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Abstract
Yet another proof of well-foundedness of the (multiset) recursive path ordering is provided.
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1 Introduction

The recursive path ordering [3] is a popular family of well-founded orderings on terms (trees),
used for proving termination of functional programs (e.g. [8]) and rewrite systems (e.g. [11,
9, 2]) and for guiding completion procedures and theorem provers (e.g. [13]). See [4].

We give a new proof of its well-foundedness in what follows. Some previous proof ap-
proaches may be found in [3, 15, 10, 12, 1, 5]. Though some of the orderings in these
references differ, when function symbols are totally ordered, they all coincide [16]. So a
proof of one is a proof of all.

2 Basics

Let F be a set of symbols, let A, G ⊆ F , and let TG(A) denote the (finite ordered) trees
constructed with leaves (atoms) taken from A and (internal) nodes from G. We are also
given a well-founded partial ordering ⋗ on F (a precedence); we will assume throughout that
each leaf in A is greater in this ordering than every node in G.

Let T n
G(A) denote those trees in TG(A) in which the (maximum) nesting of maximal

nodes in G is at most n. So

TF (A) =
∞

⋃
n=0

T n
F (A)

We refer to n as the altitude of those trees that are in T n
G(A) ∖ T n−1

G (A).
It is convenient to let

max B = {f ∈ F ∶ /∃ g ∈ B. g ⋗ f}

be all the maximal elements of partially ordered set B and

<B = B ∖max B = {f ∈ F ∶ ∃g ∈ B. g ⋗ f}

be all the rest (the non-maximal elements in B). It can be that B = <B when B has no
maximal elements (max B = ∅), as for the natural numbers, for example.

Bags (finite multisets)

M(A) = {*a1, . . . , a`+ ∶ a1, . . . , a` ∈ A, ` ∈ N}
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of elements of well-founded A are known to be well-founded under the bag (multiset) order-
ing [7]. The bag ordering ≫ on A ∪M(A) may be defined as the transitive closure of the
following rules:

*a+ ≫ a

a > b1, . . . , b`

*a+ ≫ *b1, . . . , b`+
*a1, . . . , ak+ ≫ *b1, . . . , b`+

*c, a1, . . . , ak+ ≫ *c, b1, . . . , b`+

k, ` ≥ 0, a, ai, bj , c ∈ A. This makes a bag bigger than each of its elements.
We also allow colored bags, like red bags *1, 1, 3+ ∈ Mr(N) and blue bags *a, c, c+ ∈

Mb(a..z), which are incomparable. The ordering rules are color specific.
Given a partial ordering ⋗ on F = A∪G, the original (multiset) path ordering > on TG(A)

is the transitive closure of the following recursive rules:

f(. . . , ai, . . .) > ai

f ⋗ g, f(a1, . . . , ak) > b1, . . . , b`

f(a1, . . . , ak) > g(b1, . . . , b`)

*a1, . . . , ak+ ≫ *b1, . . . , b`+
f(a1, . . . , ak) > f(b1, . . . , b`)

k, ` ∈ N, f, g ∈ F , ai, bj ∈ TG(A). The bags in the last rule are compared recursively in the
presently defined ordering.

In the next section, we propose an alternative definition for this path ordering. The idea
is to transform trees before comparing by turning each subtree rooted in a node labeled by
maximal symbol into a leaf containing the bag of that node’s children.

It pays to recall some properties of the original definition: The following facts hold for
the path ordering >:

If a tree s contains a symbol (node or leaf) that is larger than every symbol in another
tree t, then s > t.
A leaf s is bigger than a non-leaf tree t iff s is bigger than all leaves (and nodes) of t.
(As stated earlier, we are presuming that all leaves are bigger than all nodes.)
A leaf s is smaller than a non-leaf tree t iff s is smaller than or the same as some leaf (or
node) of t.

3 Repackaging

We deal here with the case where F is totally (well-) ordered. To compare trees over F , take
each maximal subtree rooted in the maximal element in F and turn it into a bag of lower
trees. Let this operation on a tree t be denoted t̂. If g is the largest node in t = u[v1, . . . , vk],
which can be decomposed into a “cap” u not containing g and subtrees v1, . . . , vk each headed
by g, then t̂ = u[a1, . . . , ak] where each ai is a leaf labeled by the bag of immediate subtrees
of vi. The nodes of t̂ are all smaller than g. The new leaves of t̂ contain only strictly lower
trees than the original t.

