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Abstract

Inconsistency measures help analyzing contradictory knowl-
edge bases and resolving inconsistencies. In recent years sev-
eral measures with desirable properties have been proposed,
but often these measures correspond to combinatorial or non-
convex optimization problems that are hard to solve in prac-
tice. In this paper, I study a new family of inconsistency mea-
sures for probabilistic knowledge bases. All members satisfy
many desirable properties and can be computed by means of
convex optimization techniques. For two members, I present
linear programs whose computation is barely harder than a
probabilistic satisfiability test.

1 Introduction
A central problem in the design of expert systems is to as-
sure consistency of the knowledge base. The represented
knowledge may originate from several experts or different
sources of statistical data, which might be incompatible with
each other. Even for a single expert designing a consistent
knowledge base can be difficult.

This work focuses on probabilistic knowledge bases.
Some heuristic approaches have been developed to resolve
inconsistencies by adapting probabilities or deleting parts
of the knowledge base (Rödder and Xu 1999; Finthammer,
Kern-Isberner, and Ritterskamp 2007), but such methods do
not help understanding possible causes for contradictions
and lack a well-founded methodology. Inconsistency mea-
sures evaluate the degree of inconsistency (Knight 2002;
Grant and Hunter 2008; Thimm 2013) and in this way can
complement and guide heuristic approaches; however, many
existing measures rely on combinatorial or non-convex op-
timization problems that can be hard to solve in practice.

In this paper, I study a new family of inconsistency mea-
sures that correspond to convex optimization problems. As
opposed to non-convex problems, they lack (non-global) lo-
cal minima and therefore are significantly easier to compute.
Two members can be computed by particularly efficient lin-
ear programming techniques. The measures are based on the
fact that a probabilistic knowledge base is satisfiable if and
only if a corresponding system of linear equations can be
solved. If the equation system is unsolvable, we can search
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for a vector that violates the system in a minimal way. The
overall violation can be measured with respect to some norm
like the euclidean norm. If the violation value is zero, the
knowledge base is consistent. Otherwise, the value increases
continuously with the degree of violation. This is the basic
idea of the family of minimal violation measures.

Inconsistency Measures for Probabilistic Logics

In recent years various approaches have been developed to
measure the degree to which knowledge bases are incon-
sistent, see, e.g., (Knight 2002; Grant and Hunter 2008;
Doder et al. 2010). A short overview of measures for classi-
cal logics can be found in (Hunter and Konieczny 2006). Ex-
tensions and new measures for probabilistic logics are sum-
marized in (Thimm 2013). I quickly sketch some examples
that will be referred to in the following.

The easiest measure one can possibly think of is the dras-
tic measure (Hunter and Konieczny 2006; Thimm 2013) that
yields 0 if the knowledge base is consistent and 1 otherwise.

A class of measures that is interesting for both classical
and probabilistic knowledge bases relies on minimal incon-
sistent sets (Hunter and Konieczny 2008; Thimm 2013). A
subset of a knowledge base is called a minimal inconsistent
set, if it is inconsistent and removing a single rule renders
the set consistent. Hence, the contained rules are in conflict
with each other and the conflict can be resolved by removing
a single rule. Interesting measures can be defined by count-
ing the minimal inconsistent sets, or by combining the num-
bers of minimal inconsistent sets that contain certain rules
(Hunter and Konieczny 2008; Thimm 2013).

A particularly interesting class of measures derives from
the idea of minimally changing the knowledge base to a con-
sistent one. In (Thimm 2009), the probabilities of the rules
are changed and an inconsistency measure is defined by the
minimal sum of all absolute changes. In (Picado-Muiño
2011) the probabilities are relaxed to probability intervals.
The corresponding inconsistency measure is defined by ar-
ranging the size of these intervals in a vector and measur-
ing the vector’s size with respect to a norm. Both measures
are particularly interesting because they yield an optimal re-
pair for a knowledge base, that is, a consistent knowledge
base that is obtained from an inconsistent one by minimal
changes.
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Computational Aspects: The drastic measure corre-
sponds to a satisfiability test and can be regarded as the mea-
sure that is most easily computable, because each reason-
able measure should distinguish consistent from inconsis-
tent sets. Deciding whether a probabilistic knowledge base
is inconsistent is NP-hard in general (Georgakopoulos, Kav-
vadias, and Papadimitriou 1988). Still, for knowledge bases
containing more than one hundred propositional variables
and several hundred rules satisfiability can be tested by lin-
ear programming techniques in reasonable time (Jaumard,
Hansen, and Poggi 1991; Hansen and Perron 2008).

Measures based on minimal inconsistent sets correspond
to combinatorial optimization problems. There has been
some progress in implementing such measures efficiently
for classical logics (Konieczny and Roussel 2013), but the
key idea is that a classical knowledge base can be regarded
as a single formula in conjunctive normal form. This, how-
ever, does not apply to probabilistic knowledge bases. As
the number of subsets of a knowledge base is exponential in
the size of the knowledge base, the vital problems are effi-
ciently enumerating candidates for minimal inconsistent sets
and testing their satisfiability.

Minimal change measures like in (Thimm 2009) and
(Picado-Muiño 2011) correspond to non-convex optimiza-
tion problems that suffer from (non-global) local optima.
Therefore, computing these measures can be hard in prac-
tice.

Overview of the Paper
The logical framework and some notations are explained
in Section 2. In Section 3, I introduce the family of min-
imal violation measures and demonstrate in some exam-
ples how they differ from other measures and how they
can be used to analyze and to resolve inconsistencies. In
Section 4, I show that minimal violation measures satisfy
several desirable properties that have been considered in
the literature (Knight 2003; Hunter and Konieczny 2006;
Thimm 2013). Section 5 deals with computational issues.
I present linear programs for two minimal violation mea-
sures and compare their performance to other measures us-
ing prototypical implementations. Subsequently, I summa-
rize some empirical estimates for the performance of typi-
cal optimization algorithms (Boyd and Vandenberghe 2004;
Matousek and Gärtner 2007) and use them to provide some
rough estimates for the performance of different measures
when applying general purpose algorithms.

