G5.

Finally, suppose that ω |= play i(σi) ∧ ¬RAT i, which
implies that σi /∈ di(µi,ω). Set S := supp(µi,ω); then S ∈
S−i (σi) and, as above, we have ω |= δi,S , which establishes
soundness of G6.

We prove completeness by what is essentially the canoni-
cal model method, a standard method for proving complete-
ness of modal logics (see, e.g., (Fagin et al. 1995) or any
standard text on modal logic). Of course, the full canonical
model is not finite (for n > 1), so we modify the construc-
tion by restricting attention to finite sub-languages. More
precisely, given a formula ϕ ∈ LB(Φd

Γ), we identify a finite
sub-language ofLB(Φd

Γ) such that the corresponding canon-
ical model refutes ϕ just in case GLdΓ 6` ϕ. This technique is
sometimes called filtration.

Fix a formula ϕ ∈ LB(Φd
Γ). Let SubΓ(ϕ) denote the col-

lection of all subformulas of ϕ together with all subformulas
of instances of the axiom schemes G1 through G6. Define

Sub+Γ (ϕ) := SubΓ(ϕ) ∪ {¬ψ : ψ ∈ SubΓ(ϕ)}.
Note that there are only finitely many instances of G1
through G6, and therefore Sub+Γ (ϕ) is finite.

Let Ωϕ be the collection of all maximal, consistent (with
respect to GLdΓ) subsets of Sub+Γ (ϕ). Clearly Ωϕ is a finite
set. Given X ⊆ LB(Φd

Γ), set

XBi := {ψ : Biψ ∈ X};
and, for F ∈ Ωϕ, define

Beli(F ) := {G ∈ Ωϕ : G ⊇ FBi and GBi = FBi}.
For each i ∈ I and each F ∈ Ωϕ, we will define a proba-
bility measure Prϕi (F ) on Ωϕ such that the support of this

measure is precisely Beli(F ). Loosely speaking, Beli(F ) is
the set of all G ∈ Ωϕ that are compatible with the beliefs of
player i in F . More precisely, G ∈ Beli(F ) if and only if:
(a) Biψ ∈ F implies ψ ∈ G, and
(b) Biψ ∈ F iff Biψ ∈ G.
Condition (a) just says that everything player i believes in F
is true in G; condition (b) says that player i’s beliefs in F
are the same as her beliefs in G, which is reasonable in light
of the fact that we are working in a system with positive and
negative introspection. (In the full canonical model, (b) fol-
lows from (a); here we must impose this condition explicitly
because of the way the language has been restricted.)

Since our aim is to define probability measures with the
sets Beli(F ) as their supports, we must show that these sets
are never empty.

Lemma 3.2: For each i ∈ I and F ∈ Ωϕ, Beli(F ) 6= ∅.
Proof: Given F ∈ Ωϕ, set

Λ := {ψ : Biψ ∈ F} ∪ {Biψ : Biψ ∈ F}
∪ {¬Biψ : ¬Biψ ∈ F}.

It is easy to see that Λ ⊂ Sub+Γ (ϕ). In addition, we show
that Λ is consistent. For suppose not; then

GLdΓ ` ¬
∧
ξ∈Λ

ξ =⇒ GLdΓ ` Bi¬
∧
ξ∈Λ

ξ

=⇒ GLdΓ ` ¬Bi
∧
ξ∈Λ

ξ

=⇒ GLdΓ ` ¬
∧
ξ∈Λ

Biξ,

which is a contradiction, since each formula Biξ with ξ ∈ Λ
is logically equivalent to a formula in F , and F is consistent.

From this we can conclude that there exists a G ∈ Ωϕ

such that G ⊇ Λ. It follows immediately that G ⊇ FBi and
that GBi ⊇ FBi . Moreover, if ψ ∈ GBi , then Biψ ∈ G and
so certainly ¬Biψ /∈ G, from which it follows that ¬Biψ /∈
Λ and thus ¬Biψ /∈ F . Maximality of F then guarantees
that Biψ ∈ F , whence ψ ∈ FBi , and so GBi ⊆ FBi . This
establishes that G ∈ Beli(F ), as desired.

