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Abstract
Criterion H is one of the criteria for termination of string rewriting that Winfried Kurth im-
plemented in his thesis. Criterion H can be slightly improved. The improved version can be
translated into a termination proof by Semantic Labelling.
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1 Criterion H

In his dissertation [4], Winfried Kurth implemented a suite of criteria for the termination of
single-rule string rewriting systems (SRSs). In the meantime, each of his Criteria A to G
is covered by new termination criteria [5, 6, 7, 1]. Senizergues [9], Kobayashi et al. [3, 10],
Moczydlowski and Geser [8], and Hofbauer, Waldmann, and Zantema [2, 12] have introduced
further criteria. Criterion H has not yet been covered. We give a criterion that is slightly
more powerful than Kurth’s Criterion H and show that it can be translated into a proof by
Semantic Labelling.

Let p(k) := max{0, k − 1} denote the total predecessor on N0.

I Definition 1 ([4, Definition 4.39]). Functions µ : N∗0 → Z∗ and µ̂ : N∗0 → N∗0 are defined by

µ((k1, . . . , kn)) = (k1 − 1, k1 + k2 − 2, k1 + k2 + k3 − 3, . . . , k1 + · · ·+ kn − n)

and by µ̂((k1, . . . , kn)) = (m1,m2, . . . ,mn) where themi are defined recursively bym1 = p(k1)
and mi = p(mi−1 + ki) for all 2 ≤ i ≤ n.

If µ(τ) ∈ N∗0 then µ̂(τ) = µ(τ).
Let the alphabet {a, b} be given. Let |s|c denote the number of occurrences of the

letter c ∈ {a, b} in the string s. The tuple representation T (w) of a string w is defined by
T (w) = (k0, k1, k2, . . . , kn) if w = ak0bak1bak2 . . . bakn , k0, . . . , kn ∈ N0.

For τ, τ ′ ∈ N∗0, let τ >mult τ
′ denote the multiset extension of the order on N0, applied to

the multiset of τ and the multiset of τ ′. Let ≥mult denote >mult ∪=.

I Theorem 2 (Criterion H [4, Satz 4.40]). The SRS (R, {a, b}) terminates if the following
conditions hold for every rule (`→ r) ∈ R:
1. |r|a > 0 and |r|b > 0;
2. |`|a − |`|b ≥ |r|a − |r|b;
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3. µ(T (`)) ∈ N∗0 and µ(T (r)) ∈ N∗0;
4. µ(T (`)) >mult µ(T (r)).
For instance, the SRS aaba→ abaab satisfies Criterion H and hence terminates [4, Satz 4.44].
Kurth states Theorem 2 only for the single-rule case, but his proof works in the general case:
he shows µ̂(T (s`t)) >mult µ̂(T (srt)) for all s, t ∈ {a, b}∗.

For s = a1a2 . . . an let s̄ = an . . . a2a1. For an SRS R, let R̄ = {¯̀→ r̄ | (` → r) ∈ R}.
We refer to the map s 7→ s̄ as string reflection. Given an SRS (R,Σ) where Σ may differ
from {a, b}, and two non-empty sets X,Y ⊆ Σ such that X ∩ Y = ∅, let the projection
h : Σ∗ → {a, b}∗ be defined by h(c) = a if c ∈ X, h(c) = b if c ∈ Y , and h(c) = ε if
c ∈ Σ \ (X ∪ Y ). Let h(R) = {h(`) → h(r) | (` → r) ∈ R}. Kurth uses string reflection
and projection as preprocessing steps in combination with Criterion H. For the purpose of a
simple presentation, we drop these preprocessing steps for the time being.

2 Technical Stuff

We give a few definitions and basic results in order to state a stronger version of Theorem 2.

I Definition 3. For each x ∈ N0, let µ̂x : N∗0 → N∗0 be defined by µ̂x((k1, . . . , kn)) =
(m1,m2, . . . ,mn) where the mi are defined recursively by m1 = p(x+k1) and mi = p(mi−1 +
ki) for all 2 ≤ i ≤ n.

