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Implicit computational complexity (ICC) is the field aiming to characterize complexity classes by
syntactic restrictions on models of computation. For example, Light Linear Logic (LLL) is a linear
logic subsystem characterizing Ptime. Finding more expressive characterizations of Ptime is a big
challenge in ICC. This led, for instance, to L4 and MS, which are orthogonal extensions of LLL.

Here, we define a linear logic subsystem: Stratified Nested Linear Logic (SNLL) which extends
LLL, L4 and MS. This system is not just the union of those systems as it can type λ -terms which are
typed by none of the above systems.

1 Introduction

Implicit computational complexity is the field aiming to characterize complexity classes by syntactically
restricting models of computation. The main application is to achieve automated certification of a pro-
gram’s complexity. Due to its focus on resources management, linear logic (LL) [8] is a promising setting
for ICC. Through the proofs-as-programs correspondence, a LL subsystem characterizing Ptime may be
transformed into a type system for the λ -calculus ensuring a polynomial bound on β reduction [2, 6].

Note that it is harder to control complexity in a higher order than in a first-order functional pro-
gramming language. Thus, variants of LL for Ptime have to enforce very strict control. Consequently,
some natural polynomial time λ -terms can not be typed in those variants. For example, the λ -calculus
type-system DLAL [2] (obtained from the LL subsystem LLL [9]) is Ptime extensionally complete. It
means that for any function f computable in polynomial time, there exists a λ -term computing f typable
in DLAL. However, DLAL is not intensionally complete: there are λ -terms which compute in polyno-
mial time but are not typable in DLAL. As a simple example, the λ -term λm.λn.λ f .((m)n) f computes
multiplication of Church integers in polynomial time but is not typable in DLAL 1.

Exploring systems more expressive intensionally, i.e. which validate more Ptime programs, is an
important challenge in ICC. This is one of the motivations behind L4 [1] and MS [13], two orthogonal
extensions of LLL.

In linear logic, programs are proofs and program execution is done by the elimination of the cut rule
in the proof. Proofs are either presented as sequent calculus derivations or as proof-nets, a graph based
syntax for proofs. In a previous work, we defined two semantic criteria on proof-nets: stratification and
dependence control entailing strong Ptime complexity bounds. We proved that LLL, L4 and MS (we will
refer to those 3 systems as the light logics) verified our criteria, providing new proofs of Ptime soundness
of those systems. Moreover, observing our criteria, we noticed that there was room for expansion: some
proof-nets satisfied our criteria without being in any of the above systems.

Contributions In this paper, we define Stratified Nested Linear Logic, a subsystem of LL. We prove
that every proof-net of SNLL satisfies our criteria—in fact it was designed to be as close as possible

1To be precise, it is typable but with a type which does not allow applying the term to Church integers.
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to those criteria—thus SNLL is Ptime sound. Moreover, we encode L4 in SNLL (encoding of MS is
sketched) proving SNLL extensional completeness. We also exhibit λ -terms which are typable in SNLL
and not in LLL, L4 and MS.

Related works There have been several characterizations of Ptime by LL subsystems besides the light
logics. Soft Linear Logic [11] is a system which is usually considered less expressive than LLL even
if they are orthogonal. Bounded logics (BLL [10] and QBAL [4]) are rather expressive. However, type
checking in those systems is undecidable.

Similarly, Dal Lago and Gaboardi have defined the type system dlPCF [3] which characterizes ex-
actly the execution time of PCF programs. Type-checking in dlPCF is undecidable, but one can imagine
restricting dlPCF to a decidable fragment. Their framework can be seen as a top-down approach. Here
we follow a bottom-up approach: we take inspiration from previous decidable type systems characteriz-
ing Ptime and relax conditions without losing neither soundness nor decidability.

Stratification and dependence control The notion of stratification we defined in [12] comes from
Girard’s LLL (although he did not use the word ”stratification”). ”Stratification” was first used with this
meaning by Danos and Joinet in [5]. Baillot and Mazza generalized this concept with the L4 system. Our
definition generalises this definition. The concept of “dependence control” is not new, but we are the first
to name this concept. In LLL and L4, dependence control is enforced by requiring boxes to have at most
one auxiliary door. Roversi and Vercelli generalized it with MS. Definition 4.3 is a generalization of the
MS.

2 Stratified Nested Linear Logic

2.1 Intuitions on stratification and dependence control

In [12], we defined two relations <2 and � on subterms of proof-nets such that, if the two relations
are acyclic then the proof-net reduces in polynomial time. To motivate the criteria, we first state similar
criteria on λ -calculus with pairs, the system whose terms are generated by Λ = x | λ 〈x1, · · · ,xk〉.Λ |
(Λ)Λ | 〈Λ,Λ〉 where x,x1, · · · ,xk range over a countable set of variables. Reduction is the contextual
closure of (λ 〈x1, · · · ,xk〉.t)〈t1, · · · , tk〉 →β t[t1/x1; · · · ; tk/xk]. The <2 and � relations will be formally
defined on proof-nets in Section 4.

We define hole-terms as λ -terms with a variable ◦ appearing free exactly once2. If t ∈Λ, h[t] denotes
h[t/◦] and, if t is not a variable3, t is said a subterm of h[t]. For t ∈ Λ, |t| is the size of t, if X is a set, |X |
is the cardinal of X .

If g[u]→β v, the residues of u are the copies by β -reduction of u where free variables may have been
substituted. Let us consider t = (λx.〈x,λy.x〉)λ z.z→β 〈λ z.z,λy.λ z.z〉= t ′, then the residues of λ z.z are
the two occurrences of λ z.z in t ′. The residue of λy.x is λy.λ z.z. Finally t and λx.〈x,λy.x〉 have no
residue.