In the classical canonical model construction, it is suf-
ficient to define Prϕi (F ) to be the uniform distribution on
Beli(F ). In the present context, however, we need to be
more careful, since Prϕi (F ) is used not only to interpret
the belief modalities Bi, but also the primitive propositions
RAT i. In essence, we must define Prϕi (F ) in a manner that
agrees with whether or not player i is best responding to her
beliefs at F ; not surprisingly, this is precisely where the ax-
iom schemes G5 and G6 come into play. At the same time,
we have to define Prϕi on Ωϕ in a systematic way so as to
preserve the introspection condition (C3). What follows is
a formalization of this basic recipe, for which several more
lemmas and definitions are needed.

Lemma 3.3: Let F ∈ Ωϕ. If B̂iψ ∈ F , then there exists
a G ∈ Beli(F ) with ψ ∈ G; if ¬B̂iψ ∈ F , then for all
G ∈ Beli(F ) we have ψ /∈ G.
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Proof: See the full paper.

For each σ−i ∈ Σ−i, define

Beli(F ;σ−i) := {G ∈ Beli(F ) : play−i(σ−i) ∈ G}.
Given F ∈ Ωϕ, it is easy to see, using G1 and G2, that there
is a unique σi ∈ Σi with play i(σi) ∈ F . If, in addition,
RAT i ∈ F , then by G5 we know that for some S ∈ S+

i (σi),
δi,S ∈ F (or, in the case where S+

i (σi) = ∅, we know that
no such F exists). Otherwise, if RAT i /∈ F , then by G6
we know that for some S ∈ S−i (σi), δi,S ∈ F (or again, in
the case where S−i (σi) = ∅, that no such F exists). Thus,
for each i ∈ I , there is a unique set Si(F ) ⊆ Σ−i such that
δi,Si(F ) ∈ F , and moreover, Si(F ) ∈ S+

i (σi) if RAT i ∈
F , and Si(F ) ∈ S−i (σi) if RAT i /∈ F .

Lemma 3.4: The collection {Beli(F ;σ−i) : σ−i ∈ Σ−i}
partitions Beli(F ); moreover, Beli(F ;σ−i) 6= ∅ if and only
if σ−i ∈ Si(F ).

Proof: The first statement is a straightforward consequence
of G1 and G2, while the second is an immediate corollary
of Lemma 3.3 together with the fact that

δi,Si(F ) ≡
∧
σ−i∈Si(F ) B̂i play−i(σ−i) ∧∧
σ−i /∈Si(F ) ¬B̂i play−i(σ−i) ∈ F.

For each σi ∈ Σi and S ∈ S+
i (σi), let µ+

σi,S
be a fixed

probability measure witnessing the fact that S ∈ S+
i (σi);

that is, supp(µ+
σi,S

) = S and σi ∈ di(µ
+
σi,S

). Likewise,
for each σi ∈ Σi and S ∈ S−i (σi), let µ−σi,S

be a fixed
probability measure witnessing the fact that S ∈ S−i (σi).

Let F ∈ Ωϕ, and suppose that play i(σi) ∈ F . In light of
Lemma 3.4, we can define Prϕi (F ) to be the unique proba-
bility measure on Beli(F ) such that, for all σ−i ∈ Σ−i,

Prϕi (F )(Beli(F ;σ−i)) =

{
µ+
σi,Si(F )(σ−i) if RAT i ∈ F
µ−σi,Si(F )(σ−i) if RAT i /∈ F ,

and which is uniform within each (nonempty) set
Beli(F ;σ−i).

Proposition 3.5: Prϕi satisfies the following:
(a) Prϕi (F )(G) > 0 iff G ∈ Beli(F ), and
(b) GBi = FBi implies Prϕi (G) = Prϕi (F ).

Proof: See the full paper.

Finally, we define a strategy function sϕ : Ωϕ → Σ by
assigning to each F ∈ Ωϕ the unique strategy profile σ ∈ Σ
such that play(σ) ∈ F .

