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This paper shows that the stream models introduced by Nakazawa and Katsumata can be adapted to a
typed setting. A variant of the type system of van Bakel, Barbanera, and de’Liguoro for an extension
of the Λµ-calculus, called Λµcons, is sound and complete with respect to the stream models. It is
proved that any individual stream model with whole function spaces and infinite domains for base
types characterizes the extensional equality of Λµcons. This result corresponds to Friedman’s theorem
for the simply-typed λ -calculus and the full type hierarchies.

1 Introduction

Parigot’s λ µ-calculus was originally introduced as a term assignment system for the classical natural
deduction in [12], and a lot of typed and untyped variants have been widely studied from both sides of
logic and computer science. Regarding untyped variants, Saurin showed that a slight extension, called
the Λµ-calculus, enjoys the separation theorem, which does not hold for the original λ µ-calculus as
shown by David and Py [4].

For the untyped Λµ-calculus, Nakazawa and Katsumata [9] gave a class of extensional models,
called stream models, which consist of two domains, D of individual data and S of streams, satisfying
the domain equations: S = D×S and D = S → D. It can be seen as a restriction of Streicher and Reus’s
continuation semantics [16] by identifying D and the domain of “results”. It is shown in [10] that the
untyped Λµ-calculus (and its extension Λµcons) is sound and complete for the stream models.

In this paper, the stream models are adapted to a typed setting. We consider a type system for the
calculus Λµcons in [10], which is based on the type systems introduced in [18, 19, 5] and extended by re-
stricted forms of recursive types for streams. The results of this paper are: (1) we introduce stream models
for the typed Λµcons, (2) we prove soundness and completeness, and (3) we prove that the extensional
equality of the typed Λµcons is characterized by any individual stream model with whole function spaces
and infinite domains for base types. The third result is proved by means of the fundamental lemma for
the logical relations on the stream models, and corresponds to Friedman’s theorem for the simply typed
λ -calculus and the full type hierarchies. Furthermore, we discuss an extension of the calculus and the
stream models with typed fixed-point operators.

2 Type System for Λµcons

First, we introduce the typed variant of the calculus Λµcons in [10].
The calculus Λµcons is a conservative extension of the Λµ-calculus [14] with explicit stream syntax.

In [10], we introduced the untyped Λµcons in order to consider a reduction system and to construct the
open term model as a stream model. We will straightforwardly construct an open term model from the
typed Λµcons as a stream model in the following sections, and the open term model plays a main role
in the proof of Friedman’s theorem. The calculus Λµcons is also close to the λ µ-calculus considered in
[16], which explicitly has the expressions for continuations but no cdr operator.



2 Extensional Models of Typed Lambda-mu Calculus

Definition 2.1 (Terms and streams) We are supposed to have two sorts of variables: term variables,
denoted by x,y,z, · · · , and stream variables, denoted by α,β , · · · . The set of the term variables and the
stream variables are denoted by TV and SV, respectively.

The terms and the streams of Λµcons are defined as

t,u ::= x | λx.t | tu | µα .t | tS | carS S ::= α | t :: S | cdrS.

The set of the Λµcons-terms and the set of Λµcons-streams are denoted by Tm and St, respectively.
Occurrences of x in λx.t and occurrences of α in µα.t are considered to be bound. A variable occurrence
which is not bound is called free.

The type assignment system for Λµcons given here is inspired by the type systems in [18, 19] for the
λ µ-calculus and in [5] for the Λµ-calculus, and adopting recursive types to represent types of streams
similarly to [7]. The types of streams will be introduced as non-empty lists of types of individual data
such as [δ0,δ1], which is a special case of recursive types and is just an abbreviation for µχ .δ0 ×δ1 ×χ .
Hence, the stream type [δ0,δ1] intuitively represents the infinite product type δ0 ×δ1 ×δ0 ×δ1 ×·· · . In
the following sections, the semantical discussion will be done for such infinite product types, called the
expanded types in this paper, and we adopt the expression such as [δ0,δ1] for stream types only for the
syntactic finiteness of the type system. The following axiomatization for the equivalence on the stream
types are based on the idea borrowed from well-known results for recursively defined trees in [13, 8, 1, 2].

Definition 2.2 (Type assignment for Λµcons) The types consist of two sorts, term types and stream types,
which are inductively defined as

δ ::= X | σ → δ σ ::= [δ0, · · · ,δn−1] | δ ×σ ,

where X ranges over base types, and [δ0, · · · ,δn−1] is a non-empty finite list of types. The relation ∼ on
the types and the stream types is defined as the smallest compatible equivalence relation satisfying the
following rule schemata.

[δ0, · · · ,δn−1]∼ δ0 × [δ1, · · · ,δn−1,δ0]
(Fld)

δ0 ×·· ·×δn−1 ×σ ∼ σ
[δ0, · · · ,δn−1]∼ σ

(Ctr)

A term context Γ and a stream context ∆ are finite lists of pairs of the form (x : δ ) and (α : σ),
respectively, in which each variable occurs at most once.

The typing rules of Λµcons are the following.