The non-terminating λ -term Ω = (λx.(x)x)λy.(y)y requires the identification of a function and its
argument. In [1], Baillot and Mazza describe stratification as a way of forbidding the identification of
two variables belonging to two morally different strata. Let u,v be subterms of t, we capture “u belongs
to a higher stratum than v” by the following relation u� v.

2Hole-terms are usually named “contexts”, but this word will have another meaning.
3This unusual condition is needed for the proof of Theorem 2.1.



M. Perrinel 3

Definition Let t ∈ Λ and u,v be subterms of t, u� v if t→∗
β

t ′ and there exists a subterm of t ′ of shape
(v′)h[u′] with u′,v′ residues of u,v.

A λ -term is said stratified if� is acyclic. Thus, Ω is not stratified because Ω→β (λy.(y)y)λy.(y)y
so λy.(y)y� λy.(y)y. For any stratified term h[t0], we define the stratum s(t0) of t0 as its depth in terms
of� (i.e. the maximum n such that t0� · · ·� tn). We could prove that any stratified λ -term t reduces in
at most e(|t|) with e a tower of exponentials whose height only depends on s(t). We need an additional
constraint to entail a polynomial bound.

For example, λx1.(λx2.(· · ·λxk.(λ z.z)〈xk,xk〉 · · ·)〈x2,x2〉)〈x1,x1〉 normalizes in time 2k even though
it is stratified (with a maximum stratum 1, independent of k). There seems to be some dependence
between 〈xi,xi〉 and 〈xi+1,xi+1〉 because increasing the size of the first increases non-linearly the size of
residues of the latter. This dependence is not captured by�, we capture it by <2.

Definition Let t ∈ Λ and u,v be subterms of t, u<2 v if t→∗
β

t ′ and there exists a subterm of t ′ of shape
(λx.g[v′])h[u′] with u′,v′ residues of u,v in t ′, and x free at least twice in v′.

A λ -term is said to control dependence if <2 is acyclic. In this case the nest n(t0) of a subterm t0
is its depth in terms of <2. We can notice that λx1.(λx2.(· · ·λxk.(λ z.z)〈xk,xk〉 · · ·)〈x2,x2〉)〈x1,x1〉 has a
maximum nest of k because for every i, 〈xi,xi〉<2 〈xi+1,xi+1〉.

Theorem 2.1 If t ∈ Λ is stratified and controls dependence, then there is a normalization sequence for t
of length ≤ p(|t|) with p a polynomial which only depends on the depths of� and <2.

sketch We consider the set R of subterms u of t such that there exists a residue of u which is the left part
of a redex. For u ∈ R, we write sR(u) and nR(u) the depth of u in terms of� and <2 restricted to R. We
write SR = maxu∈R sR(u), NR = maxu∈R nR(u) and R0 = {u ∈ R|sR(u) = 0}.

We reduce t to a term t ′ by reducing the redexes whose left part are in R0. The strategy is to reduce
the outermost element of R0 (or its residue). We can show that it is always the left part of a redex. The
elements of R0 are never in the right-part of a redex so have at most one residue. Thus t→∗ t ′ in at most
|R0| steps and |R0| ≤ |t|. We can show by induction on nR(u) that the number of residues of a subterm u
of t is at most |t|2nR(u)

. Thus |t ′| ≤ |t|1+2NR .
Let us notice that, if R′ is the set of subterms of t ′ which have a residue which is the left part of a

redex, SR′ < SR. Thus, in SR such rounds, we reach the normal form. Thus, we normalize |t| in at most
∑

SR
i=0 |t|2

i+i.NR steps.

In a previous work, we defined the notions of stratification and dependence control on LL. Linear
logic handling duplications more precisely, the criteria on LL are weaker so more expressive (cf Sec-
tion 4.3). The precision of LL on duplication also makes it easier to enforce stratification and dependence
control by syntactic means, which is the object of this paper.

2.2 The formulae of Stratified Nested Linear Logic

LL [8] can be thought as a refinement of System F [7] focusing on the duplication of arguments. In LL,
A⇒ B is decomposed into !A( B. !A means “infinitely many proofs of A” and A( B means “using
one proof of A, I can prove B”. The conjunction is written ⊗ and ∀ allows us to quantify over the sets of
formulae.

In SNLL, to enforce some kind of stratification and dependence control, we label the modal formulae
with integers. A positive (resp. negative) occurrence of !s,n in a formula intuitively means that this
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connective is created in a subterm of stratum ≥ s (resp. ≤ s) and nest ≥ n (resp. ≤ n). Variables are
labelled with integers, ∀Xs.A means that in the formulae replacing Xs, every left index is ≥ s. The set of
formulae is written F0, as defined below.

Definition For s ∈ N, we define Fs by the following grammar (with n, t ∈ N, t ≥ s and X ranges over a
countable set of variables). Notice that F0 ⊇F1 ⊇ ·· ·

Fs := Xt |Fs(Fs |Fs⊗Fs | ∀Xs.Fs |!tFt+1

The left indices s′ on ! and the indices on variables are called stratum indices, the right indices n on
! are called nest indices. For A ∈F0, smin

A refers to the minimum stratum index in A. We define the set
H+ (resp H−) of positive (resp. negative) hole-formulae as formulae with a special variable ◦ appearing
free exactly once, this occurence being in a positive (resp. negative) position, i.e if there is an even (resp.
odd) number of( containing ◦ in their left branch.

