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—— Abstract

Criterion H is one of the criteria for termination of string rewriting that Winfried Kurth im-
plemented in his thesis. Criterion H can be slightly improved. The improved version can be
translated into a termination proof by Semantic Labelling.
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1 Criterion H

In his dissertation [4], Winfried Kurth implemented a suite of criteria for the termination of
single-rule string rewriting systems (SRSs). In the meantime, each of his Criteria A to G
is covered by new termination criteria [5, 6, 7, 1]. Senizergues [9], Kobayashi et al. [3, 10],
Moczydlowski and Geser [8], and Hofbauer, Waldmann, and Zantema [2, 12] have introduced
further criteria. Criterion H has not yet been covered. We give a criterion that is slightly
more powerful than Kurth’s Criterion H and show that it can be translated into a proof by
Semantic Labelling.
Let p(k) := max{0,k — 1} denote the total predecessor on Ny.

» Definition 1 ([4, Definition 4.39]). Functions p: N§j — Z* and j : N§ — N§ are defined by
M((kl,,kn)) = (]{1 71,k1+k’272,]’(}1+k2+k373,...,k1+"'+knfn)

and by fi((k1,...,kn)) = (m1, ma, ..., my) where the m; are defined recursively by m; = p(k;)
and m; = p(m;—1 + k;) for all 2 <i < n.

If u(7) € N§ then a(r) = p(r).

Let the alphabet {a,b} be given. Let |s|. denote the number of occurrences of the
letter ¢ € {a,b} in the string s. The tuple representation T'(w) of a string w is defined by
T(w) = (k‘o, ki,ko,..., kn) if w = a*obak1bak2 . .. bak", ko, ..., kn € Npg.

For 7,7" € N, let 7 >t 7' denote the multiset extension of the order on Ny, applied to
the multiset of 7 and the multiset of 7/. Let >,u; denote >, U=.

» Theorem 2 (Criterion H [4, Satz 4.40]). The SRS (R,{a,b}) terminates if the following
conditions hold for every rule (¢ — r) € R:

1. |r|g >0 and |r|, > 0;

2. |lla = ls = |rla = |rlo;
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3. w(T) e Ny and u(T(r)) € N§;

4. u(T(0)) > p(T(r)).

For instance, the SRS aaba — abaab satisfies Criterion H and hence terminates [4, Satz 4.44].
Kurth states Theorem 2 only for the single-rule case, but his proof works in the general case:
he shows (T(slt)) >mut f(T(srt)) for all s,t € {a,b}*.

For s = ajas...a, let § = a, ...asa;. For an SRS R, let R = {Z% 7| —r)€ R}
We refer to the map s — § as string reflection. Given an SRS (R, ) where ¥ may differ
from {a,b}, and two non-empty sets X,Y C 3 such that X NY = &, let the projection
h : ¥* — {a,b}* be defined by h(c) = aif c € X, h(c) = bif c € Y, and h(c) = ¢ if
ce X\ (XUY). Let h(R) = {h(f) = h(r) | (¢ — r) € R}. Kurth uses string reflection
and projection as preprocessing steps in combination with Criterion H. For the purpose of a
simple presentation, we drop these preprocessing steps for the time being.

2  Technical Stuff

We give a few definitions and basic results in order to state a stronger version of Theorem 2.

» Definition 3. For each = € Ny, let g, : Nj — N§ be defined by fi,((k1,...,kn)) =
(my, ma, ..., my) where the m; are defined recursively by m1 = p(x+ k1) and m; = p(m;_1 +
k;) for all 2 <i <n.

By definition, fig = fi.

Let last((k1,...,kn)) = kn. For n € Ny, p1,...,pn, & € Z let (p1,...,pn) + x denote
(p1+2,...,pn+x). Let xcrit(7) := max{0, —mq, —ma, ..., —m, } where (my,ma,...,my,) =
w(7). By definition, xcrit(7) is the least € Ny such that u(7) + 2« € N. Let >* denote
the pointwise order on Z*, i.e. (p1,...,0m) =" (q1,...,qn) iff m = n and p; > ¢; for all
1<i<n.

Lemma 4. For all 0,7 € N§ and z,y € Ny:

iy > @ then i (r) = fiu(r);

ify > o then fin(r) + (y —2) = fi, (7);

if © > xcrit(7) then i, (1) = p(r) + ;

in(7) >* () + 3;

if Poxcrit(o) (@) >mult .axcrit(a) (1) then fi:(0) >mut fiz(T) for all x > xcrit(o);

if 1ast(fixcrit(o) () > last(fixcrit(o) (7)) then last(fiz(0)) > last(fiz (7)) for all x > xcrit(o).