Lemma 3.6: The tuple Mϕ := (Ωϕ, (Prϕi )i∈I , s
ϕ) is a Γ-

structure.

Proof: Conditions (C1) and (C2) have already been estab-
lished. By Lemma 3.5(b), in order to see that (C3) holds
it suffices to observe that Prϕi (F )(G) > 0 implies that
GBi = FBi , which follows from Lemma 3.5(a). This same
observation also establishes (C4), since by G3 we know that
GBi = FBi implies sϕi (G) = sϕi (F ).

Lemma 3.7: For all formulas ψ, for all F ∈ Ωϕ, if ψ ∈
Sub+Γ (ϕ) then F ∈ [[ψ]]Mϕ if and only if ψ ∈ F .

Proof: The proof proceeds by induction on the structure of
ψ. We prove here the base cases corresponding to the prim-
itive propositions; the inductive steps can be proved in the
standard way (see, e.g., (Fagin et al. 1995)).

First consider the primitive proposition play i(σi). We
have

F ∈ [[play i(σi)]]Mϕ iff sϕi (F ) = σi
iff play i(σi) ∈ F,

as a direct consequence of the definition of sϕ. Next con-
sider the primitive proposition RAT i; we have

F ∈ [[RAT i]]Mϕ iff sϕi (F ) ∈ di(µi,F )

iff RAT i ∈ F,

the last equivalence being a consequence of the definition
of Prϕi , which ensures that sϕi (F ) is a best response to (the
pushforward of) Prϕi (F ) precisely when RAT i ∈ F . This
completes the proof.

Theorem 3.8 : GLdΓ is a complete axiomatization of the
language LB(Φd

Γ) with respect to the class of all finite Γ-
structures.

Proof: Suppose that GLdΓ 6` ϕ. Then {¬ϕ} is consistent and
so can be extended to a maximal consistent set F ∈ Ωϕ.
By Lemma 3.7, this implies that F /∈ [[ϕ]]Mϕ and so, in
particular, that Mϕ 6|= ϕ, as desired.

4 Extensions
4.1 Belief as lower probability
In this paper we have taken for granted that each player’s
uncertainty is represented by a probability measure. While
this is a very standard assumption, it is by no means the only
framework that has been considered; see (Halpern 2003) for
an overview of different ways of modeling uncertainty. Here
we show that, with very minor modifications, the results of
Section 3.2 hold also in the more general context where be-
liefs are represented using sets of probability measures.

Given a set P of probability measures, the lower prob-
ability of an event E, denoted P∗(E), is defined to be the
infimum of the probabilities assigned to E by members of
P:

P∗(E) := inf{µ(E) : µ ∈ P}.
Fix a game Γ. A finite lower Γ-structure is a tuple M =
(Ω, (PRi)i∈I , s) satisfying the following conditions:

(L1) Ω is a nonempty, finite set;

(L2) PRi associates to each ω ∈ Ω a set PRi(ω) of proba-
bility measures on Ω;

(L3) PRi(ω)∗({ω′ ∈ Ω : PRi(ω
′) = PRi(ω)}) = 1;

(L4) s : Ω → Σ satisfies PRi(ω)∗({ω′ ∈ Ω : si(ω
′) =

si(ω)}) = 1.
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These conditions are simply the analogues of conditions
(C1) through (C4) where uncertainty is represented by sets
of probability measures and certainty is identified with lower
probability 1. Accordingly, we define the interpretation [[·]]M
as before, except for the clause corresponding to the belief
modalities, which is replaced by the following:

[[Biϕ]]M := {ω ∈ Ω : PRi(ω)∗([[ϕ]]M ) = 1}.

Finally, a decision rule for player i in this context is a func-
tion di : 2∆(Σ−i) → 2Σi , since player i must make her
choice based on the uncertainty given by a set of probabil-
ity measures. For example, the “maximin expected utility”
decision rule for player i would be given by the following:

dmeu
i (P) :=

{
σi ∈ Σi : (∀σ′i ∈ Σi)

(minµ∈P{EUi(σi;µ)} ≥ minµ∈P{EUi(σ′i;µ)})
}
.