Γ,x : δ | ∆ ⊢ x : δ
(Ax)

Γ | ∆,α : σ ⊢ α : σ
(SAx)

Γ,x : δ | ∆ ⊢ t : σ → δ ′

Γ | ∆ ⊢ λx.t : δ ×σ → δ ′ (Lam)
Γ | ∆ ⊢ t : δ ×σ → δ ′ Γ | ∆ ⊢ u : δ

Γ | ∆ ⊢ tu : σ → δ ′ (App)

Γ | ∆,α : σ ⊢ t : δ
Γ | ∆ ⊢ µα .t : σ → δ

(Mu)
Γ | ∆ ⊢ t : σ → δ Γ | ∆ ⊢ S : σ

Γ | ∆ ⊢ tS : δ
(SApp)

Γ | ∆ ⊢ t : δ Γ | ∆ ⊢ S : σ
Γ | ∆ ⊢ t :: S : δ ×σ

(Cons)

Γ | ∆ ⊢ S : δ ×σ
Γ | ∆ ⊢ carS : δ

(Car)
Γ | ∆ ⊢ S : δ ×σ
Γ | ∆ ⊢ cdrS : σ

(Cdr)
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Γ | ∆ ⊢ t : δ δ ∼ δ ′

Γ | ∆ ⊢ t : δ ′ (TEq)
Γ | ∆ ⊢ S : σ σ ∼ σ ′

Γ | ∆ ⊢ S : σ ′ (SEq)

In the following, we suppose that each term (stream) variable is assigned a fixed term (stream, respec-
tively) type, that is, we adopt the so-called Church-style. The variable x assigned the type δ is also
denoted by xδ . For terms and streams, we also use the annotation such as tδ and Sσ to make their types
explicit.

Definition 2.3 (Extensional equality) The axiom schema of Λµcons are the following:

(λx.t)u = t[x := u] (βT )

(µα.t)S = t[α := S] (βS)

λx.tx = t (ηT )

µα .tα = t (ηS)

(carS) :: (cdrS) = S (surj)

car(t :: S) = t (car)

cdr(t :: S) = S (cdr)

t(u :: S) = (tu)S (assoc)

where t contains no free x in (ηT ) and t contains no free α in (ηS). The reflexive, symmetric, transitive,
and compatible relation =Λµcons is defined from the above axiom schema. The relation Γ | ∆ ⊢ t1 = t2 : δ
means that Γ | ∆ ⊢ ti : δ (i = 1,2) and t1 =Λµcons t2 hold. For simplicity, we write just t1 =Λµcons t2 to mean
Γ | ∆ ⊢ t1 = t2 : δ for some Γ, ∆, and δ .

We use the following abbreviations

cdr0 S ≡ S cdri+1 S ≡ cdr(cdri S) cadri(S)≡ car(cdri S)

for i ≥ 0. We have cadri(t0 :: t1 :: · · · :: tn :: α) =Λµcons ti for (0 ≤ i ≤ n).
In Λµcons, the µ-rule (µα.t)u = µβ .t[α := u :: β ] is admissible as follows.

(µα .t)u =Λµcons µβ .(µα .t)uβ (ηS)

=Λµcons µβ .(µα .t)(u :: β ) (assoc)

=Λµcons µβ .t[α := u :: β ] (βS).

Intuitively, each stream type represents a infinite product of term types, which is defined as the
expanded types as follows.

Definition 2.4 1. The expanded types are defined by

δ ::= X | σ → δ σ ::= Πi∈Nδi

We use the notation δ0 ×·· ·× δn−1 ×Πi∈Nδ ′
i also for the expanded types to denote the infinite product

Πi∈Nδ ′′
i such that

δ ′′
i =

{
δi 0 ≤ i < n
δ ′

i−n i ≥ n



4 Extensional Models of Typed Lambda-mu Calculus

2. Given a stream type σ and i ∈ N, we define (σ)i by

([δ0, · · · ,δn−1])i = δimodn (δ ×σ)i =

{
δ (i = 0)
(σ)i−1 (i > 0),

where imodn denotes the remainder of the division of i by n. We also define the function (σ)i for the
expanded types as (Π j∈Nδ j)i = δi.

3. The expansion of the types is the following function from the types to the expanded types.

⟨|X |⟩= X ⟨|σ |⟩= Πi∈N ⟨|(σ)i|⟩ ⟨|σ → δ |⟩= ⟨|σ |⟩ → ⟨|δ |⟩

Note that the relation ⊏ defined as

σ ⊏ σ → δ δ ⊏ σ → δ δi ⊏ Πi∈Nδi

is a well-founded order, and we will use the induction on this order.
The following is shown in [10].

Proposition 2.5 δ ∼ δ ′ (σ ∼ σ ′) iff ⟨|δ |⟩= ⟨|δ ′|⟩ (⟨|σ |⟩= ⟨|σ ′|⟩, respectively).

As we will discuss in Section 6, the types of Λµcons can be seen as a restriction of the types of ΛS

of [11], but, regarding typability, Λµcons is not less than ΛS . Furthermore, it has some fundamental
properties such as subject reduction and strong normalization for a reduction system for Λµcons [10].