2 Preliminaries
Consider a propositional language LΣ built up over a finite
set of propositional variables Σ using logical connectives
like conjunction and disjunction in the usual way. For for-
mulasF ,G ∈ LΣ, negation ¬F is abbreviated by an overbar
F and conjunction F ∧ G by juxtaposition FG. A possible
world is a classical logical interpretation ω : Σ → {0, 1}
assigning a truth value to each propositional variable. Let
Ω denote the set of all possible worlds. An atom a is sat-
isfied by ω iff ω(a) = 1. The definition is extended to
complex formulas in the usual way. The classical models

Mod(G) of a formula G are the possible worlds ω ∈ Ω that
satisfy G. F ,G ∈ LΣ are called equivalent, F ≡ G, iff
Mod(F) = Mod(G).

Consider the probabilistic conditional language
(LΣ|LΣ) := {(G|F)[ρ] | G,F ∈ LΣ, ρ ∈ [0, 1]} over
Σ (Lukasiewicz 1999). Intuitively, a conditional (G|F)[ρ]
expresses that our belief in G given that F holds is ρ.
Unconditioned probabilistic formulas are obtained for the
special case (G |>)[ρ], where > denotes a tautological
formula. (G |>)[ρ] is abbreviated by (G)[ρ].

Probabilistic interpretations P : Ω→ [0, 1] are probabil-
ity functions over possible worlds. For a formula G ∈ LΣ let
P(G) =

∑
ω∈Mod(G) P(ω). A probabilistic interpretation

P satisfies a conditional (G|F)[ρ] iff P(GF) = ρ · P(F).
If P(F) > 0 this definition corresponds to the definition
of conditional probability P(G |F) = P(GF)

P(F) = ρ. As
often done (Paris and Vencovská 1989; Lukasiewicz 1999;
Thimm 2013), I do not demand P(F) > 0.

A probabilistic knowledge base R ⊂ (LΣ|LΣ) is a finite
set of conditionals. A probabilistic interpretation P satisfies
R iff it satisfies each c ∈ R. Let Mod(R) denote the set
of probabilistic models of R, i.e., the set of probabilistic
interpretations over Ω that satisfyR.

Two conditionals c1, c2 ∈ (LΣ|LΣ) are called equiv-
alent, c1 ≡ c2, iff Mod(c1) = Mod(c2). Following
(Thimm 2013), two knowledge basesR1,R2 over (LΣ|LΣ)
are called (semi-extensionally) equivalent, R1 ≡ R2, iff
there is a bijection B : R1 → R2 such that c1 ≡ B(c1)
for each c1 ∈ R1. That is, both knowledge bases contain
the same number of conditionals and these conditionals dif-
fer only in their syntactical representation. If both GF and
GF are satisfiable, (G|F)[ρ] is called a normal conditional.
The following lemma states an intermediate result that was
obtained in (Thimm 2013) in the proof of Theorem 2, (4).

Lemma 2.1. (Thimm 2013) Let c1, c2 ∈ R be normal, ci =
(Gi | Fi)[ρi]. If c1 ≡ c2, then F1 ≡ F2 and either

• G1F1 ≡ G2F2 and ρ1 = ρ2, or
• G1F1 ≡ G2F2 and ρ1 = 1− ρ2.

As done in (Thimm 2013), I will assume that knowledge
bases contain only normal conditionals.

If Mod(R) 6= ∅, R is called consistent. Given a consis-
tent knowledge base, we can draw probabilistic conclusions
in different ways. For example, we can consider the whole
set Mod(R) and compute probability intervals for arbitrary
formulas, see, e.g., (Nilsson 1986; Jaumard, Hansen, and
Poggi 1991). Another possible way is to select a single best
model from Mod(R) with respect to some evaluation func-
tion and to use it to compute point probabilities for arbitrary
(conditional) formulas, see, e.g., (Paris and Vencovská 1989;
Kern-Isberner 2001).

An inconsistency measure assigns a nonnegative incon-
sistency value to each knowledge base.

Definition 2.2. An inconsistency measure Inc is a function
Inc : 2(LΣ|LΣ) → R≥0 such that Inc(R) = 0 if and only if
R is consistent.
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Several interesting properties have been considered in the
literature to motivate and to compare different inconsistency
measures, see, e.g., (Knight 2002; Hunter and Konieczny
2006; Picado-Muiño 2011). An overview of inconsistency
measures for probabilistic logics and a comparison of some
of their properties can be found in (Thimm 2013).

Matrix representation of knowledge bases
Sometimes it is more convenient to represent the conditional
satisfaction constraints in matrix notation (Nilsson 1986;
Jaumard, Hansen, and Poggi 1991). Suppose that the pos-
sible worlds in Ω are ordered in an arbitrary but fixed se-
quence ω1, . . . , ωn, n = |Ω|, so that each probabilistic in-
terpretation P can be identified with a column vector ~π =
(P(ω1) . . .P(ωn))T, where the symbol T denotes transpo-
sition of vectors. The set of all probabilistic interpretations
of (LΣ|LΣ) corresponds to the set Πn = {~π ∈ Rn |~π ≥
~0 and

∑n
i=1 ~πi = 1}, where ≥ denotes componentwise in-

equality.
To compare vectors, we can consider different norms on

Rn. A p-norm is a function ‖.‖p : Rn → R, which is defined
by ‖~π‖p = p

√∑n
i=1 |~πi|p. The best known special cases are

the 1-norm ‖~π‖1 =
∑n
i=1 |~πi|, the euclidean norm ‖~π‖2 =

2
√∑n

i=1 ~π
2
i and the limit for p → ∞, the maximum norm

‖~π‖∞ = max{|~πi| | 1 ≤ i ≤ n}.
Recall that a probabilistic model of c satisfies the equation
P(GF) = ρ · P(F). Subtracting ρ · P(F) yields

0 = P(GF)− ρ · P(F)

= P(GF)− ρ · (P(GF) + P(GF))

= (1− ρ) · P(GF)− ρ · P(GF)

=
∑

ω∈Mod(GF)

P(ω) · (1− ρ)−
∑

ω∈Mod(GF)

P(ω) · ρ

=
∑
ω∈Ω

P(ω) · (1{GF}(ω) · (1− ρ)− 1{GF}(ω) · ρ),

where for a formula F the indicator function 1{F}(ω) maps
to 1 iff ω |=LΣ

F and to 0 otherwise. In vector notation this
equation becomes

~aTc ~π = 0,

where ~aTc is the transpose of the vector

(1{GF}(ωj) · (1− ρ)− 1{GF}(ωj) · ρ)1≤j≤n.