Other rules, such as minimax expected regret (Hayashi
2008), can also easily be defined in this setting.

As before, such decision rules makes sense in a Γ-
structure M : for each player i and each world ω, the proba-
bility measures in the set PRi(ω) can be pushed forward by
s−i to probability measures on Σ−i. Let Pi,ω denote the set
of all such pushforwards:

Pi,ω := {µi,ω : µ ∈ PRi(ω)}.

Then we can define di-rationality for player i at ω in the
obvious way, namely, by the requirement that si(ω) ∈
di(Pi,ω).

The axiomatization of Section 3 can be generalized as
well. First observe that the dual belief modality, B̂i ≡
¬Bi¬, is interpreted as positive upper probability, where the
upper probability of an event E with respect to a set P of
probability measures, denoted P∗(E), is given by

P∗(E) := sup{µ(E) : µ ∈ P}.

Accordingly, given a set P of probability measures on a finite
space X , we define

supp(P) := {x ∈ X : (∃µ ∈ P)(µ(x) > 0)}.

For each σi ∈ Σi, let S+
i (σi) denote the collection of all

S ⊆ Σ−i such that there exists a set of probability measures
P with supp(P) = S and σi ∈ di(P). Similarly, define
S−i (σi) to be the collection of all S ⊆ Σ−i such that there
exists a set P of probability measures with supp(P) = S and
σi /∈ di(P). It is not hard to see that all of these definitions
generalize what was presented in Sections 2 and 3; indeed,
by considering the special case where all sets of probability
measures are singletons, we recover that framework exactly.
Moreover, the axiom system GLdΓ, interpreted in this more
general setting using the definitions above, remains sound
and complete.

Theorem 4.1: GLdΓ is a sound and complete axiomatization
of the language LB(Φd

Γ) with respect to the class of all finite
lower Γ-structures.

Proof: The proof given in Section 3.2 works here as well,
modulo the obvious minor alterations in keeping with the
generalized definitions given above. In particular, for each

σi ∈ Σi and S ∈ S+
i (σi), we define P+

σi,S
to be a fixed

set of probability measures such that supp(P+
σi,S

) = S and
σi ∈ di(P

+
σi,S

); likewise, for each σi ∈ Σi and S ∈ S−i (σi),
define P−σi,S

to be a fixed set of probability measures wit-
nessing the fact that S ∈ S−i (σi). Then, given F ∈ Ωϕ

with play i(σi) ∈ F , define PR
ϕ
i (F ) as follows: for each

µ ∈ P+
σi,S
∪ P−σi,S

, let µ̃ be the unique probability measure
on Beli(F ) such that, for all σ−i ∈ Σ−i,

µ̃(Beli(F ;σ−i)) = µ(σ−i),

and which is uniform on each set Beli(F ;σ−i); then set

PR
ϕ
i (F ) :=

{
{µ̃ : µ ∈ P+

σi,S
} if RAT i ∈ F

{µ̃ : µ ∈ P−σi,S
} if RAT i /∈ F .

4.2 Multiple decision rules
In general, we may wish to reason about players who are
uncertain about which decision rules their opponents are us-
ing. For example, player i might believe that if player j is
maximizing her expected utility, she will play σj , but if she
plays σ′j , then she might be minimizing the worst-case out-
come. One way to try to model such uncertainty is to expand
the logic so that there is a set Di of decision rules associ-
ated with each player i. Consider the collection of primitive
propositions

ΦD
Γ := ΦΓ ∪ {RAT di

i : i ∈ I, di ∈ Di}.

Interpret RAT di
i as before. Then LB(ΦD

Γ ) is a language
for reasoning about the strategies and beliefs of the players
i ∈ I as well as their adherence to the various decision rules
di ∈ Di.