3 Stream Models for Typed Λµcons

The idea of the stream models is adapted to the typed Λµcons.
In the following, we consider families of sets A δ indexed by the expanded types, and the terms of

type δ is interpreted as elements in A ⟨|δ |⟩. For simplicity, we do not distinguish the notation for the types
and the expanded types, using the notation A δ for A ⟨|δ |⟩.

Definition 3.1 1. A stream pre-model A for the typed Λµcons consists of the following:

• {A δ}δ and {A σ}σ : families of sets indexed by the expanded types.

• A function (⋆σ ,δ ) : A σ→δ ×A σ → A δ for each σ and δ such that

∀ f ,g ∈ A σ→δ .[∀s ∈ A σ .[ f ⋆σ ,δ s = g⋆σ ,δ s]⇒ f = g].

• A bijection (::δ ,σ ) from A δ ×A σ to A δ×σ for each δ and σ , the inverse of which consists of the
projection functions ⟨Carδ ,σ ,Cdrδ ,σ ⟩.

We often omit type annotations for the operators (⋆), (::), Car, and Cdr. For any stream pre-model, we
define the i-th projection function πi : A σ → A (σ)i for each i ≥ 0 as πi(s) = Car(Cdri s).

2. For a stream pre-model A , an environment on A is a map from variables to A such that ρ(xδ ) ∈
A δ for each xδ ∈ TV and ρ(ασ ) ∈ A σ for each ασ ∈ SV. The set of environments on A is denoted by
EnvA .

3. A stream model A is a stream pre-model equipped with the meaning function [[·]] such that the
following hold:

• [[xδ ]]ρ = ρ(xδ ) and [[ασ ]]ρ = ρ(ασ ).
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• [[λxδ ′
.tσ→δ ]]ρ ∈ A δ ′×σ→δ , and [[λxδ ′

.tσ→δ ]]ρ⋆s = [[t]]ρ [x 7→Car s]⋆(Cdr s) for any s ∈ A δ ′×σ ,

• [[tδ ′×σ→δ uδ ′
]]ρ ∈ A σ→δ , and [[tδ ′×σ→δ uδ ′

]]ρ⋆s = [[t]]ρ⋆([[u]]ρ :: s) for any s ∈ A σ ,

• [[µασ .tδ ]]ρ ∈ A σ→δ , and [[µασ .tδ ]]ρ⋆s = [[t]]ρ [α 7→s] for any s ∈ A σ ,

• [[carSδ×σ ]]ρ = Car[[S]]ρ ,

• [[tσ→δ Sσ ]]ρ = [[t]]ρ⋆[[S]]ρ ,

• [[tδ :: Sσ ]]ρ = [[t]]ρ :: [[S]]ρ ,

• [[cdrSδ×σ ]]ρ = Cdr[[S]]ρ .

4. A stream pre-model A is called full if A σ→δ is the whole function space from A σ to A δ for any
σ and δ , and A σ is Πi∈NA (σ)i for any σ .

Example 3.2 1. Let A X be an arbitrary non-empty set for each base type X , and then we can define a
full stream model by A σ→δ = A σ → A δ , which is the whole function space, and A σ = Πi∈NA (σ)i .

2. An example of non-full stream model is the pointed CPO model, in which A σ→δ is the set of the
continuous functions and A σ is similarly defined as Πi∈NA (σ)i .

In these examples, A σ is canonically defined as Πi∈NA (σ)i , but A σ is not necessarily isomorphic
to ΠiA (σ)i . One example is the following open term model, in which, from an infinite tuple ⟨t0, t1, · · ·⟩,
we cannot construct a stream S such that cadri(S) =Λµcons ti for any i ≥ 0. Moreover, the mapping ⟨πi⟩i∈N
from A σ to Πi∈NA (σ)i is not necessarily injective. However, we can assume injectivity without any
change of the following discussion, since the mapping [S] 7→ ⟨[cadri(S)]⟩i∈N is injective even in the open
term model (Lemma 4.1).

Proposition 3.3 (Open term model) Define the sets

[t] = {u | ∃Γ,∆,δ .[Γ;∆ ⊢ t = u : δ ]} T δ = {[t] | ∃Γ,∆.[Γ;∆ ⊢ t : δ ]}
[S] = {U | ∃Γ,∆,σ .[Γ;∆ ⊢ T =U : σ ]} T σ = {[S] | ∃Γ,∆.[Γ;∆ ⊢ S : σ ]},

and the functions

[t]⋆[S] = [tS] [t] :: [S] = [t :: S]

Car[S] = [carS] Cdr[S] = [cdrS].

This structure T is a stream model with the meaning function given by [[t]]ρ = [tθρ ], where θρ(x) = u
for ρ(x) = [u] and θρ(α) = S for ρ(α) = [S].

Proof. Note that the functions, and [tθρ ] are well-defined. Bijectivity of (::) follows from the axiom
(surj), and extensionality of (⋆) follows from the axiom (ηS). The conditions for the meaning function
are proved similarly to the untyped case.