That is, the j-th component of ~aT is either 1−ρ,−ρ or 0 de-
pendent on whether the conditional is verified (1{GF}(ωj) =

1), falsified (1{GF}(ωj) = 1) or not applicable (ωj |=LΣ F)
in the j-th world.

Given a knowledge base R, suppose that the condition-
als in R are ordered in an arbitrary but fixed sequence
c1, . . . , cm, m = |R|, so that we can identify the i-th condi-
tional with a row vector ~aTi . Then we can associate R with
the (m× n)-matrix

AR =

~aT1. . .
~aTm

 .

Using the introduced notations, the question whetherR is
consistent becomes the question whether the linear equation
system ARx = 0 can be solved by a probability vector ~π ∈
Πn (Nilsson 1986; Jaumard, Hansen, and Poggi 1991).

3 Minimal Violation Measures
Given a knowledge base R over (LΣ|LΣ), the correspond-
ing matrix AR and some p-norm ‖.‖p as explained in Sec-
tion 2, we consider the following optimization problem:

min
~π∈Rn

‖AR~π‖p (1)

subject to
n∑
i=1

~πi = 1

~π ≥ 0.

The constraints just guarantee that the solution is a proba-
bilistic interpretation in Πn. The objective ‖AR~π‖p mea-
sures to which degree ~π violates R with respect to the p-
norm. The choice of p depends on the application. For p = 1
a lower total violation might be obtained but the violation
can be rather extreme. As p grows, higher violations are pe-
nalized more heavily. The following example illustrates this
behavior for the extreme cases p = 1 and p =∞.
Example 3.1. Consider the vectors v1 = ( 1

4
1
4

1
4

1
4 )T,

v2 = (0 0 0 1
2 )T in R4. v1 corresponds to a violation of

1
4 for four conditionals. In v2 no conditional but the last one
is violated. We have ‖v1‖1 = 1, ‖v2‖1 = 1

2 . Hence v2 is
preferable to v1 with respect to ‖.‖1, because the overall er-
ror is lower. In contrast, ‖v1‖∞ = 1

4 , ‖v2‖∞ = 1
2 . Hence v1

is preferable to v2 with respect to ‖.‖∞, because the highest
error is lower. Which behavior is more desirable, depends
on the specific application.

The minimal violation inconsistency measures are defined
by means of optimization problem (1). A vector ~π ∈ Πn

minimizing optimization problem (1) will be called minimal
violating in the following. If R is consistent, the minimal
violating ~π are the models of R. For inconsistent R, they
can be regarded to be as close to a model as possible.
Definition 3.2. For p ∈ N ∪ {∞} the minimal violation
p-inconsistency measure IncpΠ : 2(LΣ|LΣ) → R is defined
by IncpΠ(R) = ε, where ε is the solution of optimization
problem (1).
Proposition 3.3. IncpΠ is an inconsistency measure.

Proof. To begin with, we convince ourselves that IncpΠ is
well-defined. That is, there always exists a unique minimum
for optimization problem (1). The objective is the compo-
sition of a p-norm and the linear function induced by the
constraint matrix AR and therefore continuous and convex.
The feasible region of optimization problem (1) is the con-
vex and compact probability simplex. As each continuous
function on a compact set takes on its minimum, the mini-
mum exists. It is also unique, because the minimum for each
convex function on a convex set is unique.

It remains to show that IncpΠ is an inconsistency measure
as defined in Definition 2.2. By definition of optimization
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problem (1), it holds IncpΠ(R) ≥ 0. R is consistent if and
only if there is a ~π ∈ Πn such that AR~π = 0. Hence, by
definiteness of norms, it follows IncpΠ(R) = 0 if and only if
R is consistent.

Before investigating general properties of IncpΠ, we con-
sider some simple examples and explore differences be-
tween IncpΠ and the drastic measure (Hunter and Konieczny
2006; Thimm 2013), measures based on minimal inconsis-
tent sets (Hunter and Konieczny 2008; Thimm 2013) as well
as minimal change measures (Thimm 2009; Picado-Muiño
2011) that have been explained in Section 1.

Example 3.4. Consider Σ = {A} and the knowledge base
Rρ = {(A)[ρ], (A)[1 − ρ]} over Σ for 0 ≤ ρ ≤ 0.5. For
instance, R0.5 = {(A)[0.5], (A)[0.5]} = {(A)[0.5]} is con-
sistent and R0 = {(A)[0], (A)[1]} is inconsistent. Intu-
itively, the degree of inconsistency ofRρ should increase as
ρ decreases from 0.5 to 0. The following table shows some
inconsistency values ofRρ with respect to IncpΠ.

R0.5 R0.49 R0.4 R0.2 R0

Inc1
Π 0 0.02 0.2 0.6 1

Inc∞Π 0 0.01 0.1 0.3 0.5

Minimal change measures also capture this intuitive in-
crease of inconsistency. In contrast, the drastic measure and
inconsistency measures based on minimal inconsistent sets
cannot distinguish the knowledge basesRρ for 0 ≤ ρ < 0.5,
because all these Rρ are inconsistent and in each case the
only minimal inconsistent set isRρ itself.

Example 3.5. Consider Σ = {A,B} and the knowledge
baseR = {(A)[0.8], (B)[0.6], (B |A)[0.9]}. We find

Inc1
Π(R) ≈ 0.120 and Inc∞Π (R) ≈ 0.041.

Intuitively, we can conjecture that decreasing the probabil-
ity of A, increasing the probability of B or decreasing the
probability of B given A might resolve the contradiction.
We start by decreasing the probability of A and obtain for
R1 = {(A)[0.75], (B)[0.6], (B |A)[0.9]}

Inc1
Π(R1) ≈ 0.075 and Inc∞Π (R1) ≈ 0.025.

As suspected, the degree of inconsistency decreased. Next,
we increase the probability of B and obtain for R2 =
{(A)[0.75], (B)[0.65], (B |A)[0.9]}

Inc1
Π(R2) ≈ 0.024 and Inc∞Π (R2) ≈ 0.008.

Again, the degree of inconsistency decreased significantly.
Now we decrease the probability of B given A and obtain
forR3 = {(A)[0.75], (B)[0.65], (B |A)[0.85]}

Inc1
Π(R3) = 0 and Inc∞Π (R3) = 0.