To gain expressivity, we define a subtyping relation≤ on F0. The relation≤, defined as the transitive
closure of the following ≤1 relation, follows the intuition that a connective !s,n in a formula means that
this connective comes from a subterm of stratum ≥ s and nest ≥ n.

A≤1 B⇔
{

Either ∃C ∈ H+,A =C[!s,nD],B =C[!s′,n′D],s≥ s′ and n≥ n′

Or ∃C ∈ H−,A =C[!s,nD],B =C[!s′,n′D],s≤ s′ and n≤ n′

We present SNLL in two ways: as a type-system for Λ and as a set of proof-nets built inductively.
The presentation as a type system is more intuitive for many people. However, Ptime soundness does not
stand for β -reduction but only for proof-nets, which can be thought of as generalized type-derivations.

2.3 SNLL as a sequent calculus

The typing rules of SNLL are presented in Figure 1. We consider a type derivation valid only if all its
formulae are in F0. This property, along with the ∀e rule, are crucial to ensure the stratification of SNLL.
The crucial rules for dependence control are N and P.

Let us represent any k ∈N by its Church encoding k = λ f .λx.( f )( f ) · · ·( f )x which applies k times a
function to its argument. In full linear logic, one can type k with type N = ∀X .!(X ( X)( !(X ( X).
This type allows an exponential blow-up. Indeed, let us define (+2) = λm.λ f .λx.((m) f )( f )( f )x : N(
N. Then we define (∗2) as the iteration of (+2) (i.e. (∗2) = λm.((m)(+2))0 : !N( !N) mapping k to
k+ k. Finally, we can type (2∧) = λm.((m)(∗2))1 which maps k to 2k, which is obviously not in Ptime:
the Church encoding is unary so 2k is exponentially bigger than k.

In SNLL, for any s≥ 1, and k ∈ N, k can be typed with (see Figure 2 for the type derivation of 2):

Ns = ∀Xs, !s−1,1(Xs( Xs)( !s−1,0(Xs( Xs)

Let us observe how the typing constraints prevent us from typing (2∧). Typing (2∧) requires to type
(∗2) by Ns( Ns for some s (we will write Fs = Ns( Ns). So, inside (∗2), (n)(+2) must be typed by
Fs with context n : Ns. This is impossible. For example in the following attempt of type derivation, the
∀e rule replaces Ns by !t,1Fs( !t,0 so t = s−1, however the formula !t,0Fs appears in the derivation so
we must have t < s−1. The shape of types forbids us to type (2∧), which is not stratified.

x : Fs ` x : Fs

x : !t,0Fs ` x : Fs

n : !t,1Fs( !t,0Fs ` n : !t,1Fs( !t,0Fs ∀en : Ns ` n : !t,1Fs( !t,0Fs

` (+2) : Fs

` (+2) : !t,1Fs

n : Ns ` (n)(+2) : !t,0Fs !en : Ns ` (n)(+2) : (Ns( Ns) = Fs
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ax
x : A ` x : A

Γ,x1 : A1, · · · ,xk : Ak ` t : B
(i

Γ ` λ 〈x1, · · · ,xk〉.t : (A1⊗·· ·⊗Ak)( B

Γ ` t : A A≤ A′ ≤
Γ ` t : A′

Γ1 ` t1 : A1 · · · Γk ` tk : Ak ⊗i
Γ1, · · · ,Γk ` 〈t1, · · · , tk〉 : A1⊗·· ·⊗Ak

Γ,x : A ` t : B A′ ≤ A ≥
Γ,x : A′ ` t : B

Γ ` t : A( B ∆ ` u : A(e
Γ,∆ ` (t)u : B

Γ ` t : A Xs not free in Γ ∀i
Γ ` t : ∀Xs.A

Γ,x : A[C/Xs] ` t : B smin
C ≥ s

∀e
Γ,x : ∀Xs.A ` t : B

Γ ` t : B W
Γ,x : !s,nA ` t : B

Γ,x : A ` t : B
D

Γ,x : !s,nA ` t : B
Γ,y : !s,nA,z : !s,nA ` t : B

C
Γ,x : !s,nA ` t[x/y;x/z] : B

Γ,x : !s,n!s+1,n+1A ` t : B
N

Γ,x : !s,n+1 A ` t : B
Γ ` u : !s,nA ∆,x : !s,nA ` h[x] : B

!e
Γ,∆ ` h[u] : B

x1 : A1,x2 : A2, · · · ,xk : Ak ` t : B
Px1 : !s1,nA1,x2 : !s2,n+1A2, · · · ,xk : !sk,n+1Ak,` t :!s,nB

Figure 1: SNLL as a λ -calculus type-system.

ax
g : Xs( Xs ` g : Xs( Xs

ax
h : Xs( Xs ` h : Xs( Xs

ax
a : Xs ` a : Xs (e

h : Xs( Xs,a : Xs ` (h)a : Xs (e
g : Xs( Xs,h : Xs( Xs,a : Xs ` (g)(h)a : Xs (i

g : Xs( Xs,h : Xs( Xs ` λa.(g)(h)a : Xs( Xs
P

g : !s−1,0(Xs( Xs),h : !s−1,1(Xs( Xs) ` λa.(g)(h)a : !s−1,0(Xs( Xs) ≥
g : !s−1,1(Xs( Xs),h : !s−1,1(Xs( Xs) ` λa.(g)(h)a : !s−1,0(Xs( Xs)