Theorem 3.4 (Soundness and completeness) For any t and u, Γ;∆ ⊢ t = u : δ holds for some Γ, ∆, and
δ if and only if [[t]]ρ = [[u]]ρ holds for any stream model A and ρ ∈ EnvA .
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Proof. (⇒) The soundness is proved by induction on Γ;∆ ⊢ t = u : δ . We will give only the case of (βT ).
Case (βT ) (λxδ ′

.tσ→δ )uδ ′
. We have for any s ∈ A σ

[[(λx.t)u]]ρ⋆s = [[λx.t]]ρ⋆([[u]]ρ :: s)

= [[t]]ρ [x 7→[[u]]ρ ]
⋆s

= [[t[x := u]]]ρ⋆s,

where the last line follows from the substitution lemmas:

[[t[x := u]]]ρ = [[t]]ρ [x 7→[[u]]ρ ]
[[t[α := S]]]ρ = [[t]]ρ [α 7→[[S]]ρ ]

,

which are proved by induction on t in a straightforward way. Then, by the extensionality, we have
[[(λx.t)u]]ρ = [[t[x := u]]]ρ .

(⇐) For the open term model T , take an environment ρ as ρ(x) = [x] and ρ(α) = [α]. By the
assumption, we have [[t]]Tρ = [[u]]Tρ , so we have t =Λµcons u.

One conclusion of the soundness (and the existence of a non-trivial stream model) is that
(cdrn α)σ =Λµcons (cdr

m β )σ if and only if α ≡ β and n = m. Indeed, if either α ̸≡ β or n ̸= m, we can
construct a stream model and an environment which distinguishes the two streams cdrn α and cdrm β .

Another conclusion is the consistency of Λµcons.

Theorem 3.5 (Consistency) There exist closed Λµcons-terms t and u such that ;⊢ t : δ and ;⊢ u : δ hold,
and ;⊢ t =Λµcons u does not hold.

Proof. Since we have a non-trivial stream model containing two distinct elements, we have λxy.x ̸=
λxy.y in a similar way to the untyped case.

4 Friedman’s Theorem for Typed Λµcons

In this section, we will define the logical relations on the stream models for the typed Λµcons, and by
means of them, show that we can extend Friedman’s theorem to the typed Λµcons, that is, the equality in
Λµcons is characterized by any individual full stream model.

First, we prove the injectivity of ⟨cadri⟩i∈N by the soundness and the existence of a non-trivial stream
model.

Lemma 4.1 For any streams S1 and S2, if cadri(S1) =Λµcons cadr
i(S2) holds for all i ≥ 0, then we have

S1 =Λµcons S2.

Proof. We can easily show, by the induction on S, that every S can be represented as the form
of S =Λµcons t1 :: · · · :: tn :: cdrm α for some n, m, α , and ti (1 ≤ i ≤ n). Then, we can assume
S1 = t1 :: · · · :: tn :: cdrm α and S2 = u1 :: · · · :: un :: cdrk β for some n, m, and k, since we have
cdri γ =Λµcons (carcdr

i γ) :: cdri+1 γ by (surj). By the assumption, we have ti =Λµcons ui for any 1≤ i≤ n. If
α ̸≡ β , we can define ρ on a non-trivial stream model A such that πm(ρ(α)) ̸= πk(ρ(β )). For this ρ , we
have [[cadrm(α)]]Aρ = πm(ρ(α)) ̸= πk(ρ(β )) = [[cadrk(β )]]Aρ , that contradicts the assumption. Hence we
have α ≡ β . Moreover, if m ̸= k, we can define ρ ′ such that πm(ρ ′(α)) ̸= πk(ρ ′(α)), and then similarly
we have contradiction, and therefore, we have m = k. Hence we have S1 =Λµcons S2.

The logical relations on the stream models are inductively defined on the expanded types as follows.
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Definition 4.2 Let A1 and A2 be stream models. A family of binary relations R(·) indexed with the
expanded types is a logical relation on A1 and A2 if the following hold:

• Rδ ⊆ A δ
1 ×A δ

2 and Rσ ⊆ A σ
1 ×A σ

2 ,

• RX is non-empty for each X ,

• f1Rσ→δ f2 if and only if ∀s1Rσ s2.[ f1⋆s1Rδ f2⋆s2],

• s1Rσ s2 if and only if ∀i ∈ N.[πis1R(σ)iπis2].

Note that for any logical relation R, we have that s1Rδ×σ s2 if and only if Car s1RδCar s2 and
Cdr s1RσCdr s2. Therefore, if a1Rδ a2 and s1Rσ s2, then we have (a1 :: s1)Rδ×σ (a2 :: s2).

For the logical relations, we will show the fundamental lemma in the following. The definition of
the logical relations and the fundamental lemma can be straightforwardly generalized to n-ary logical
relations.

Definition 4.3 Let R be a logical relation on stream models A1 and A2. For contexts Γ and ∆, we write
ρ1RΓ;∆ρ2 to denote the following:

∀x ∈ dom(Γ).[ρ1(x)RΓ(x)ρ2(x)], and ∀α ∈ dom(∆).[ρ1(α)R∆(α)ρ2(α)].

Proposition 4.4 Let R be a logical relation on stream models A1 and A2. If Γ;∆ ⊢Λµcons t : δ and
ρ1RΓ;∆ρ2, then we have [[t]]A1

ρ1
Rδ [[t]]A2

ρ2
.