To obtain a complete axiomatization of this language, it
is not sufficient to simply let G4–G6 range over all decision
rules di ∈ Di for each player i; in general, this system is
sound but not complete. Roughly speaking, this is because
it is possible for both play i(σi) ∧ RAT di

i and play i(σi) ∧
RAT

d′i
i to be consistent with δi,S for some S ⊆ Σ−i, yet no

measure µwith supp(µ) = S is such that σi ∈ di(µ)∩d′i(µ).
In this case, the formula

play i(σi) ∧ RAT di
i ∧ RAT

d′i
i ∧ δi,S

is not satisfiable, but there is no way to prove its negation
from the axioms. However, provided that each set Di is fi-
nite, we can deal with this problem by replacing G5 and G6
with the following collection of axioms for each player i,
each strategy σi ∈ Σi, and every subset D ⊆ Di:(
play i(σi)∧

∧
di∈D

RAT di
i ∧

∧
di /∈D

¬RAT di
i

)
→

∨
S∈SD

i (σi)

δi,S ,

where SDi (σi) is the collection of all S ⊆ Σ−i such
that there exists a probability measure µ on S such that
supp(µ) = S and for every di ∈ D, σi ∈ di(µ), and for
every di /∈ D, σi /∈ di(µ). G5 and G6 are special cases
occurring when |Di| = 1, corresponding to D = Di and
D = ∅, respectively.
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These modified axioms give a sound and complete ax-
iomatization of LB(ΦD

Γ ) with respect to the class of all fi-
nite Γ-structures. Nevertheless, there is something unsat-
isfying about using this language to model players’ uncer-
tainty about decision rules: the propositions RAT di

i say that
player i is playing a di-best-response, but not that player i is
actually using the rule di to decide her strategy. To see the
difference, consider a player i who is trying to maximize her
expected utility (i.e. using deui ), and happens to also play
a maximin strategy; contrast this with a scenario in which
she is actively seeking to maximize the worst-case outcome
(i.e. using dmi ), and in so doing happens to play a strategy
that maximizes her expected utility. Although player i is
following different decision rules in these two cases, the lan-
guage LB(ΦD

Γ ) cannot express this difference; the formula
RAT

deu
i
i ∧ RAT

dm
i
i holds either way. For instance, in the

example presented in Section 2.4, it is not hard to check that

ω0 |= play1(Bach)→
(
RAT

deu
1

1 ∧ RAT
dm
1

1

)
.

In sum, the propositions RAT di
i do not say anything

about how player i is making her decision, but simply record
whether or not the decision she does make is compatible
with the rule di. What we want is a different kind of propo-
sition, say rulei(di), that says that player i really is using
the rule di in deciding her strategy.

Decision rules interpreted in this sense are particularly
relevant in a dynamic setting. When an opponent does some-
thing unexpected and seemingly irrational, there is the ques-
tion of how to update your beliefs. One option is to abandon
the belief that your opponent is rational, but this is unsatisfy-
ing both conceptually and methodologically. An alternative
response is to update your beliefs about your opponent’s be-
liefs: what they did actually was rational with respect to their
beliefs, you had just misjudged what those beliefs were (see,
e.g., (Battigalli & Siniscalchi 2002)). But in some cases, this
too is unsatisfying or simply unavailable. However, when
decision rules are formally present as objects of belief, a
third option becomes available: abandon the belief that your
opponent is di-rational, but not that they are behaving ratio-
nally with respect to some decision rule. Though an analy-
sis of decision rules in extensive-form games is beyond the
scope of this paper, the groundwork for such a study can be
laid by formalizing them in a static context.

Fix a game Γ and a profile D = (Di)i∈I of sets of deci-
sion rules for each player i ∈ I . Let

ΦΓ,D := ΦΓ ∪ {rulei(di) : i ∈ I, di ∈ Di}.
In order to interpret the primitive propositions rulei(di), we
must extend the semantic model so that it associates with
each world ω the decision rule that each player i is using
at that world; furthermore, we must constrain the strategies
used at each world so that they are compatible with the cor-
responding decision rules. Formally, a Γ-structure with de-
cision functions is a tuple M = (Ω, (Pr i)i∈I , s, r) satisfy-
ing (C1) through (C4) as well as the following additional
conditions:
(C5) r : Ω → D satisfies Pr i(ω)({ω′ ∈ Ω : ri(ω

′) =
ri(ω)}) = 1;

(C6) si(ω) ∈ ri(ω)(µi,ω).