To compare trees s and t, one first sees which has the largest leaf, then which has the
largest node. Those being equal, this is followed by comparing the decomposed trees ŝ and
t̂, with the new leaves made larger than the remaining node labels.

Let Bn be short for T n
G(A) and let M+(Bn) = M(Bn) ∪ A be bags of these trees plus

leaves A, with leaves ordered above than these bags. Trees TG(A) = ⋃
∞

n=0 Bn are viewed and
compared inductively as follows:

B0 = T<G(A) — provided <G ⊊ G (1)
Bn+1 =M

+

g(Bn) ×G × T<G(M
+

g(Bn)) — where g = max G (2)
B0 = ⋃

H⋖G

TH(A) — if max G = ∅ (3)
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where the H ⋖ G are proper initial segments of ordered G. (The initial segments of N are
[0..i] for all i ∈ N, for example.) The new leavesMg(Bn) are placed below A and above <G

in the leaf ordering.

1. The first case is just two ways of saying that all nodes are non-maximal in G.
2. The second means that a tree of altitude n+1 can be viewed instead as a tree built from

smaller nodes and from leaves that are bags of lower trees Bn, first comparing the trees’
maximal leaves and nodes and then the trees themselves.

3. What if G has no maximal element and so G = <G, in which case the first case doesn’t
apply? Still each tree has a maximal element, and so any two trees may be compared ac-
cording to the ordering of trees with nodes up to the largest node in either. (Technically,
the first case is subsumed by this one.)

▸ Example 1. Consider binary trees built from leaves A = a ⋗ b ⋗ c and internal
nodes G ∶ ↑ ⋗ × ⋗ +. The trees T 1

G(A) of altitude one include (b ↑ b)+(a×(b+ c)) and
(b ↑ b)+((a× b)+(a× c))—think distributivity. They both have the same maximal node ↑
and the same maximal leaf a. Applying the above decomposition yields

⎫
⎩b, b⎧⎭ +(a×(b+ c))

and

⎫
⎩b, b⎧⎭ +((a× b)+(a× c))

respectively, where each box is a leaf. Now they both have the same maximal node × and
the same maximal leaf a as before. The next decompositions are

⎫
⎩b, b⎧⎭ + ⎫

⎩a, b+ c⎧⎭

and

⎫
⎩b, b⎧⎭ +( ⎫

⎩a, b⎧⎭ + ⎫
⎩a, c⎧⎭ )

with maximal leaf *b, b+. One more step gives

⎫⎪⎪⎪⎩
⎫
⎩b, b⎧⎭ , ⎫

⎩a, b+ c⎧⎭
⎧⎪⎪⎪⎭

and

⎫⎪⎪⎪⎩
⎫
⎩b, b⎧⎭ , ⎫

⎩a, b⎧⎭ + ⎫
⎩a, c⎧⎭

⎧⎪⎪⎪⎭

To compare these two leaves, we compare the bags

⎫⎪⎪⎪⎩
⎫
⎩b, b⎧⎭ , ⎫

⎩a, b+ c⎧⎭
⎧⎪⎪⎪⎭

and
⎫⎪⎪⎪⎩

⎫
⎩b, b⎧⎭ , ⎫

⎩a, b⎧⎭ + ⎫
⎩a, c⎧⎭

⎧⎪⎪⎪⎭

The first is larger since its leaf element *a, b+ c+ is larger than the leaves *a, b+ and *a, c+ of
the tree *a, b++ *a, c+. That is because b + c is bigger than both b and c.
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To see that the new version is well-founded, consider an infinite descending sequence
and reason by induction on maximal node and altitude. Since the leaves and nodes are
well-ordered, the maximal leaf and maximal node stabilize from some point on. Look at
the decompositions of those trees, all of whose nodes are strictly smaller than the maximal
node in the original sequence. So, by induction, the old and new leaves are well-ordered,
and hence that sequence of decompositions must in fact be finite.

The new tree ordering on TF ({⊺}) (starting with maximal leaves) is identical to the
original path ordering. Any tree can be put in this form by sprouting a ⊺-leaf from each
original leaf.

4 Discussion

We are hopeful that our redefinition of the recursive path ordering may facilitate extensions
beyond Γ0, which are of value for demonstrating termination of “non-simplifying” rewriting
systems. The reason is that the definition given here bears a measure of similarity to the
ordering of ordinal diagrams; see [14, 6].

When the ordering on nodes is partial, there may be more than one maximal node. Each
should get its own incomparable bag of shallower trees. The details remain to be worked
out.
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