Proof. By induction on the derivation of Γ;∆ ⊢ t : δ and Γ;∆ ⊢ S : σ simultaneously. In this proof, we
omit the superscripts A1 and A2 for the meaning functions for simplicity.

Case (Ax) and (SAx). These cases are proved by the assumption ρ1RΓ;∆ρ2.
Case (Lam) λxδ ′

.tσ→δ : δ ′×σ → δ . Suppose that we have s1Rδ ′×σ s2, that is, Car s1Rδ ′
Car s2 and

Cdr s1RσCdr s2. Then we have ρ[x 7→ Car s1]RΓ,x:δ ′;∆ρ[x 7→ Car s2], so [[t]]ρ [x 7→Car s1]
Rσ→δ [[t]]ρ [x 7→Car s2]

holds by the induction hypothesis. Hence, we have ([[t]]ρ [x 7→Car s1]
⋆Cdr s1)Rδ ([[t]]ρ [x 7→Car s2]

⋆Cdr s2), so
we have ([[λx.t]]ρ1

⋆s1)Rδ ([[λx.t]]ρ2
⋆s2) by the condition of [[·]]. This holds for any s1Rs2, so we have

[[λx.t]]ρ1
Rδ ′×σ→δ [[λx.t]]ρ2

.
Case (App) tδ ′×σ→δ uδ ′

: σ → δ . Suppose that we have s1Rσ s2. By the induction hypothesis, we
have [[u]]ρ1

Rδ ′
[[u]]ρ2

, so we have [[u]]ρ1
:: s1Rδ ′×σ [[u]]ρ2

:: s2. By the induction hypothesis for t, we have
([[t]]ρ1

⋆([[u]]ρ1
:: s1))Rδ ([[t]]ρ2

⋆([[u]]ρ2
:: s2)), which means ([[tu]]ρ1

⋆s1)Rδ ([[tu]]ρ2
⋆s2) for any s1Rσ s2.

Therefore we have [[tu]]ρ1
Rσ→δ [[tu]]ρ2

.
Case (Mu) µασ .tδ : σ → δ . Suppose that we have s1Rσ s2, and then we have ρ1[α 7→

s1]RΓ;∆,α:σ ρ2[α 7→ s2]. By the induction hypothesis, we have [[t]]ρ1[α 7→s1]
Rδ [[t]]ρ2[α 7→s2]

, so we
have ([[µα.t]]ρ1

⋆s1)Rδ ([[µα .t]]ρ2
⋆s2) for any s1Rσ s2 by the condition of [[·]]. Therefore, we have

[[µα .t]]ρ1
Rσ→δ [[µα .t]]ρ2

.
Case (SApp) tσ→δ Sσ . By the induction hypothesis, we have [[t]]ρ1

Rσ→δ [[t]]ρ2
and [[S]]ρ1

Rσ [[S]]ρ2
, so

we have ([[t]]ρ1
⋆[[S]]ρ1

)Rδ ([[t]]ρ2
⋆[[S]]ρ2

), hence [[tS]]ρ1
Rδ [[tS]]ρ2

.
Case (Cons) tδ :: Sσ . By induction hypothesis, we have [[t]]ρ1

Rδ [[t]]ρ2
and [[S]]ρ1

Rσ [[S]]ρ2
, so we have

([[t]]ρ1
:: [[S]]ρ1

)Rδ×σ ([[t]]ρ2
:: [[S]]ρ2

), hence [[t :: S]]ρ1
Rδ×σ [[t :: S]]ρ2

.
Case (Cdr) cdrSδ×σ . By induction hypothesis, we have [[S]]ρ1

Rδ×σ [[S]]ρ2
, so we have

Cdr[[S]]ρ1
RσCdr[[S]]ρ2

, hence [[cdrS]]ρ1
Rσ [[cdrS]]ρ2

.
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Corollary 4.5 (Fundamental lemma) Let R be a logical relation on A1 and A2. If ;⊢Λµcons t : δ holds,
then we have [[t]]A1Rδ [[t]]A2 .
Definition 4.6 Let R be a binary logical relation on A1 and A2. We call R functional if the following
hold for any δ and σ :

∀a1a2a′2.[a1R
δ a2 and a1R

δ a′2 ⇒ a2 = a′2],

∀s1s2s′2.[s1R
σ s2 and s1R

σ s′2 ⇒ s2 = s′2].

A functional logical relation R is called surjective if ∀a2.∃a1.[a1Rδ a2] and ∀s2.∃s1.[s1Rσ s2] holds for
any δ and σ .
Lemma 4.7 1. Suppose that a logical relation R on A1 and A2 is functional. For any closed typable t
and u, if [[t]]A1 = [[u]]A1 holds, then [[t]]A2 = [[u]]A2 holds.

2. Moreover, suppose that R is surjective. For any typable (open) terms t and u, if [[t]]A1
ρ1

= [[u]]A1
ρ1

holds for any ρ1, then [[t]]A2
ρ2

= [[u]]A2
ρ2

holds for any ρ2.

Proof. 1. By the fundamental lemma, we have [[t]]A1R[[t]]A2 and [[u]]A1R[[u]]A2 . Hence we have [[t]]A2 =
[[u]]A2 , since we have [[t]]A1 = [[u]]A1 and R is functional.