Condition (C5) says that the decision function r assigns to
each world ω a profile of decision rules r(ω)—intuitively,
ri(ω) ∈ Di is the rule that player i is using at ω—and more-
over, each player is sure of her own decision rule. Condition
(C6) requires that, at each world ω, the strategy si(ω) is an
ri(ω)-best response for player i; in other words, player i re-
ally is following the decision rule ri(ω) at ω.

The language LB(ΦΓ,D) can be interpreted in a Γ-
structure with decision functions M as before, with the ad-
ditional clause

[[rulei(di)]]M := {ω ∈ Ω : ri(ω) = di}.

The resulting logic can be axiomatized using essentially the
same technique as in Section 3. Consider the following ax-
iom schemes:

P1.
∨

σi∈Σi

play i(σi)

P2. ¬(play i(σi) ∧ play i(σ
′
i)), for σi 6= σ′i

P3. play i(σi)↔ Bi play i(σi)

P4.
∨

di∈Di

rulei(di)

P5. ¬(rulei(di) ∧ rulei(d
′
i)), for di 6= d′i

P6. rulei(di)↔ Bi rulei(di)

P7. (play i(σi) ∧ rulei(di))→
∨

S∈S+
i (σi)

δi,S .

Here, as before, S+
i (σi) denotes the collection of all S ⊆

Σ−i such that there exists a probability measure µ with
supp(µ) = S and such that σi ∈ di(µ). Note that there
is no need for a symmetric axiom involving S−i (σi) for this
logic, because the formula ¬rulei(di), unlike ¬RAT i, does
not say that σi is incompatible with player i’s beliefs and the
decision rule di; it simply says that player i did not use the
rule di to help choose her strategy σi (though she may, coin-
cidentally, have beliefs with respect to which σi is a di-best
response).

Let GLΓ,D be the axiom system that results from adding
P1–P7 to the KD45 axioms and rules of inference of belief
logic. Then we have the following result, the proof of which
proceeds analogously to that given in Section 3.2.

Theorem 4.2: GLΓ,D is a sound and complete axiomatiza-
tion of the language LB(ΦΓ,D) with respect to the class of
all finite Γ-structures with decision functions.

5 The role of language
In this section we focus on the profile of decision rules
d = deu, with respect to which each player is rational pre-
cisely if they are playing a strategy that maximizes their ex-
pected utility. As noted, it is somewhat surprising that G5
and G6 are sufficient to capture this notion of rationality.
Whether or not a player is maximizing their expected util-
ity depends on their quantitative beliefs; however, while G5
and G6 specify the possible supports for player i’s beliefs,
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they say nothing about the actual weights placed on the in-
dividual outcomes. Nor could they—the language LB(Φd

Γ)
cannot express anything beyond such qualitative properties
of the measures Pr i(ω).

Expressivity, however, is a double-edged sword: when
working with a less expressive language, though we are
more limited in the possible axioms we have available, there
are also fewer validities to worry about proving. This, in
essence, is why GLdΓ can be a complete axiomatization: the
properties of rationality it fails to encode are precisely those
properties that are not expressible in the language at all.

A richer language—in particular, one with a finer-grained
representation of belief—may not be axiomatizable at all,
or at least not using the techniques in this paper. Consider,
for example, a language with belief modalities Bαi for each
α ∈ [0, 1], where Bαi ϕ is interpreted as saying that player
i assigns probability α to ϕ. In this case, GLdΓ (replacing
Bi by B1

i ) is sound but certainly not complete. It can easily
happen, for example, that in the game Γ it is only rational
for player i to play σi if she assigns probability 1

2 to σ−i;
however, the corresponding validity

(play i(σi) ∧ RAT i)→ B
1
2
i play−i(σ−i)

is clearly not a theorem of GLdΓ. Moreover, extending GLdΓ
to this richer language runs into difficulties. The axiom
schemes G5 and G6 essentially work by insisting that the
players’ beliefs be compatible with rationality or its nega-
tion, respectively. In the language LB(Φd

Γ), this amounts
to specifying the possible supports for the players’ beliefs,
which can be written using finite formulas since each Σ−i is
finite and therefore has only finitely-many subsets. By con-
trast, in the language with belief modalities Bαi for every
α ∈ [0, 1], the “formula” that says that player i’s beliefs are
compatible with rationality may be infinitely long.