HenceR3 yields a repair forR.
If we had no idea, which conditionals might have caused

the inconsistencies and in which way, we could try to adjust
probabilities arbitrarily. For example, if we increased the

probability of A in the first step instead of decreasing it, we
would obtain withR0 = {(A)[0.85], (B)[0.6], (B |A)[0.9]}

Inc1
Π(R0) ≈ 0.165 and Inc∞Π (R0) ≈ 0.057.

So the inconsistency values increased compared to our ini-
tial knowledge baseR and we can see that this is not a rea-
sonable adjustment. In the same way, we can learn that de-
creasing the probability of B or increasing the probability
of B given A aggravates the conflict.

In contrast, the drastic measure provides no interesting
information to resolve such inconsistencies. Measures based
on minimal inconsistent sets are more helpful. R is the only
minimal inconsistent set, so we could repair R by deleting
a single conditional. Furthermore, we learn that all condi-
tionals are in conflict with each other, so each adjustment
might be reasonable. However, R, R0 and R1 cannot be
distinguished by measures based on minimal inconsistent
sets, because in each case the knowledge base itself is the
only minimal inconsistent subset. Therefore, they cannot
provide information about reasonable adjustments, unless a
conflict has been resolved by the adjustment coincidentally.

The best choice in this scenario is admittedly a mini-
mal change measure, because it yields a best repair with-
out further ado. A best repair (there can be several)
computed by the measure from (Thimm 2009) is Ropt =
{(A)[0.752], (B)[0.648], (B |A)[0.86]}. As we will see
later on, minimal violation measures become superior to
minimal change measures for larger knowledge bases be-
cause of computational advantages.

4 Properties of Minimal Violation Measures
We now turn to some properties that have been consid-
ered interesting for inconsistency measures in the literature
(Knight 2003; Hunter and Konieczny 2006; Thimm 2013).

To give an intuitive overview, IncpΠ is language and rep-
resentation invariant. That is, the degree of inconsistency
of a knowledge base determined by IncpΠ is independent of
the number of propositional variables in the underlying lan-
guage and the syntactical representation of the conditionals.
IncpΠ is monotone and for p = 1 super-additive. The former
means that adding new conditionals can only increase the
degree of inconsistency. The latter means that if we combine
two knowledge bases, the inconsistency value of the com-
bined knowledge base is at least as large as the sum of both
single inconsistency values. Furthermore, IncpΠ is weakly
independent. That is, if we add consistent knowledge about
propositional variables that are not contained in our current
knowledge base, the inconsistency value does not increase.
The term weak stems from the fact that stronger indepen-
dence properties for inconsistent sets have been consid-
ered in the literature (Hunter and Konieczny 2006; Thimm
2013). Finally, IncpΠ is continuous. That is, small adjust-
ments in the probabilities of the knowledge base change
the corresponding inconsistency value only slightly. Some
other properties have been considered in (Knight 2003;
Hunter and Konieczny 2006; Thimm 2013), but in my opin-
ion the stated ones are among the most intuitive for prob-
abilistic knowledge bases and I leave it for future work to
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answer whether minimal violation measures satisfy or vio-
late further properties.

We need some additional notation in this section. For a
conditional c ∈ (LΣ|LΣ) let At(c) denote the atoms from
Σ that appear in c and for a knowledge base R let At(R)
denote the atoms appearing in R. Note that we can con-
sider the same knowledge base R with respect to different
languages (Σ′ |Σ′) as long as At(R) ⊆ Σ′. We will see
that the size of Σ′ does not influence the inconsistency value
with respect to IncpΠ, but to prove this fact, we have to make
a distinction between the same knowledge base in different
languages. For a knowledge base R that is defined with re-
spect to a language (LΣ|LΣ), I callR restricted to (Σ′ |Σ′)
if Σ′ ⊆ Σ and I callR lifted to (Σ′ |Σ′) if Σ ⊆ Σ′.

We first consider language invariance, which means that
changing our language does not change the inconsistency
value of a knowledge base (Knight 2003).

Lemma 4.1. Let V be a new propositional variable not con-
tained in Σ and let Σ′ = Σ ∪ {V }. Let R be a knowledge
base over (LΣ|LΣ) and let R′ denote R lifted to (Σ′ |Σ′).
Then IncpΠ(R) = IncpΠ(R′).

Proof. Let ω1, . . . , ωn be the ordered possible worlds over
Σ. Let ω′1, . . . , ω

′
n, ω

′
n+1, . . . , ω

′
2n denote the possible

worlds over Σ′, such that ω′i, ω
′
i+n correspond to ωi for the

variables in Σ, ω′1, . . . , ω
′
n falsify V , and ω′n+1, . . . , ω

′
2n sat-

isfy V . Note thatAR′ = (ARAR) by construction, because
R′ corresponds toR and does not contain V .

Let IncpΠ(R) = δ and let ~π∗ be minimal violating, i.e.,

‖AR~π∗‖p = δ. Then
(
~π∗

~0

)
∈ R2n corresponds to a proba-

bility function over the interpretations of Σ′ and

IncpΠ(R′) ≤ ‖ (ARAR)

(
~π∗

~0

)
‖p = ‖AR~π∗‖p

= IncpΠ(R).

Conversely, if IncpΠ(R′) = δ′ and
(
~π∗1
~π∗2

)
∈ R2n is minimal

violating, then (~π∗1 + ~π∗2) ∈ Rn corresponds to a probability
function over the interpretations of Σ and

IncpΠ(R) ≤ ‖AR(~π∗1 + ~π∗2)‖p = ‖AR~π∗1 +AR~π
∗
2‖p

= ‖ (ARAR)

(
~π∗1
~π∗2

)
‖p = IncpΠ(R′).

Hence, IncpΠ(R′) ≤ IncpΠ(R) ≤ IncpΠ(R′), that is, both
inconsistency values have to be equal.

Proposition 4.2 (Language invariance). LetR be a knowl-
edge base over (LΣ|LΣ) and let At(R) ⊆ Σ′. LetR′ denote
R over (Σ′ |Σ′). Then IncpΠ(R) = IncpΠ(R′).

Proof. For Σ ⊆ Σ′, the claim follows from Lemma 4.1 by
induction over the variables in Σ′ \ Σ.