2. For any ρ2 ∈ EnvA2 and any x, there exists a1 such that a1Rρ2(x) since R is functional and
surjective. Similarly, for any α , there exists s1 such that s1Rρ2(α). Then, we can define ρ1 ∈ EnvA1 as
ρ1(x) = a1 for a1Rρ2(x) and ρ1(α) = s1 for s1Rρ2(α). We have ρ1Rρ2, so we have [[t]]A1

ρ1
R[[t]]A2

ρ2
and

[[u]]A1
ρ1

R[[u]]A2
ρ2

by Proposition 4.7. Since [[t]]A1
ρ1

= [[u]]A1
ρ1

holds by the assumption, we have [[t]]A2
ρ2

= [[u]]A2
ρ2

by functionality.

The following theorem gives a characterization of =Λµcons , corresponding to the well-known Fried-
man’s theorem [6]: the extensional equality in λ→ is characterized by an arbitrary individual full type
hierarchy with infinite bases.
Theorem 4.8 (Friedman’s theorem for Λµcons) Suppose that a stream model F is full and all of F X are
infinite. Then, for any closed typable t and u, t =Λµcons u holds if and only if [[t]]F = [[u]]F holds.

Proof. The only-if part follows from the soundness.
For the if part, we will prove a more general result that for any (open) typable t and u, t =Λµcons u

holds if [[t]]Fρ = [[u]]Fρ holds for any ρ ∈ EnvF . Consider the open term model T , and then we have that

t =Λµcons u holds if and only if [[t]]Tρ = [[u]]Tρ holds for any ρ . Hence, it is sufficient to prove that there
exists a surjective functional logical relation R from F to T . This is proved by induction on types.

Case X . T X is countably infinite set, and F X is infinite by the assumption, so there is a surjective
function from F X to T X .

Case σ → δ . (Functionality) Suppose f Rσ→δ f ′ and fRσ→δ f ′′ for f ∈ F σ→δ and f ′, f ′′ ∈ T σ→δ .
By the definition of the logical relation, for any sRσ s′, we have f (s)Rδ f ′⋆s′ and f (s)Rδ f ′′⋆s′. By
the induction hypothesis, Rδ is functional, and hence f ′⋆s′ = f ′′⋆s′. By the induction hypothesis again,
Rσ is surjective, so, for any s′ ∈ T σ , we have some s ∈ F σ such that sRσ s′. Therefore, we have
f ′⋆s′ = f ′′⋆s′ for any s′, so f ′ = f ′′ by the extensionality.

(Surjectivity) Let f ′ ∈ T σ→δ . If sRσ s′, there exists a ∈ F δ such that aRδ f ′⋆s′ since Rδ is sur-
jective by the induction hypothesis. Fix such an a for each s′, and define f ∈ F σ → F δ = F σ→δ as
follows:

f (s) :=

{
a (sRσ s′ and aRδ f ′⋆s′ for some s′)
a0 (otherwise),
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where a0 is a fixed element in F δ . What we have to show is fRσ→δ f ′, that is, for any sRσ s′,
f (s)Rδ f ′⋆s′, and it holds by the definition of f .

Case Πi∈Nδi. (Functionality) Suppose sRΠiδis′1 and sRΠiδis′2. We have πisRδiπis′1 and πisRδiπis′2,
so πis′1 = πis′2 for any i by the functionality of Rδi . Let s′1 = [S1] and s′2 = [S2], and then we have
cadri(S1) =Λµcons cadr

i(S2) for any i. By Lemma 4.1, we have S1 =Λµcons S2, that is, s′1 = s′2 holds.
(Surjectivity) Let s′ ∈ T Πi∈Nδi . By the surjectivity of Rδi , there exists ai ∈ F δi such that aiRδiπis′

for each i. Then, for s = ⟨a0,a1, · · ·⟩ ∈ Πi∈NA δi =A Πi∈Nδi , we have πis = aiRδiπis′ for any i, so we have
sRΠi∈Nδis′.

5 Extension with Fixed-Point Operators

The recursive stream types are essential if we consider recursive functions in typed setting. For example,
consider the nth function. Let Y be a fixed-point combinator in the untyped λ -calculus. The function
nth is defined in the untyped Λµcons as

nth≡ Y (λ f .µα .λn.ifzero n then (carα) else f (cdrα)(predn)),

where ifzero and pred are supposed to be defined on the Church numerals, and then we have
nthSk =Λµcons cadr

k(S), where k is the Church numeral representing k. The function nth can be typed
with help of the recursive structure of stream types under the assumption of existence of typed fixed-point
operators (and the type of the natural numbers), which we will give in the following.

Suppose that we have coercion operators δ from term types to stream types and t from terms to
streams with its left inverse S◦ such that

Γ | ∆ ⊢ t : δ
Γ | ∆ ⊢ t : δ ,

Γ | ∆ ⊢ S : δ
Γ | ∆ ⊢ S◦ : δ , and (t)◦ = t.