A still richer language, however, can circumvent these dif-
ficulties entirely. Fix a game Γ and consider the language of
linear likelihood inequalities defined by the grammar

ϕ ::= p | ¬ϕ |ϕ ∧ ψ | a1`i(ϕ1) + · · ·+ ak`i(ϕk) ≥ b,

where p ∈ ΦΓ, i ∈ I , k ∈ N, and a1, . . . , ak, b ∈ R. The
likelihood terms `i(ϕ) are meant to be read as “the proba-
bility of ϕ according to player i”, and a likelihood formula
a1`i(ϕ1) + · · · + ak`i(ϕk) ≥ b should be thought of as
asserting the corresponding inequality. More precisely, we
interpret such formulas in a Γ-structure M as follows:

[[a1`i(ϕ1) + · · ·+ ak`i(ϕk) ≥ b]]M
:= {ω ∈ Ω :

∑k
j=1 ajPr i(ω)([[ϕj ]]M ) ≥ b}.

For example, the formula `i(ϕ) ≥ 1 says that player i as-
signs probability at least (and therefore exactly) 1 toϕ, while
the formula (`i(ϕ) ≥ 1

2 ) ∧ (`i(¬ϕ) ≥ 1
2 ) says that player

i assigns probability 1
2 to ϕ. See (Halpern 2003) for a thor-

ough discussion of this and related logics; a sound and com-
plete axiomatization is given in (Fagin, Halpern, & Megiddo
1990).

In this language, rationality in the sense of expected utility
maximization can be defined, thus obviating the need for a

separate axiomatization. Indeed, if we let σi � σ′i be an
abbreviation for the formula∑

σ−i∈Σ−i
ui(σi, σ−i)`i(play−i(σ−i)) −∑

σ−i∈Σ−i
ui(σ

′
i, σ−i)`i(play−i(σ−i)) ≥ 0,

which says that the expected value according to player i of
playing σi is no less than the expected value of playing σ′i,
then it is easy to see that

RAT
deu
i
i ↔

∨
σi∈Σi

(
play i(σi) ∧

∧
σ′i∈Σi

σi � σ′i
)

is valid. Since rationality is expressible in this language, it
is axiomatized as well.

6 Further work
Equilibrium analysis in game theory is predicated on the no-
tion of rationality: solution concepts like Nash equilibrium
are formulated in terms of best responding to beliefs. As
such, one natural application of a logic of rationality is to
the analysis of equilibria.

The language LB(ΦΓ) has formulas that represent pure
strategy choices, but not mixed strategies. In the context
of Nash equilibrium, this difference turns out to be (at
least formally) innocuous: one can view a mixed strategy
`i ∈ ∆(Σi) either as a conscious randomization on the part
of player i, or as the common conjecture of the players j 6= i
about what pure strategy i will choose—either way, the set
of mixed strategy Nash equilibria stays the same. However,
this insensitivity is, in part, dependent on that fact that ratio-
nality in the sense of expected utility maximization plays
well with mixing: `i ∈ ∆(Σi) maximizes player i’s ex-
pected utility (with respect to some fixed beliefs) if and only
if every pure strategy σi in the support of `i maximizes ex-
pected utility. But this correspondence breaks down when
“expected utility maximization” is replaced with the gener-
alized notion of rationality presented in Section 2.3: in the
context of an arbitrary decision rule di : ∆(Σ−i) → 2Σi ,
there is no principled way to extend the notion of “best re-
sponse” from Σi to ∆(Σi). This suggests that further re-
search into the interaction between pure and mixed strate-
gies under general decision rules may be fruitful.