For the general case, consider Σ′′ = Σ∩Σ′ and letR′′ ⊂
(Σ′′ |Σ′′) denote R restricted to (Σ′′ |Σ′′). Then Σ′′ ⊆ Σ
and Σ′′ ⊆ Σ′ and therefore IncpΠ(R′′) = IncpΠ(R) =
IncpΠ(R′).

A measure should also be invariant with respect to syn-
tactical changes of the conditionals (Knight 2003). This
property has also been called irrelevance of syntax (Thimm
2013).

Proposition 4.3 (Representation invariance). Let R1,R2

be knowledge bases over (LΣ|LΣ). If R1 ≡ R2, then
IncpΠ(R1) = IncpΠ(R2).

Proof. As R1 ≡ R2, there is a bijection B : R1 → R2

such that c ≡ B(c) for each c ∈ R1. Consider an arbitrary
conditional c1 ∈ R1 such that B(c1) = c2. For i = 1, 2 let
ci = (Gi | Fi)[ρi] and let ~aTi denote the corresponding con-
straint vectors. By Lemma 2.1, there are two possible cases.
If G1F1 ≡ G2F2 and ρ1 = ρ2, then ~aT1 = ~aT2 . Otherwise,
if G1F1 ≡ G2F2 and ρ1 = 1 − ρ2, then also G2F2 ≡ G1F1

because ≡ is symmetric. Therefore, for the j-th component
of the constraint vectors it holds

(~aT1 )j = 1{G1F1}(ωj) · (1− ρ1)− 1{G1F1}(ωj) · ρ1

= 1{G2F2}(ωj) · ρ2 − 1{G2F2}(ωj) · (1− ρ2)

= −(1{G2F2}(ωj) · (1− ρ2)− 1{G2F2}(ωj) · ρ2)

= −(~aT2 )j .

Hence ~aT1 = −~aT2 and |~aT1~π| = | − ~aT2~π| = |~aT2~π| for all
~π ∈ Rn. As c1 ∈ R1 was arbitrary, it follows IncpΠ(R1) =
IncpΠ(R2).

Monotonicity states that if we add additional condition-
als to a knowledge base, the degree of inconsistency cannot
decrease (Hunter and Konieczny 2006; Thimm 2013).

Proposition 4.4 (Monotonicity). Let R,R′ be knowledge
bases over (LΣ|LΣ). If R′ ⊆ R, then IncpΠ(R′) ≤
IncpΠ(R).

Proof. Let {1, . . . ,m} denote the indices of the conditionals
in R′ and let {m + 1, . . . ,m + k} denote the indices of
the additional conditionals in R \ R′. Let ~aTi denote the
corresponding row vectors and let ~π be minimal violating
forR. Then

IncpΠ(R′) ≤ p

√√√√ m∑
i=1

|~aTi ~π|p ≤
p

√√√√m+k∑
i=1

|~aTi ~π|p

= IncpΠ(R).

For p = 1, IncpΠ also satisfies a stronger property that has
been called super-additivity in (Thimm 2013).

Proposition 4.5 (Super-Additivity). LetR1,R2 be knowl-
edge bases over (LΣ|LΣ). IfR1∩R2 = ∅, then Inc1

Π(R1∪
R2) ≥ Inc1

Π(R1) + Inc1
Π(R2).

Proof. Let {1, . . . ,m1} denote the indices of the condition-
als inR1, and let {m1 +1, . . . ,m1 +m2} denote the indices
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of the conditionals in R2. Let ~aTi denote the corresponding
row vectors. Then

Inc1
Π(R1 ∪R2) = min

~π∈Rn
(

m1∑
i=1

|~aTi ~π|+
m1+m2∑
i=m1+1

|~aTi ~π|)

≥ ( min
~π∈Rn

m1∑
i=1

|~aTi ~π|) + ( min
~π∈Rn

m1+m2∑
i=m1+1

|~aTi ~π|)

= Inc1
Π(R1) + Inc1

Π(R2).

Remark 4.6. For p > 1 super-additivity can be violated.

If we add consistent knowledge about propositional vari-
ables that were not contained in our knowledge base before,
we should expect that the knowledge base does not become
more inconsistent. This intuition is captured by weak inde-
pendence (Thimm 2013).

Proposition 4.7 (Weak Independence). Let R1,R2 be
knowledge bases over (LΣ|LΣ). If R2 is consistent and
At(R1) ∩At(R2) = ∅, then IncpΠ(R1) = IncpΠ(R1 ∪R2).

Proof. Let P1 be minimal violating for R1 and let P2 be a
model of R2. Let Σ1 = At(R1) and Σ2 = Σ \ Σ1. For
i = 1, 2, let Ci = {c ∈ LΣ | c =

∧
α∈Σi

αbα , bα ∈ {0, 1}}
denote the set of complete conjunctions over Σi, where
α0 = α and α1 = α for each atom α ∈ Σ. Note that
Σ = Σ1 ] Σ2, hence we can identify each interpretation
ω ∈ Ω with the (unique) complete conjunction c1c2 that is
satisfied by ω, where c1 ∈ Σ1, c2 ∈ Σ2.

Now consider the function P : Ω → R defined by
P(c1c2) = (

∑
c2∈Σ2

P1(c1c2))(
∑
c1∈Σ1

P2(c1c2)). As P1

and P2 are nonnegative, so is P . Also, P(c1c2) ≤ 1 by
normalization of P1 and P2. Furthermore,

P(Ω) =
∑
c1∈Σ1

∑
c2∈Σ2

P(c1c2)

=
∑
c1∈Σ1

(
∑
c2∈Σ2

P1(c1c2))︸ ︷︷ ︸
=1

∑
c2∈Σ2

(
∑
c1∈Σ1

P2(c1c2))︸ ︷︷ ︸
=1

= 1,

hence P : Ω → [0, 1] is normalized and therefore a proba-
bilistic interpretation of (LΣ|LΣ).

A formula F over Σ1 is satisfied by c1c2 if and only if F
is satisfied by c1. Therefore,

P(F ) =
∑
c1∈Σ1

∑
c2∈Σ2

P(c1c2) 1{F}(c1)

=
∑
c2∈Σ2

(
∑
c1∈Σ1

P2(c1c2))︸ ︷︷ ︸
=1

∑
c1∈Σ1

(
∑
c2∈Σ2

P1(c1c2) 1{F}(c1))︸ ︷︷ ︸
=P1(F )

= P1(F ).