We use the notation µxδ .t = µαδ .t[xδ := (αδ )◦], and then we have (µx.t)u = t[x := u]. Note that this
assumption holds if we have the unit type 1 with a constant (⃗) of the type [1] by defining

δ = δ × [1] t = t :: (⃗) S◦ = carS.

Definition 5.1 The calculus Λµfix
cons is an extension of the typed Λµcons with operations δ , t, S◦ satisfying

the above conditions, and the constants fixδ of type (δ → δ )→ δ for each δ such that

fixδ f = f (fixδ f ) for any f : δ → δ .

Note that an untyped term satisfying this condition for fixδ is µ f .(λx. f (xx))(λx. f (xx)).
If we have the type N of the natural number with basic operators on N such as pred : N → N and

ifzero : N ×δ ×δ → δ , we can define nth in Λµfix
cons as fixδ (F), where δ = [δ0]→ N → N and

F = µ f δ .µα [δ0].µmN .ifzerom(carα)( f (cdrα)(predm)).

By the recursive structure of the type [δ0], both α and cdrα have the same type [δ0], and F indeed has
the type δ → δ , and we have nth = F(nth), and hence nthS0 = carS and nthSm+1 = nth(cdrS)m
hold for any stream S of the type [δ0] and any m of the type N as we expect.

The calculus Λµfix
cons is sound with respect to the following simple modification of the stream models.
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Definition 5.2 (Stream Models for Λµfix
cons) We call A is a stream model for Λµfix

cons if A is a stream
model for the typed Λµcons with the following additional structures.

• An embedding (·) : A δ → A δ and its left inverse (·)◦ : A δ → A δ such that (d)◦ = d for any
d ∈ A δ .

• Fixδ := [[fixδ ]]
A is an element of A (δ→δ )→δ such that, for any f ∈ A δ→δ ,

Fixδ⋆ f = f⋆(Fixδ⋆ f ).

Example 5.3 An example of the stream model for Λµfix
cons can be constructed as the pointed CPO model.

• D1 and DN are the flat domains constructed from {•} (with a fixed element •) and N, respectively.

• Dσ→δ := [Dσ → Dδ ] is the set of continuous functions, and Dσ := Πi∈ND (σ)i .

• Dδ = Dδ ×D [1], d = ⟨d,•,•, · · ·⟩, and s◦ = Car s.

• For any p ∈ Dδ→δ = Dδ→δ ×D [1],

Fixδ (p) :=
⊔

n∈N
(λd ∈ Dδ .(Car p)(d))n(⊥).

Note that, in particular, when p = f for f ∈ A δ→δ , we have

Fixδ ( f ) =
⊔

n∈N
(λd ∈ Dδ . f (d))n(⊥),

and then we have f (Fixδ ( f )) = Fixδ ( f ).

6 Related Systems

In this section, we discuss the relationship between our systems and the existing related type systems
such as Pagani and Saurin’s ΛS in [11, 15], Parigot’s original λ µ-calculus in [12], and Gaboardi and
Saurin’s ΛS in [7].

6.1 Pagani and Saurin’s ΛS and Parigot’s λ µ

Compared to Pagani and Saurin’s ΛS , we restrict functional types to ones from streams to terms, but,
regarding typability, Λµcons is not less than ΛS . Indeed, we can give a translation from ΛS to Λµcons

preserving typability.
The types of ΛS are defined as

T ::= o | T → T | S ⇒ T S ::=⊥ | T → S ,

and T and S correspond to term types and stream types in Λµcons, respectively. We consider types
modulo the equivalence defined from the axiom (T → S ) ⇒ T ′ ≡ T → (S ⇒ T ′). The stream
type of the form T → S corresponds to the product type T ×S in our system. Our notation seems
natural to represent types of streams constructed from the pair of head and tail of the streams, whereas
the notation of ΛS also seems natural under correspondence between streams and (evaluation) contexts.
For example, a stream constructed from a head t and a tail α is represented as a context []tα in ΛS , the
type of which should be the type of the function expected to fill the hole. Therefore, when t has a type
T and α has a type S , the context should have the type T → S as [3].

A formal definition of the translation from ΛS can be given as follows.
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Definition 6.1 Fix a type variable O in Λµcons. We define the translation (·) from the ΛS -types to the
Λµcons-types by

o = [O]→ O T → T ′ = T ×T ′
s → T ′

t S ⇒ T = S → T

⊥= [O] T → S = T ×S ,

where T is always an arrow type and we put T = T s → T t .

Then, we can easily show that T ≡ T ′ implies T ∼ T ′, and the following is proved by a straight-
forward induction.

Proposition 6.2 If Γ ⊢ΛS
t : T ;∆, then Γ;∆ ⊢Λµcons t : T .

Example 6.3 Pagani and Saurin showed in [11] that the control operator call/cc represented as the
Λµ-term λx.µα .x(λy.µβ .yα)α has a type

Tcall/cc = (((Sα ⇒ T )→ (Sβ ⇒ T ))→ (Sα ⇒ T ′))→ (Sα ⇒ T ′)

for any term types T , T ′, and any stream types Sα , Sβ in their type system. Hence, in Λµcons, call/cc
has the type

Tcall/cc = ((σα → X)×σβ → X)×σα → Y )×σα → Y.