C
f : !s−1,1(Xs( Xs) ` λa.( f )( f )a : !s−1,0(Xs( Xs) (i` λ f .λa.( f )( f )a : !s−1,1(Xs( Xs)( !s−1,0(Xs( Xs) ∀i` λ f .λa.( f )( f )a : ∀Xs, !s−1,1(Xs( Xs)( !s−1,0(Xs( Xs)

Figure 2: Type derivation of 2 : ∀Xs, !s−1,0(Xs( Xs)( !s−1,0(Xs( Xs)
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ax
x : As ` x : As Γ ` t : As X not free in Γ ∀i

Γ ` t : ∀X .As
Γ,x : A[C/X ]r ` t : Bs

∀e
Γ,x : ∀X .Ar ` t : Bs

Γ,x : As ` t : Bs
(i

Γ ` λx.t : A( Bs
Γ ` t : A( Bs ∆ ` u : As

(e
Γ,∆ ` (t)u : Bs

x : Ar+1 ` t : Bs+1
Px : !Ar ` t : !Bs

Γ,x : Ar+1 ` t : Bs
§e

Γ,x : §Ar ` t : Bs
Γ,x : Ar ` t : Bs+1

§i
Γ,x : Ar ` t : §Bs

Γ ` t : Bs
W

Γ,x : !Ar ` t : Bs
Γ,x : Ar+1 ` t : Bs

D
Γ,x : !Ar ` t : Bs

Γ,y : !Ar,z : !Ar ` t : Bs

C
Γ,x : !Ar ` t[x/y;x/z] : Bs

Figure 3: L4 as a type system for λ -calculus.

Another way to compute k 7→ 2k is (2∧′)= λm.((m)(2∗))1 which iterates the term (2∗)= λm.λ f .λx.((m) f )((m) f )x.
To type (2∧′), we need to iterate (2∗), so (2∗) must have type !s−2,nNs( !s−2,nNs. This is impossible.
For example in the following attempt of type derivation, the nest indices on the new ! in the context
formulae are equal to the nest index on the new ! in the type of the term. The P rule forbids us to type
(2∧′) which does not control dependence.

...
p : Ns,q : Ns ` λ f .λx.((p) f )((q) f )x : Ns

P
p : !s−2,nNs,q : !s−2,nNs ` λ f .λx.((p) f )((q) f )x : !s−2,nNs

C
m : !s−2,nNs ` λ f .λx.((m) f )((m) f )x : !s−2,nNs

3 Expressivity of SNLL

There are already many subsystems of LL characterizing Ptime. We argue that the interest of SNLL over
the previous systems is its intentional expressivity. To support our claim we show that: the light logics
can easily be encoded in SNLL and there are λ -terms which are typable in SNLL but do not seem typable
in light logics.

3.1 Encoding of L4

The light logics can be encoded in SNLL, thus SNLL is at least as expressive as the union of the light
logics. We exhibit the encoding of L4 in SNLL. The encodings of MS is only sketched.

The L4 types are defined by FL4 = X |FL4(FL4 | ∀X .FL4 | !FL4 | §FL4. In the type derivation
rules of Figure 3, formulae are indexed by an integer (called level) which intuitively corresponds to the
stratum of the subterm.

Any L4 type derivation d can be transformed into a SNLL derivation by replacing every indexed
formula As by a formula A′ ∈F0 obtained from A by:

• For every ! in A, we have A = H[!B], then we replace the ! by !‖H‖+s,0 with ‖H‖ defined by
induction on hole-formulae by: ‖ ◦ ‖ = 0, ‖∀X .H‖ = ‖C ( H‖ = ‖H ( C‖ = ‖H‖, ‖!H‖ =
‖§H‖= 1+‖H‖ (C being a formula).
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• Any variable X is indexed by max
{
‖H‖+ i|H[X ]i appears in d

}
• All occurrences of § are deleted.

One can easily verify that every L4 rule becomes a valid SNLL rule. The § rules become trivial (it does
not change the sequent).

In MS, the D rule does not exist. For any occurrence of formula A in a MS derivation, we define ∂ (A)
as the number of P rules below it. In MS, the ! modalities are indexed by integers corresponding to their
nest. Any !n connective appearing in a formula A in a MS derivation will be transformed into !‖A‖+∂ (A),n.

Concerning the other LL subsystems capturing Ptime: L4
0 [1], SLL, BLL and QBAL contain proof-net

which are not stratified in the sense of [12], so which are not in SNLL. However, no λ -term typable in L4
0

and untypable in SNLL has been found yet. Even if SLL is orthogonal to LLL, SLL is generally thought
to be less expressive than LLL. Finally, type-checking is undecidable in BLL and QBAL so they do not
fit in our goal of automatic bound inferring.

3.2 Comparison with previous light logics

We isolate four constraints that each light logic has and which SNLL does not have. We illustrate each
constraint with an intuitive description and a λ -term which can be typed in SNLL but seemingly not
in any other light logic because of this constraint. We set S = λm.λ f .λx.((m) f )( f )x implementing
succesor += λm.λn.λ f .λx.((m) f )((n) f )x implementing addition on Church integers and x+y+ z is a
notation for ((+)((+)x)y)z

• In light logics, in 〈t,u〉, t and u must have the same stratum indices (depth in LLL and MS, level in
L4). The term (k)λ 〈x,y,z〉.〈x,((x)S)0,x+y+ z〉 is not typable in light logics: because the function
λ 〈x,y,z〉.〈x,((x)S)0,x+ y+ z〉 is iterated, we have s(y) = s(((x)S)0) so s(y)> s(x). But, because
they are in the same tuple, it must be s(y) = s(x). The x+ y+ z term ensures that the stratum
indices of y and x can not be modified by § modalities.