Hence, P coincides withP1 for formulas over Σ1 and analo-
gously it follows that P coincides with P2 for formulas over

Σ2. Therefore, if we denote by ~π, ~π1, ~π2 the probability vec-
tors corresponding to P,P1,P2, it holds ~aTc ~π = ~aTc ~π1 for
all c ∈ R1 and ~aTc ~π = ~aTc ~π2 = 0 for all c ∈ R2. Hence,
if we number the conditionals in R1 by 1, . . . ,m and the
conditionals inR2 by m+ 1, . . . ,m+ k, we find

min
~π∈Rn

‖AR1∪R2~π‖p ≤
p

√√√√m+k∑
i=1

|~aTi ~π|p

= p

√√√√ m∑
i=1

|~aTi ~π1|p + 0 = IncpΠ(R).

Hence, IncpΠ(R1 ∪ R2) ≤ IncpΠ(R1). By monotonicity
(Proposition 4.4), it also holds IncpΠ(R1) ≤ IncpΠ(R1∪R2)
and therefore IncpΠ(R1) = IncpΠ(R1 ∪R2).

As a desirable property of inconsistency measures for
probabilistic knowledge bases, Thimm (2009) considered
continuity. The intuitive idea is that if we change the prob-
abilities in a knowledge base slightly, the corresponding
inconsistency value should change only slightly, too. Let
R[~ρ] = 〈(G1 | F1)[~ρ1], . . . , (Gm | Fm)[~ρm]〉 denote an or-
dered knowledge base with conditional probabilities ~ρ ∈
Rm.

Proposition 4.8 (Continuity). If limk→∞ ~ρk = ~ρ, then
limk→∞ IncpΠ(R[~ρk]) = IncpΠ(R[~ρ]).

Proof. Let R = R[~ρ] be a knowledge base and let (~ρk)
be a sequence in Rm such that limk→∞ ~ρk = ~ρ. Let
AR be the matrix with row vectors ~aTi corresponding to
R. Let Ak denote the matrix with row vectors ~aki

T =
(1{GF}(ωj) · (1 − ~ρki) − 1{GF}(ωj) · ~ρki)1≤j≤n corre-
sponding to R[~ρk]. The linearity of the limit implies that
limk→∞ ~aki

T = ~ai
T and that limk→∞ ~aki

T~π = ~ai
T~π for all

~π ∈ Rn. Hence, limk→∞Ak = AR and limk→∞Ak~π =
AR~π. Finally, by continuity of the p-norm, it follows that
limk→∞ ‖Ak~π‖p = ‖AR~π‖p. As ~π ∈ Rn was arbitrary, it
follows limk→∞ IncpΠ(R[~ρk]) = IncpΠ(R[~ρ]).

5 Computing Minimal Violation Measures
In this section, we explore how IncpΠ can be computed and
how its computational performance relates to other mea-
sures. In general, computing IncpΠ corresponds to a convex
optimization problem. Various approved algorithms exist to
solve such problems, see (Boyd and Vandenberghe 2004)
for an overview. For p = 1 and p = ∞, IncpΠ can be
computed by linear programs, as I show in the following.
The key idea of introducing auxiliary variables stems from
unconstrained norm optimization problems (Boyd and Van-
denberghe 2004).

For p = 1, we introduce a new vector ~y ∈ Rm containing
an auxiliary variable ~yi for each conditional. Basically, the
auxiliary variables ~yi measure the error for the i-th condi-
tional with respect to the 1-norm.
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Proposition 5.1. Inc1
Π(R) can be computed by solving the

following linear program:

min
(~π, ~y)∈Rn+m

m∑
i=1

~yi (2)

subject to
n∑
i=1

~πi = 1

−~y ≤ AR~π ≤ ~y
~y ≥ 0

~π ≥ 0.

Proof. Along the same line of reasoning as for Proposition
3.3, it follows that (2) has a unique solution. It remains to
show that optimization problem (2) yields the same solution
as optimization problem (1) for p = 1 and arbitrary R over
(LΣ|LΣ).

To begin with, let ε be an optimal solution of (1). Then
there is a ~π ∈ Πn such that ε = ‖AR~π‖1 =

∑m
i=1 |~aTi ~π|.

Let ~y ∈ Rm be defined by ~yi = |~aTi ~π|. Then
(
~π
~y

)
is feasible

for (2), hence its optimum is at most
∑m
i=1 ~yi = ε.

Conversely, suppose that
∑m
i=1 |~yi| is optimal for (2) and

that
(
~π
~y

)
is an optimal point. Then ~π is feasible for (1)

and its optimum is at most ‖AR~π‖1 =
∑m
i=1 |~aTi ~π| ≤∑m

i=1 |~yi|.
Hence both optima have to be equal.

For p =∞, it suffices to introduce a single auxiliary vari-
able y ∈ R, because the maximum norm measures the max-
imum error with respect to all conditionals. In the following
proposition, y~1 denotes multiplication of the vector~1 ∈ Rm
(that contains only ones) by the scalar y.
Proposition 5.2. Inc∞Π (R) can be computed by solving the
following linear program:

min
(~π, y)∈Rn+1

y (3)

subject to
n∑
i=1

~πi = 1

−y~1 ≤ AR~π ≤ y~1
y ≥ 0

~π ≥ 0.

The proof is analogous to the last one and therefore left
out.

Performance Evaluation
To test the computational performance of different mea-
sures, I computed inconsistency values for three test sets
each of which contained nine knowledge bases and com-
pared the runtime results. In each test set, from one knowl-
edge base to the next, the number of conditionals and the
size of the language was increased to capture the sensitivity
of different measures with respect to the problem size. From

Test Set |Σi| |Ωi| |Ri|
A 2i 4i 3i
B 2i 4i 3 for i = 1, 4i− 1 for i > 1
C 2i 4i 3 for i = 1, 5i− 2 for i > 1

Table 1: Number of propositional variables |Σi|, worlds |Ωi|
and conditionals |Ri| in test sets A, B and C. For instance,
|RA1 | = 3, |RC9 | = 5 · 9− 2 = 43, |ΩC9 | = 49 = 218.

one test set to the next, the number of conflicts between vari-
ables was increased to capture the sensitivity with respect to
stronger correlations between the variables. The test sets
were build up inductively as described in the following.