This example suggests a relationship between (the first-order fragment of) the original typed λ µ-
calculus and our type system. The type of call/cc in the original system is known as Peirce’s law
((A → B) → A) → A, which shows the λ µ-calculus corresponds to the classical logic. On the other
hand, our system seems intuitionistic whereas call/cc has a type in it. This gap can be understood by
the fact that the type of call/cc in our system is a negative translation of the Peirce’s law.

Saurin [15] and van Bakel et al. [18] showed that their type systems correspond to the image of
negative translations from the classical logic to the intuitionistic logic, and we can show the same result
for our system as follows. The following is a simplified variant of the composition of the translation from
λ µ to ΛS in [15] and the translation in Definition 6.1. It corresponds to the continuation-passing-style
translation of Thielecke [17].

Definition 6.4 (Negative translation) We fix a type variable O and an arbitrary stream type θ (for ex-
ample, we take θ = [O]). We write ¬σ for σ → O. The negative translations (·) from the implicational
formulas to term types in Λµcons and (·)• from the implicational formulas to stream types in Λµcons are
defined as

A = ¬A• p• = θ (A → B)• = ¬A•×B•.

Proposition 6.5 If Γ ⊢ t : A;∆ holds in the Parigot’s original typed λ µ-calculus in [12], then ¬Γ•;∆• ⊢
t : ¬A• holds in Λµcons.

As a corollary of the proposition, every typable λ -term in the simply-typed λ -calculus, denoted by
λ→, is typable in Λµcons. Moreover, for the λ -terms, we have a more direct translation on types, which
is similar to the translation given in [18]. Fix an arbitrary type variable O, and define the translation on
the simple types as

(θ0 → ··· → θn → X)# = θ #
0 ×·· ·×θ #

n × [O]→ X .

Then, for any λ -term t, if Γ ⊢ t : θ holds in λ→, then we have Γ#;⊢ t : θ # in Λµcons.
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Hence, regarding typability, Λµcons can be considered to include λ→, λ µ , and ΛµS . On the other
hand, Λµcons can type properly wider class of terms than the other systems due to the recursive types,
that is, Λµcons is not conservative over λ→ with respect to typability. An example is the following. Let
δ = [X ]→X and Γ= f : δ ,a : X . Then, both Γ;⊢ f a : δ and Γ;⊢ f aa : δ hold since we have [X ]∼X× [X ].
Therefore, the term w(x( f a))(x( f aa)) has the type δ under the context Γ,w : δ × δ × [X ]→ X ,x : δ ×
[X ]→ X in Λµcons. The typability of this term seems natural, when we think f as a function on streams
of the type [X ], and applications f a and f aa as partial application of f , and then both f a and f aa are
also functions on streams of the type [X ]. On the other hand, in the other systems, the types of yz and
yzz must be distinct, and therefore w(x(yz))(x(yzz)) has no type. Note that the term in this example is a
λ -term, and hence it shows the typability in Λµcons is not conservative over λ→.

Proposition 6.6 Every typable term in either λ→, λ µ , or ΛS is typable in Λµcons. On the other hand,
there is a λ -term which is typable in Λµcons, and not typable in neither λ→, λ µ , nor ΛS .

6.2 Gaboardi and Saurin’s ΛS

Gaboardi and Saurin’s ΛS [7] considers more general recursive types. We can define a translation from
Λµcons to ΛS preserving typability as follows:

X = X σ → δ = σ ⇒ δ

[δ0, · · · ,δn−1] = µX .δ0 → ··· → δn−1 → X δ ×σ = δ → σ

x = x α = α

λx.t = λx.t t :: S = [t;S]

tu = t u cdrS = σ((λx.µα.τ(α))S)

µα .t = µα .t

tS = t S

carS = (λx.µα .x)S

Proposition 6.7 1. If Γ;∆ ⊢Λµcons t : δ , then Γ ⊢ΛS
t : δ ;∆.

2. If t = u is derivable in Λµcons, then t = u in ΛS .

Gaboardi and Saurin also proposed the coercion operator from stream to terms, which enables to
represent functions returning streams such as cdr. The proposed system ΛS is defined based on ΛµS ,
and contains a coercion operator from streams to terms and its left inverse, which are denoted by tm and
st in this paper, with typing rules

S : σ
tm(S) : Str(σ)

t : Str(σ)

st(t) : σ ,

where Str(σ) is the term type for the coerced streams of type σ . The stream models can be extended to
the coercion operators in a straightforward way by defining A Str(σ) =A σ , [[tm(S)]] = [[S]], and [[st(t)]] =
[[t]].
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With the combination of the coercion operators of ΛS and the fixed-point operator discussed in the
previous section, we can define recursive functions returning streams An example is the function alt
interleaving two streams as

alt(t1 :: t2 · · ·)(u1 :: u2 · · ·) = t1 :: u1 :: t2 :: u2 · · · ,

which is simply defined as alt= fixδ G with δ = [τ ]→ [τ]→ Str([τ]) and

G = µgδ .µα [τ].µβ [τ].tm(carα :: carβ :: st(g(cdrα)(cdrβ ))),

and then alt has the type δ .
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