• There is no N rule in light logics and in their encodings in SNLL. This seems to prevent the typing
of k(λ 〈v,w,x,y,z〉〈w,w,x,w+ x+ y,((x)(+)v)0〉).

• Contrary to LLL and L4, one can have several variables in the context during a P rule. So,
t = k(λ 〈x,y,z〉.〈x,x+ y,y〉) is typable in SNLL but not in LLL and L4. Moreover, the maximum
nest of terms is not a priori bounded by the type system, so if we set u = λ 〈x,y,z〉.〈z,z,z〉, then
(t)(u)(t) · · ·(u)t is typable in SNLL whatever the length of the chain of applications, whereas in
MS the maximum length of such a chain is bounded.

• In light logics, there is no subtyping. For example, in L4, a Ai formula can not be considered as a
Ai−1 formula. The example in the first item of this list would be typable in L4 if it was allowed to
decrease the level of a formula by mean of a subtyping relation.

3.3 Going beyond SNLL? (work in progress)

Though SNLL is more expressive than light logics, it seems there still are at least two unnecessary
constraints we should get rid off before being expressive enough inside linear logic. First, any subterm
of a SNLL proof-net must be in SNLL so Ptime. This forbids Ptime terms such as λn.n+(∧2)3 which
computes k 7→ k+8 in polynomial time. The second one is that, in SNLL, one can not iterate a function f
obtained by iteration, even if f is non-size-increasing. For example, one can not type ((3)λn.((n)S)0)0.
More importantly, it prevents to type some natural implementations of insertion sort.
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G
B1 Bk

ax
A⊥A

G H
cutA A⊥

G

∃
A[B/X ]

∃XA

G

∀
A

∀XA

G H
⊗A B

A⊗B

G

`A B
A`B

G ?W
?s,nAi

G

?D
Ai

?s,nAi-1

G

?N
?s,n?s,n+1Ai

?s,n+1Ai-1

G

?C
?s,nA ?s,nA

?s,nAi

G

!P?P?P?P
A1

i
A2

i
Ak

i
C

i
?s1,nA1i-1

?s2,n+1A2i-1
?sk,n+1Aki-1

!s,nC
i-1

Figure 4: Construction of proof-nets. For the ∀ rule, we require X not to be free in the formulae labelling
the other conclusions of G. For the ∃ rule, we require smin

B ≥ s. For the top-left rule, we suppose G is a
proof-net of conclusions A1,. . . ,Ak and ∀i,Ai ≤ Bi.

A way to relax the first constraint would be to explicitly separate the function from the argument.
Then, a proof-net would be said stratified (resp. controlling dependence) if there are no � (resp. <2)
cycle involving subterms in the function and subterms in the argument. Concerning the type system, this
would mean that we would allow subterm which do not follow the indices discipline. Concretely, the
stratum and nest indices would not take values in N but in N∪{⊥}. The ⊥ indices would not have to
follow any discipline during the typing. A term would be considered typed only if no ⊥ appears in the
conclusion.

4 Complexity properties

In this section, we will introduce SNLL proof-nets, which can be considered as generalizations of SNLL
type derivations. We first presented SNLL as a type-system for Λ. However, the polynomial bound on
execution does not hold on λ -terms, only on proof-nets. We believe that one could restrict the SNLL
type system on Λ in the way of [2] to entail a polynomial bound on β -reduction but this is left for future
work.

We will prove that the length of any sequence of cut-elimination for a SNLL proof-net G is bounded
by a polynomial on the size of G. The polynomial will only depend on the maximum indices of expo-
nential modalities and depth of G. To do this, we will use criteria based on context semantics defined
in [12].

4.1 SNLL as a set of proof-nets

The SNLL typing rules on Λ correspond to the intuitionistic fragment of SNLL. We present the proof-nets
for classical SNLL, as we use the results of [12] which are given in classical LL. We consider A( B as
a notation for A⊥`B. For s ∈ N, we define Ks as (with n, t ∈ N, t ≥ s and X ranges over a countable set
of variables):

Ks := Xt | X⊥t |Ks `Ks |Ks⊗Ks | ∃Xt .Ks | ∀Xt .Ks |!t,nKt+1 |?t,nKt+1
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` ⊗
cut

cut cut

cut

ax

cut
cut

cut
∀ ∃

A⊥ A[B/X ]

∀X ,A⊥ ∃X ,A

cut
A[B/X ]⊥ A[B/X ]

cut

!P?P?P ?W

cut

?W ?W
cut

G

!P?P?P
cut

?D

G

?D?D cut

cut

G

!P?P?P

H

!P?P?P
cut

G H

?P?P !P?Pcut

cut

G

!P?P?P
cut

?N

cut

G

!P?P?P

!P?P?P
cut!P?P?P

cut

?C !P?P?P !P?P?P
?C?C cutcut

cut

Figure 5: Rules of cut-elimination. In the ∀/∃ rule, the substitution of the variable X by B takes place on
the whole net.

We define inductively ( )⊥ on K0, which can be viewed as a negation: (Xs)
⊥ = X⊥s , (X⊥s )⊥ = Xs,

(A⊗B)⊥ = A⊥`B⊥, (A`B)⊥ = A⊥⊗B⊥, (∀Xs.A)⊥ = ∃Xs.A⊥, (∃Xs.A)⊥ = ∀Xs.A⊥, (!s,nA)⊥ =?s,n(A⊥)
and (?s,nA)⊥ =!s,n(A⊥).