SO h~MNRY

Proof. Claim 1: Let y > =, 7 = (k1,...,kn), Ay(7) = (q1,---,qn), (7)) = (P1,---,Pn)-
Then q1 = p(y + k1), ¢ = p(qi—1 + k;) for all 2 < i < n, py = p(x + k1), pi = p(pi—1 + k;) for
all 2 < i < n. We show that ¢; > p; for all 1 <i <n by induction on i. Case ¢ = 1: Then
g1 =p(y+ k1) > p(x+ k1) = p1. Case i > 1: By inductive hypothesis, ¢;_1 > p;—1. Then
¢ = p(qi—1 + ki) = p(pi—1 + ki) = ;-

Claim 2 and Claim 3 are proven in a similar way.

Claim 4: fi,(7) >* [, (1) + (z —y) = (u(7) + y) + (x — y) = p(7) + = where y := xcrit(7).

Claim 5: Let y = xcrit(o). By Claim 3, the premise, and Claim 2 we get fi,(0) =
(o) +x = fiy(o) + (x —y) >muie fy(7) + (€ —y) >* fiz(7). Note here that o >* 7 implies
0 >muit 7 for all 0,7 € N§.

Claim 6: By Claim 3, the premise, and Claim 2 we get last(f, (o)) = last(u(o)) + = =

last(fiy (o)) + (x — y) > last(fy (7)) + (x — y) > last(f,(7)). <

Let & denote concatenation on N.
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» Lemma 5. 1. [,(T(as)) = fiz41(T(s)) for all s € {a,b}*;

2. f1z(T(bs)) = (p(2))&fip() (T(s)) for all s € {a,b}*;

3. Foralls € {a,b}*, if i (T(s)) = (p1,-- -, Pn—1,Pn) then i, (T(sa)) = (P1,- -y Pn—1,Pn-1+
last(T(s)));

4. For all s € {a,b}*, if j(T(s)) = (p1,...,pn) then [ (T(sb)) = (p1,---,0n,2(Pn))-

Proof. Claim 1: Let T'(s) = (k1,k2,...,kn), fz(T(as)) = (q1,- ..,qn) and fi,+1(T(s)) =
(p1,-.-,0n). We have T'(as) = (k1 + 1, ko, ..., kn), 1 = p(x + k1 + 1), ¢i = p(gi—1 + k;) for
2<i<n,p1=plx+k+1), pi=ppi-1+ k ) for 2 <i <mn. By mductlon on i, one proves
g =p;foralll <i<n.

Claims 2, 3, and 4 are proven in a similar way. |

3 An Improvement
For s,t € {a,b}* let s >¢ ¢ if
last(fiz(T'(sa))) > last(fiy (T (ta))) and fy(T(s)) >mu fz(T(t)) for all x € No.

Let a reduction order be a well-founded and transitive binary relation on strings that is
closed under left and right contexts.

» Theorem 6. >¢ is a reduction order on {a,b}*.

Proof. Transitivity of >¢ follows from transitivity of both > and > ;. Well-foundedness
of >4 follows from well-foundedness of >,;. Closure under left and right contexts re-
mains to be proved. To this end, let s >¢ ¢, which is last(fi,(T'(sa))) > last(ji,(T'(ta)))
and fi, (T(s)) >mut f(T(t)) for all z € Ng. We claim as >¢ at. We have last(fi, (T (asa))) =
ast(fa-1(T(50))) 2 last(jie1(T(10))) = last(f (T (1)) anel o (T(a5) = a1 (T(5)) >t
fot1(T(t)) = fiy(T(at)) by Lemma 5(1) and the premise. Next we claim bs >¢g bt.
Then last(fi, (T bsa))) = last(fip(z)(T'(sa))) > last(fipq) (T (ta))) = last(fi,(T'(bta))). Next,

:r( (bs)) = ( ( ))&ﬂp(m)(T(s)) >mult (p(‘r))&ﬂp(m)(T(t)) = ﬂw(T<bt)) by Lemma 5(2>
and the premise. For the proof of claim sa >¢ ta, let [, (T(sa)) = (p1,...,Pm), let
bz (T(ta)) = (q1,--.,qn), and let k = last(T(sa)) > 1 and k' = last(T'(ta)) > 1. We have
last(fiz(T(sa))) = pm +1 > ¢n + 1 = last(fi(T(ta))), by Lemma 5(3) and the premise. By
premise, ﬂw(T(s)) = (p17 s apm—lvpm—1+k_1) > mult (CI1, <oy Qn—1,qn— 1+k/_1) ﬂm(T(t))
With that, ﬂw(T(sa)) = (pl, ooy Pm—1,Pm—1 +k> > mult (ql7 ey Qn—1,qn—1 +K ) (T(ta))
Finally, we claim sb >¢g tb. Let fi,41(T(sa)) = (p1,...,pm) and fi,(T(ta)) = (ql, ey qn)-
Then last(fio(T'(sba))) = p(p(Pm)) +1 = p(p(gn)) + 1 = last(fio(T'(tba))) and fi,(T(sb)) =

(ph s apmap(p(pm))) >mult (qla EERE) Qnap(p(pn))) Z mult (Q17 B QTLap(p(QH))) = ﬂL(T(tb))
<

Lemmas 4(4), 4(5) and Theorem 6 prove:

» Theorem 7. The SRS (R, {a,b}) terminates if the following conditions hold for every rule
(¢ —r) € R:

1. last(fiz(T(£a))) > last(fiz(T(ra))) for all x < xcrit(T(¢));

2. pz(T)) >mutt fz(T(r)) for all x < xcrit(T(¢)).