Test Set A: The first (inconsistent) knowledge base RA1
contains three conditionals built up over two variables. ΣAi
and RAi are obtained from ΣAi−1 and RAi−1 by adding a new
copy of the variables in ΣA1 and the conditionals inRA1 .

ΣA1 = {A1, B1},
RA1 = {(A1)[0.8], (B1)[0.6], (B1 |A1)[0.8]},
ΣAi = ΣAi−1 ∪ {Ai, Bi}, i > 1,

RAi = RAi−1 ∪ {(Ai)[0.8], (Bi)[0.6], (Bi |Ai)[0.8]}, i > 1.

Test Set B: For i > 1 the knowledge basesRBi differ from
RAi by a new conflicting conditional that connects Bi and
Ai−1. In this way all variables in test set B are correlated,
whereas {Ai, Bi} and {Aj , Bj} are independent for i 6= j
in test set A.

ΣBi = ΣAi , i ∈ N,
RB1 = RA1 ,
RBi = RAi ∪ {(Bk |Ak−1)[0.85] | 2 ≤ k ≤ i}, i > 1.

Test Set C: Compared to test set B, test set C contains yet
another conflicting conditional between consecutive sets.

ΣCi = ΣAi , i ∈ N,
RC1 = RA1 ,
RCi = RBi ∪ {(Ai |Bi−1)[0.1] | 2 ≤ k ≤ i}, i > 1.

Table 1 summarizes the calculation rules for the size of
the knowledge bases and the corresponding languages.

Implementations: I used LPSolve1, which is based on the
Simplex algorithm, to compute Inc1

Π and Inc∞Π . To compare
the performance to other measures, I applied three proto-
typical implementations of the drastic measure (Hunter and
Konieczny 2006; Thimm 2013), the MI measure (Hunter
and Konieczny 2008; Thimm 2013) that counts the number
of minimal inconsistent sets and the minimal change mea-
sure from (Thimm 2009).

1http://lpsolve.sourceforge.net
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The drastic measure was computed by Phase 1 of the
Simplex algorithm, which basically searches for a feasi-
ble solution. State of the art solvers for the probabilistic
satisfiability problem apply more sophisticated techniques
to speed up the computation (Hansen and Perron 2008;
Cozman and Ianni 2013), but these can be applied to com-
pute Inc1

Π and Inc∞Π as well. Therefore, Phase 1 of the Sim-
plex algorithm seems to be a reasonable baseline in this test
series.

To find all minimal inconsistent sets, increasing subsets of
the knowledge base were generated in lexicographic order.
Each inconsistent subset was stored. The lexicographic or-
der guaranteed minimality and that no supersets of minimal
inconsistent sets were considered as candidates. To check
consistency, again Phase 1 of the Simplex algorithm was
applied. There already exist very sophisticated algorithms
for enumerating minimal inconsistent sets for classical log-
ics (Konieczny and Roussel 2013), but these rely on the fact
that classical knowledge bases can be transformed into a sin-
gle formula in conjunctive normal form. This fact, however,
does not transfer to probabilistic logics.

The minimal change measure from (Thimm 2009) was
computed by an implementation in the expert system shell
MECore2 (Finthammer et al. 2009). It is based on JCobyla3,
a Java implementation of Cobyla that approximates the non-
convex optimization problem by linear programs (Powell
1994). There already exists an implementation of the mea-
sure from (Thimm 2009) in the Tweety library4, but it relies
on external libraries and is difficult to set up. Therefore,
it was not used. Other methods might perform better than
Cobyla, but to the best of my knowledge there are no algo-
rithms for constrained non-convex problems that can han-
dle more than a few thousand optimization variables and the
used knowledge bases induced up to 218 variables.

Figure 1 visualizes the runtime results. Note that the y-
axis ranges to 10 seconds for test set A and B, but to 20
seconds for test set C. Execution was canceled if algorithms
required more than 5 minutes to compute an inconsistency
value.

Interpretation of Performance Results: The runtime for
each algorithm in each test set in Figure 1 grows exponen-
tially from one knowledge base to the next, because the
number of optimization variables corresponds to the num-
ber of worlds |Ω| that is exponential in the size of |Σ|. Note
that |Ω| quadruples from one knowledge base to the next
one. Inc1

Π, Inc∞Π and the drastic measure scale much better
than the minimal change measure and the minimal inconsis-
tent set measure. In the next subsection, I summarize some
empirical estimates from (Boyd and Vandenberghe 2004;
Matousek and Gärtner 2007) for typical optimization algo-
rithms that support these results.

Also note that the minimal inconsistent set measure is
more sensitive with respect to the size of the knowledge

2The measure was implemented by Sebastian Lewalder in his
ongoing bachelor thesis.

3https://github.com/cureos/jcobyla
4http://tweety.sourceforge.net

Figure 1: Runtime results in seconds (y-axis) for knowledge
bases of increasing size (x-axis): Minimal change (MinC,
red), minimal inconsistent sets (MI, green), Inc1

Π (Vio1, or-
ange), Inc∞Π (VioMax, yellow), drastic (Dra, blue) measure.

base. For example, when comparing test set A and B, the
runtime for linear programs increases by at most 50 percent
for all knowledge bases, whereas the runtime for the min-
imal inconsistent set measure triples from RA3 to RB3 and
quadruples from RA4 to RB4 . This observation corresponds
to the fact that the number of possible candidates for min-
imal inconsistent subsets increases exponentially with the
size of the knowledge base.

On Computational Complexity
Finding reasonable estimates for the performance of incon-
sistency measures is difficult, because it depends heavily on
the applied algorithm and the structure of the knowledge
base at hand. For example, one can construct examples
where the Simplex algorithm requires an exponential num-
ber of iterations, even though it often performs faster than
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algorithms with a polynomial runtime guarantee in practice
(Matousek and Gärtner 2007). In this section, I summa-
rize some empirical estimates for typical optimization algo-
rithms to provide some intuition for the practical difficulty
of different measures.

Empirical estimates: Practical experiments indicate that
linear programs can be solved by the Simplex algorithm in
about 2m to 3m iterations (Matousek and Gärtner 2007),
where m is the number of constraints after transforming the
problem to a standard form consisting of equations and non-
negativity constraints. Each iteration usually causes costs in
the order of |Ω| |R|, so that the overall cost can be regarded
as in the order of |Ω| |R|2.