The ≤ subtyping relation is extended on Ks as (≤1)
∗ with ≤1 defined by:

A≤1 B⇔
{

Either ∃C,A =C[!s,nD] B =C[!s′,n′D] s≥ s′,n≥ n′

Or ∃C,A =C[?s,nD] B =C[?s′,n′D] s≤ s′,n≤ n′

SNLL proof-net A SNLL proof-net is a graph-like structure defined inductively by the graphs of Figure 4
(G and H being proof-nets). Every edge e is labelled by a K0 formula β (e).

The set of edges is written EG. The rectangle in the rightmost proof-net on the last row of Figure 4 is
called a box. Formally a box is a subset of the nodes of the proof-net. The number of boxes containing
a node n is its depth written ∂ (n). ∂G is the maximum depth of a node of G. Let us call B the box in
Figure 4. The node labelled !P is the principal door of B, its outgoing edge is written σ(B). The ?P
nodes are the auxiliary doors of box B. The edge going out of the i-th auxiliary door is written σi(B).

Proof-nets correspond, through the proofs-as-programs paradigm, to λ -terms. Intuitively, proof-
nets are λ -terms where applications and abstractions are respectively replaced by ⊗ and ` and with
additional information on duplication. cut-elimination is a relation, described in Figure 5, on proof-nets
which refines β -reduction. Proof-nets are stable under cut-elimination.

4.2 Definition of contexts

The definitions of� and <2 on Λ are based on a notion of residue. The idea of context semantics is to
study the reduction of proof-nets by leaving the proof-net unchanged and analysing instead some paths
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in it. The residues will be represented by potential ports. Cut-elimination is simulated by paths, which
are defined by contexts travelling across the net according to a relation 7→.

The set of signatures is defined by: S = e | l(S ) | r(S ) | p(S ) | n(S ,S ). A signature corre-
sponds to a list of choices of premises of ?C links. r(t) means: “I choose the right premise, and in
the next ?C links I will use t to make my choices”. The construction n(t,u) encapsulates two sequels
of choices into one. It corresponds to the ?N node which encapsulates two ? modalities into one. The
p(t) construction is a degenerated case of the n construction. Intuitively, p(t) corresponds to n(∅, t).
This correspondence in mind, we define an order v on S by: n(t,u) v n(t ′,u′)⇔ t v t ′ and u = u′,
n(t,u)v p(u′)⇔ uv u′, ev e, l(t)v l(t ′)⇔ t v t ′, r(t)v r(t ′)⇔ t v t ′ and p(t)v p(t ′)⇔ t v t ′.

A potential is a list of signatures: a signature corresponds to the duplication of one box, but an edge
is duplicated whenever any of the boxes containing it is cut with a ?C node. For any proof-net G, PotG is
defined as the set of pairs (e,P) with e ∈ EG and P is a potential of length ∂ (e).

Lists are written in the form [a1; . . . ;an], l1@l2 represents the concatenation of l1 and l2, and . repre-
sents “push” ([a1; . . . ;an].b = [a1; . . . ;an;b]).

A trace is a non-empty list of the following characters: `l,`r,⊗l,⊗r,∀,∃, !t ,?t with t a signature.
The set of traces is T . A trace is a memory of a 7→-path, up to cut-eliminations. We define duals of trace
elements: `⊥l =⊗l , !⊥t =?t ,. . . and extend the notion to traces by ([a1; · · · ;ak])

⊥ = [a⊥1 ; · · · ;a⊥k ].
A polarity is either + or−. It will tell us in which way we are crossing the edges. We define +⊥=−

and −⊥ =+. For A ∈K0, A+ = A and A− = A⊥.
A context is a tuple (e,P,T, p) with (e,P) ∈ PotG, T ∈ T and p a polarity. It can be seen as a token

that will travel around the net. It is located on edge e (more precisely its residue P) with orientation p
and carries information T about its past travel. The nodes define two relations  and ↪→ on contexts
which are presented in Figures 6. 7→ is the union of and ↪→. Figure 7 shows an example of path.

4.3 Stratification and dependence control in context semantics

We define relations� and <2 between boxes of proof nets. They loosely correspond to the relations on
Λ. In terms of context semantics paths, B� B′ means that there is a path starting at the principal door
of B which enters B′ by its principal door, and B <2 B′ means that there are two paths beginning by the
principal door of B which make a ↪→ step over B′.

B�C⇔∃ (σ(B),P) ∈ PotG
(σ(C),Q) ∈ PotG

,∃ t ∈S
T ∈T

,(σ(B),P, [!t ],+) ∗ (σ(C),Q,T,−)

B<C⇔∃t 6= u, t ′,u′ ∈S ,

{
t v t ′ and (σ(B),P, [!t ′ ],+) 7→+ (σ(C),Q, [!e],+)
uv u′ and (σ(B),P, [!u′],+) 7→+ (σ(C),Q, [!e],+)

To illustrate the correspondence with the criteria on Λ, we can observe that in the first proof-net
of Figure 8, (σ(Bu), [], [!e],+) 7→5 (σ(Bv), [], [!e;⊗l; ?e],−) so Bu� Bv. Let u, v be the λ -terms corre-
sponding to Bu and Bv, then the whole proof-net corresponds to (λx.h[(x)u])v which reduces to h[(v)u]
so u� v. In the two last proof-net of Figure 8 Bu <2 Bv. Indeed, in the second proof-net, we have
(σ(Bu), [], [!l(e)],+) 7→5 (σ(Bv), [], [!e],+) and (σ(Bu), [], [!r(e)],+) 7→5 (σ(Bv), [], [!e],+). In the last
proof-net, n(l(e),e) v p(e) and n(r(e),e) v p(e) and (σ(Bu), [], [!p(e)],+) 7→5 (σ(Bv), [], [!e],+). Let
u, v be the λ -terms corresponding to Bu and Bv, then the whole proof-nets both correspond to (λx.h[v])u
with x (possibly) free twice in u, so u<2 v.