One might also wonder whether there are useful logical
characterizations of when a given strategy constitutes a Nash
equilibrium. Similar to the above, a related line of inquiry
arises by considering generalized decision rules and the cor-
respondingly generalized notions of equilibria they induce.
In principle, it makes sense to consider “d-Nash equilibria”,
defined by replacing deu with an arbitrary profile of decision
rules d in the definition of Nash equilibrium. It is certainly
too much to hope that Nash’s famous existence theorem ap-
ply in full force to this wider concept; however, properties
of d that suffice to guarantee the existence of equilibria are
of interest, and potentially admit a logical characterization.
Such questions are the subject of ongoing research.

Although in this paper we focused on rationality, our ap-
proach to axiomatizing rationality applies to a wider class of
properties. Define an i-subjective property to be any prop-
erty of i that i is sure of; that is, a formula ϕ such that
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ϕ ↔ Biϕ is valid. Rationality is i-subjective, as is whether
i is jealous (e.g., believes somebody has some property that
she doesn’t have, but wishes she did), whether i is cautious
(e.g., assigns positive probability to all her opponents’ ac-
tions), etc. We believe that the techniques developed in this
paper could be used to provide a sound and complete ax-
iomatization of any i-subjective property whose truth is de-
termined by i’s beliefs and what i plays. We hope to return
to this topic in future work.

7 Acknowledgements
Bjorndahl is supported in part by NSF grants IIS-0812045,
CCF-1214844, DMS-0852811, and DMS-1161175, and
ARO grant W911NF-09-1-0281. Halpern is supported in
part by NSF grants IIS-0812045, IIS-0911036, and CCF-
1214844, by MURI grant FA9550-12-1-0040, and by ARO
grant W911NF-09-1-0281. Pass is supported in part by an
Alfred P. Sloan Fellowship, a Microsoft Research Faculty
Fellowship, NSF Awards CNS-1217821 and CCF-1214844,
NSF CAREER Award CCF-0746990, AFOSR YIP Award
FA9550-10-1-0093, and DARPA and AFRL under contract
FA8750-11-2-0211. The views and conclusions contained
in this document are those of the authors and should not
be interpreted as representing the official policies, either
expressed or implied, of the Defense Advanced Research
Projects Agency or the US Government.

References
Battigalli, P., and Siniscalchi, M. 2002. Strong beliefs and
forward-induction reasoning. Journal of Economic Theory
106:356–391.
Bjorndahl, A.; Halpern, J. Y.; and Pass, R. 2011. Reasoning
about justified belief. In Theoretical Aspects of Rationality
and Knowledge: Proc. Thirteenth Conference (TARK 2011),
221–227.
Brandenburger, A., and Dekel, E. 1987. Rationalizability
and correlated equilibria. Econometrica 55:1391–1402.
Fagin, R.; Halpern, J. Y.; Moses, Y.; and Vardi, M. Y.
1995. Reasoning About Knowledge. Cambridge, Mass.:
MIT Press. A slightly revised paperback version was pub-
lished in 2003.
Fagin, R.; Halpern, J. Y.; and Megiddo, N. 1990. A logic for
reasoning about probabilities. Information and Computation
87(1/2):78–128.
Halpern, J. Y., and Moses, Y. 2007. Characterizing solu-
tion concepts in games using knowledge-based programs. In
Proc. Twentieth International Joint Conference on Artificial
Intelligence (IJCAI ’07), 1300–1307.
Halpern, J. Y. 2003. Reasoning About Uncertainty. Cam-
bridge, Mass.: MIT Press.
Hayashi, T. 2008. Regret aversion and opportunity depen-
dence. Journal of Economic Theory 139(1):242–268.
Osborne, M. J., and Rubinstein, A. 1994. A Course in Game
Theory. Cambridge, Mass.: MIT Press.
Tan, T., and Werlang, S. 1988. The Bayesian foundation
of solution concepts of games. Journal of Economic Theory
45(45):370–391.

187