For convex programs, Boyd and Vandenberghe (2004) es-
timate 10 to 100 iterations with cost max{|Ω|3, |Ω|2 |R|}
per iteration when using interior-point methods. For the spe-
cial case of p = 2, Inc2

Π corresponds to a quadratic program-
ming problem that can be solved in the order of |Ω|2 |R|
(Boyd and Vandenberghe 2004). Algorithms for non-convex
programs can also be applied to convex programs, but usu-
ally are less efficient, because they rely on mechanisms to
avoid (non-global) local minima. Therefore, one can expect
that their computational cost is at least |Ω|3.

Practical Implications: As the number of worlds grows
exponentially with the number of propositional variables,
|Ω| usually dominates the size of the optimization problems.
Therefore, one can expect to compute the drastic measure,
Inc1

Π and Inc∞Π with linear complexity, Inc2
Π with quadratic

complexity and IncpΠ for p > 2 with cubic complexity with
respect to |Ω|. For linear programs, several techniques can
be applied to reduce the exponential influence of |Ω| (Jau-
mard, Hansen, and Poggi 1991; Hansen and Perron 2008;
Cozman and Ianni 2013). The key idea is that only m
columns of the (m × n) constraint matrix have to be stored
and in each iteration one column has to be switched. Select-
ing a good column from the n−m possible candidates is the
crucial problem.

Several measures rely on computing all minimal incon-
sistent sets (Hunter and Konieczny 2008; Thimm 2013). If
#MI denotes the number of minimal inconsistent sets in a
knowledge base, then we need to perform at least #MI satis-
fiability tests to verify their inconsistency. Based on the esti-
mate |R|2 |Ω| for probabilistic satisfiability tests, the cost for
computing minimal consistent sets is at least #MI |R|2 |Ω|.

As explained above, computing the non-convex problems
corresponding to minimal change measures as introduced in
(Thimm 2009) and (Picado-Muiño 2011) is at least as ex-
pensive as solving convex problems. Therefore, their com-
putational cost can be expected to be greater than |Ω|3.

Table 2 summarizes the size of the optimization problems
and the explained estimates for their practical computational
cost. 2|R| optimization variables for Inc1

Π and Inc∞Π corre-
spond to slack variables that have to be generated to trans-
form the problem into a normal form for the Simplex al-
gorithm. For the same reason the number of constraints is
increased.

Note, however, that the mere number of optimization vari-
ables n and constraints m can be misleading when compar-

Measure n m Estimate
Drastic |Ω|+ |R| |R|+ 1 ∼ nm2

Inc∞Π |Ω|+ 2|R|+ 1 2|R|+ 1 ∼ nm2

Inc1
Π |Ω|+ 3|R| 2|R|+ 1 ∼ nm2

Inc2
Π |Ω| 1 ∼ n2 m

IncpΠ, p > 2 |Ω| 1 ∼ n3

MI |Ω|+ |R| |R|+ 1 > #MInm2

MinChange |Ω|+ |R| 3|R|+ 1 > n3

Table 2: Number of optimization variables n, number
of constraints m (without non-negativity constraints) and
rough performance estimates for different measures. #MI
denotes the number of minimal inconsistent sets. Perfor-
mance estimates are based on empirical values from (Boyd
and Vandenberghe 2004; Matousek and Gärtner 2007) for
typical optimization algorithms.

ing two algorithms. For example, as Table 2 shows, the over-
all number of variables n is smaller for Inc∞Π than for Inc1

Π.
But whereas the single auxiliary variable for Inc∞Π appears
in 2|R| constraints, each of the |R| auxiliary variables for
Inc1

Π appear in only 2 constraints (c.f. Proposition 5.1 and
5.2). Therefore, the variables are looser correlated for Inc1

Π

and, indeed, Inc∞Π is slightly outperformed by Inc1
Π in Fig-

ure 1 for test sets B and C.

6 Conclusion and Future Work
As shown in Section 4, minimal violation measures sat-
isfy many desirable properties that have been considered in
the literature (Knight 2003; Hunter and Konieczny 2006;
Thimm 2013). In contrast to the naive drastic measure or
measures based on minimal inconsistent sets (Hunter and
Konieczny 2008; Thimm 2013), minimal violation mea-
sures take the numerical structure of probabilistic knowl-
edge bases into account and in this way provide a more
fine-grained insight into inconsistencies, as demonstrated
in Examples 3.4 and 3.5. When applied as a guide to re-
pair knowledge bases, they can never yield better theoretical
guarantees than measures based on minimal changes, be-
cause these yield the best repair by definition (Thimm 2009;
Picado-Muiño 2011). However, the lack of efficient al-
gorithms for constrained non-convex problems prevents us
from computing minimal change measures for larger knowl-
edge bases. As explained in Section 5, minimal violation
measures possess better computational properties. In par-
ticular, Inc1

Π and Inc∞Π stand out among conventional mea-
sures for probabilistic logics, because they provide similar
good performance guarantees like the naive drastic measure,
while measuring the degree of inconsistency continuously.

One long term goal of this work is resolving inconsisten-
cies in probabilistic knowledge bases with methods that are
better guided than purely heuristic approaches and that pro-
vide better computational properties than minimal change
approaches. A first algorithm based on minimal violation
measures might iterate over the conditionals, check whether
an adaptation yields an improvement in the inconsistency
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value and select the best adaptation as illustrated in Example
3.5. To speed up repeated computations of Inc1

Π and Inc∞Π ,
column generation techniques can be applied (Hansen and
Perron 2008). In future work such an algorithm shall be im-
plemented and evaluated in the expert system shell MECore
(Finthammer et al. 2009).

It might also be interesting to ask whether the minimal
violating interpretations can be used to infer reasonable in-
formation from contradictory knowledge bases. The mini-
mal violating interpretations yield a compact and convex set
just like the models of consistent knowledge bases. There-
fore, computing probabilities from minimal violating in-
terpretations of inconsistent knowledge bases can be per-
formed like computing probabilities from the models of con-
sistent knowledge bases. However, the question remains
whether the computed probabilities yield reasonable results
and whether they can be justified by some rationales.

For p = 1, p = 2 and p = ∞, Java-implementations of
IncpΠ are made available in the Tweety library5 (they can be
found in the package net.sf.tweety.logics.pcl.analysis. Note
that LPSolve6 has to be installed and configured properly to
use Inc1

Π and Inc∞Π ).
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