Definition A proof-net G is stratified if� is acyclic, and it controls dependence if <2 is acyclic.
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cute f
ax

g h
(e,P,T,+) ( f ,P,T,−)
(g,P,T,−) (h,P,T,+)

`
a b

c
⊗

e f

g

(a,P,T,+) (c,P,T.`l,+)
(b,P,T,+) (c,P,T.`r,+)
(e,P,T,+) (g,P,T.⊗l,+)
( f ,P,T,+) (g,P,T.⊗r,+)

∀
e

f
∃

g

h
?N
i

j

(e,P,T,+) ( f ,P,T.∀,+)
(g,P,T,+) (h,P,T.∃,+)

(i,P, [?t ],+) ( j,P, [?p(t)],+)

(i,P,T.?t .?u,+) ( j,P,T.?n(t,u),+)

?D
e

f
?C

g h

i

(e,P,T,+) ( f ,P,T.?e,+)
(g,P,T.?t ,+) (i,P,T.?l(t),+)

(h,P,T.?t ,+) (i,P,T.?r(t),+)

?P
e

f
!P

g

h

(e,P.t,T,+) ( f ,P,T.?t ,+)
(g,P.t,T,+) (h,P,T.!t ,+)
( f ,P, [!t ],−) ↪→ (h,P, [!t ],+)

Figure 6: Context semantics rules. For any rule (e,P,T, p) (g,Q,U,q) in this figure, the dual rule
(g,Q,U⊥,q⊥) (e,P,T⊥, p⊥) is also defined.

!P B

!P

`
· · ·

a ⊗
cut

b c

· · ·
?P
d

!P

?W

?C

cute f

?D ?D
g

· · · · · ·

Figure 7: (a, [], [!r(e)],+)  (b, [], [!r(e);`r],+)  (c, [], [!r(e);`r],−)  (d, [], [!r(e)],−) ↪→
(e, [], [!r(e)],+) ( f , [], [!r(e)],−) (g, [], [!e],−)

`
?C

?P ?P !P

Bv
· · · · · · · · ·

· · ·· · ·
⊗

cut

!P

Bu
· · ·

ax `
?N

?P

?C

!P

Bv· · ·· · ·

· · ·
· · ·

⊗
cut

!P
· · ·
Bu

ax`
?D
⊗

!P

Bu

· · ·

· · ·
⊗

cut

!P
· · ·
Bv

ax

Figure 8: The first proof-net corresponds to (λx.h[(x)u])v for some h, the last two proof-nets correspond
to (λx.h[v])u for some h.
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The following theorem is the main result of [12].

Theorem 4.1 The maximal reduction length of a stratified proof-net G controlling dependence (with
n = |EG|, S being the depth of� and N the depth of <2) is bounded by

n(∂G.(12N+22))S+1

4.4 Underlying formula of a context

The purpose of SNLL indices is that, if β (σ(B)) = !s,nA and β (σ(B′)) = !s′,n′B, then: B� B′⇒ s > s′

and B<2 B′⇒ n > n′. Stratification and dependence control follow immediately.
To prove this, we will observe that if (σ(B),P, [!t ],+) ∗C, then C has information about the formula

β (σ(B)). We want to define an underlying formula β (C) for any context C such that, if C D, then
β (D) ≤ β (C). Our first idea to define β (e,P, [!t ]@T,+) would be to use T to prune the syntactic tree
of β (e). For example β (e,P, [!l(e);`r;∀],+), with β (e) = ∀X .?s,m(X ⊗X⊥)` !t,n(X⊥`X), would be
!t,n(X⊥`X). Noticing that crossing cut and ax does not change the trace but transforms the labelling
formula into its dual, we would define β (e,P, [!t ]@T,−) as β (e)⊥ pruned using T .

However, there is a problem with this definition when we cross a ∃ link downwards. For example,
if (c, [], [!e;⊗r],+) 7→ (d, [], [!e;⊗r;∃],+) with β (c) =?s,m(X ⊗ X⊥)⊗!t,n(X⊥ ` X) and β (d) = ∃Y.Y .
Then, β (c, [], [!e;⊗r],+) would be !t,n(X⊥`X), but β (d, [], [!e;⊗r;∃],+) would be undefined: the trace
is not compatible with the syntactic tree of β (d). To define underlying formulae of contexts, we will
pay attention to quantifiers. The precise definition of β (C) is given below. It is quite technical. The
main result of this paper can be proved and understood just with the above intuition, Definition 4.4 and
Lemmas 4.2 and 4.3.

First, we have to substitute the variables associated with the ∀ nodes. For any (e, [p1; · · · ; p∂ (e)]) ∈
PotG, we define β (e, [p1; · · · ; p∂ (e)]) as β (e) where the variable Z associated to the ∀ node of conclusion
f is substituted in the following way: If ( f , [p1; · · · ; p∂ ( f )], [∀],+) 7→∗ (g,Q, [∀],−) with g the conclusion
of a ∃ link whose premise is h, then we substitute Z by β (h,Q), otherwise Z is not substituted. The proof
that this process terminates can be found in [12].