» Theorem 8. The premises of Theorem 7 hold whenever the premises of Theorem 2 hold.
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Proof. Let (¢ — r) € R where £,r € {a,b}*, and let (1) |r|, > 0 and |r|p > 0; (2)
lx =ty = [rlx = Irlys ) p(T(€)) € Ng and u(T'(r)) € Ng; (4) p(T(€)) >mue p(T(r))-
By (3) we have xcrit(T'(¢a)) = 0. By (2) then, last(fig(T'(¢a))) = last(u(T(¢a))) = |¢a —
)y > |rla — Irle = last(p(T'(ra))) = last(fio(T(ra))) which proves Premise 1. By (4),
fo(T(0) = p(T(€)) >muie u(T'(r)) = fro(T'(r)), which proves Premise 2. <

The following examples show that the improvement is strict, even if we allow preprocessing
steps reflection and projection.

» Example 9. The SRS baababaab — abaabbaabab, after preprocessing, satisfies the premises

of Theorem 7 but not those of Theorem 2. Check that T'(¢) = (0,2,1,2,0), T(F) =
(0,1,2,0,2,1). We get

fo(T(0)) = (0,1,1,2,1) # (=1,0,0,1,0) = u(T'(£)) and
fio(T(7)) = (0,0,1,0,1,1) # (—1,-1,0,—1,0,0) = u(T(7));
1 (T(0) = (0,1,1,2,1) = u(T(€)) + 1 and

a1 (T(7)) = (0,0,1,0,1,1) = u(T(7)) + 1 .

» Example 10. The SRS abaaabba — abbababaaab satisfies, after preprocessing, the premises
of Theorem 7 but not those of Theorem 2. Check that T'(¢) = (1,3,0,1) and T'(r) =
(1,0,1,1,3,0). We get

/A/*O(T(E)) = (07 2,1, 1) = /‘(T(g))7
fo(T(r)) =(0,0,0,0,2,1) # (0,—-1,—1,—1,1,0) = u(T(r)).

These two examples and the SRS abccabca — abcacabecab are the only SRSs £ — r with
|r] < 11 that satisfy the premises of Theorem 7 after preprocessing, but satisfy neither
Theorem 2 after preprocessing, nor any of the above-mentioned improvements of Kurth’s
Criteria A to G. In contrast, 16 SRSs with |r| = 11 satisfy Theorem 2, too.

4 Semantic Labelling

There is an interesting connection between Theorem 7 and Semantic Labelling [11]. For
s € {a,b}*, let the interpretation [s] : N — N be defined by [a](z) = 241 and [b](x) = p(z).
The reflected strings are semantically labelled. Symbol a receives no label; symbol b receives
p(z) as its label where z is the interpretation value. For convenience, let lab,(s) denote
lab,.(5), which is s reflected, labelled, and reflected again. The tuple of labels of b symbols is
extracted by a string homomorphism h : ({a,b} x Ng)* — N that is defined by h(a,) =¢
and h(b;) = (x).

» Lemma 11. For all s € {a,b}*, © € Ny:
1. [5]@ = last(fi,(T(sa)));
2. h(labg(sb)) = i (T(s)).

Proof. The proof of Claim 1 is a straightforward induction on |s|. Claim 2 is shown by
induction on |s|. Case s = . Then h(lab, (b)) = h(by)) = (p(2)) = 2((0)) = (T (e)).
Case s = as’. Then h(lab,(as'b)) = h(alab))(s'b)) = h(laby11(s'D)) = fiz41(T(s'd)) =
fi(T(as'b)) by Lemma 5(1). Case s = as’. Then h(lab,(bs'd)) = h(by() labp))(s'd)) =
(p(x))&h(lab,(,y (s'b)) = (p(x))&fi (T'(bs'b)) = fi.(T(bs')) by the inductive hypothesis and
Lemma 5(2). <
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» Example 12. h(lab, (aabab)) = h(a,az41br4205+10012) = (24+2, 24+2) and h(lab, (abaabb)) =
h(azbyt1a2:a5 410z 42be1) = (x+ 1,2+ 2,2+ 1).

A proof of termination of R by Theorem 7 can be turned into a proof by Semantic
Labelling in the following way:

» Theorem 13. For a SRS (R, {a,b}) let R’ = {la’b — ra’b | ({ — 1) € R,i € Ny}.

1. If Condition 1 of Theorem 7 holds then || is a quasi-model of R’.

2. If Condition 2 of Theorem 7 holds then lab, (R') is ordered by the reduction order >
on N§.
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