Let C =(e,P, [!t ]@T, p) be a context, the underlying formula of C, β (C), is defined as γ(β (e,P)p,T, [])
with γ defined by induction on T :

• γ(A, [],T ′) = A

• γ(A⊗B,T.⊗l,U) = γ(A,T, [⊗l]@U), γ(A⊗B,T.⊗r,U) = γ(B,T, [⊗r]@U)

• γ(A`B,T.`l,U) = γ(A,T, [`l]@U), γ(A`B,T.`r,U) = γ(B,T, [`r]@U)

• If (e,P, [∀]@U, p) 7→∗ (g,Q, [∀],−) with g the conclusion of a ∃ link of premise h, then β (g,Q) =
∃X .B and β (h,Q)=B[C/X ] and γ(∀X .A,T.∀,U)= γ(A[C/X ],T, [∀]@U). Else, γ(∀X .A,T.∀,U)=
γ(A,T, [∀]@U).

• If (g,Q, [∃],+) 7→∗ (e,P, [∃]@U, p) with g the conclusion of a ∃ link of premise h, then β (g,Q) =
∃X .B and β (h,Q)=B[C/X ] and γ(∃X .A,T.∃,U)= γ(A[C/X ],T, [∃]@U). Else, γ(∃X .A,T.∃,U)=
γ(A,T, [∃]@U).

• γ(!s,nA,T.!t ,U) = γ(A,T, [!t ]@U), γ(?s,nA,T.?t ,U) = γ(A,T, [?t ]@U)

Definition Let C be a context, if β (C) = !s,nA we set s(C)= s and n(C)= n.

Lemma 4.2 If C 7→ D and s(C) and n(C) are defined, then s(D) and n(D) are defined, s(C)≥ s(D) and
n(C)≥ n(D).
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Lemma 4.3 If β (e,P,T, p) = !s,mA then

s≥min{∗|t}β (e)p = H[Xt ],β (e)p = H[X⊥t ] or β (e)p = H[!t,nA′]

4.5 SNLL is stratified and controls dependence

Lemma 4.4 If B� B′, β (σ(B)) = !s,nA and β (σ(B′)) = !s′,n′A′ then s > s′

Proof If B� B′, then C = (σ(B),P, [!t ],+) + (σ(B′),P′,T.!u,−) = D. According to Lemma 4.2,
s(C) ≥ s(D). We know that s(C) = s. Moreover, β (σ(B′))− = ?s′,n′A′⊥ with A′ ∈Ks′+1. So, according
to Lemma 4.3, s(D)≥ s′+1. Finally, s = s(C)≥ S(D)> s′.

Lemma 4.5 If B<2 C, β (σ(B)) = !s,nA and β (σ(C)) = !s′,n′A′ then n > n′

Proof If B<2 C then there exists t 6= u, t ′,u′ ∈S such that t v t ′, uv u′, and

(σ(B),P, [!t ′ ],+) =Cn 7→Cn−1 7→ · · · 7→C1 = (σ(C),Q, [!e],−)
(σ(B),P, [!u′ ],+) =C′n′ 7→C′n′−1 7→ · · · 7→C′1 = (σ(C),Q, [!e],−)

Let k be the lowest index such that Ck 6=C′k. Then, either:
• k does not exist. This means that ∀k,Ck =C′k so t ′ = u′. Thus, either t 6= t ′ or u 6= u′. We suppose

that t 6= t ′. So there is a p( ) construction inside t ′ which disappears along the path from Cn to C1.
Let Ci be the first context in this path such that the left-most trace element of the trace does not
contain a p( ). Then Ci+1 = (e,R, [p(v)],−) 7→ ( f ,R, [v],−) =Ci, β (Ci+1) = β (e)⊥ = !si,ni+1A and
β (Ci) = β ( f )⊥ = !si,ni!si,ni+1A. Thus, n(Ci+1) = ni +1 > ni = n(Ci) so, according to Lemma 4.2,
n = n(Cn)≥ n(Ci+1)> n(Ci)≥ n(C1) = n′.

• Else, being injective, the Ck 7→Ck−1 step must be Ck ↪→Ck−1{
Ck = (σ j(D),Pk, [!u],−) ↪→ (σ(D),Pk, [!u],+) =Ck−1
C′k = (σ j′(D),Pk, [!u],−) ↪→ (σ(D),Pk, [!u],+) =Ck−1

But Ck 6= C′k so either j 6= 1 or j′ 6= 1. We suppose without loss of generality, that j 6= 1. Then
n = n(Cn)≥ n(Ck)> n(Ck−1)≥ n(C1) = n′ so n > n′.

Those lemmas state that the indices correspond to the strata and nests of boxes. Then, Ptime sound-
ness follows immediately.

Theorem 4.6 Let G be a SNLL proof-net, then the maximal reduction length of G (with n = |EG|, S be
the maximum stratum index in G and N the maximum nest index in G) is bounded by

n(∂G.(12N+22))S+1

Proof By Lemma 4.4, G is stratified and the maximum stratum is ≤ S. By Lemma 4.5, G controls
dependence and the maximum nest is ≤ N. The result follows by Theorem 4.1.

5 Conclusion

Thanks to the semantic criteria defined in [12], we defined a new characterization of Ptime by a LL
subsystem. This system is another step towards expressive characterizations of Ptime by syntactic means.

Notice that SNLL is decidable in the following way: any SNLL proof-net G can be transformed into
a SNLL proof-net whose indices are at most |EG|. So, given a LL proof-net G, one can try all possible
indices and verify whether there is a decoration satisfying the SNLL constraints.
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