By definition, µ̂0 = µ̂.
Let last((k1, . . . , kn)) = kn. For n ∈ N0, p1, . . . , pn, x ∈ Z let (p1, . . . , pn) + x denote

(p1 +x, . . . , pn+x). Let xcrit(τ) := max{0,−m1,−m2, . . . ,−mn} where (m1,m2, . . . ,mn) =
µ(τ). By definition, xcrit(τ) is the least x ∈ N0 such that µ(τ) + x ∈ N∗0. Let ≥∗ denote
the pointwise order on Z∗, i.e. (p1, . . . , pm) ≥∗ (q1, . . . , qn) iff m = n and pi ≥ qi for all
1 ≤ i ≤ n.

I Lemma 4. For all σ, τ ∈ N∗0 and x, y ∈ N0:
1. if y ≥ x then µ̂y(τ) ≥∗ µ̂x(τ);
2. if y ≥ x then µ̂x(τ) + (y − x) ≥∗ µ̂y(τ);
3. if x ≥ xcrit(τ) then µ̂x(τ) = µ(τ) + x;
4. µ̂x(τ) ≥∗ µ(τ) + x;
5. if µ̂xcrit(σ)(σ) >mult µ̂xcrit(σ)(τ) then µ̂x(σ) >mult µ̂x(τ) for all x ≥ xcrit(σ);
6. if last(µ̂xcrit(σ)(σ)) ≥ last(µ̂xcrit(σ)(τ)) then last(µ̂x(σ)) ≥ last(µ̂x(τ)) for all x ≥ xcrit(σ).

Proof. Claim 1: Let y ≥ x, τ = (k1, . . . , kn), µ̂y(τ) = (q1, . . . , qn), µ̂x(τ) = (p1, . . . , pn).
Then q1 = p(y + k1), qi = p(qi−1 + ki) for all 2 ≤ i ≤ n, p1 = p(x+ k1), pi = p(pi−1 + ki) for
all 2 ≤ i ≤ n. We show that qi ≥ pi for all 1 ≤ i ≤ n by induction on i. Case i = 1: Then
q1 = p(y + k1) ≥ p(x+ k1) = p1. Case i > 1: By inductive hypothesis, qi−1 ≥ pi−1. Then
qi = p(qi−1 + ki) ≥ p(pi−1 + ki) = qi.

Claim 2 and Claim 3 are proven in a similar way.
Claim 4: µ̂x(τ) ≥∗ µ̂y(τ) + (x− y) = (µ(τ) + y) + (x− y) = µ(τ) + x where y := xcrit(τ).
Claim 5: Let y = xcrit(σ). By Claim 3, the premise, and Claim 2 we get µ̂x(σ) =

µ(σ) + x = µ̂y(σ) + (x− y) >mult µ̂y(τ) + (x− y) ≥∗ µ̂x(τ). Note here that σ ≥∗ τ implies
σ ≥mult τ for all σ, τ ∈ N∗0.

Claim 6: By Claim 3, the premise, and Claim 2 we get last(µ̂x(σ)) = last(µ(σ)) + x =
last(µ̂y(σ)) + (x− y) ≥ last(µ̂y(τ)) + (x− y) ≥ last(µ̂x(τ)). J

Let & denote concatenation on N∗0.
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I Lemma 5. 1. µ̂x(T (as)) = µ̂x+1(T (s)) for all s ∈ {a, b}∗;
2. µ̂x(T (bs)) = (p(x))&µ̂p(x)(T (s)) for all s ∈ {a, b}∗;
3. For all s ∈ {a, b}∗, if µ̂x(T (s)) = (p1, . . . , pn−1, pn) then µ̂x(T (sa)) = (p1, . . . , pn−1, pn−1+

last(T (s)));
4. For all s ∈ {a, b}∗, if µ̂x(T (s)) = (p1, . . . , pn) then µ̂x(T (sb)) = (p1, . . . , pn, p(pn)).

Proof. Claim 1: Let T (s) = (k1, k2, . . . , kn), µ̂x(T (as)) = (q1, . . . , qn), and µ̂x+1(T (s)) =
(p1, . . . , pn). We have T (as) = (k1 + 1, k2, . . . , kn), q1 = p(x+ k1 + 1), qi = p(qi−1 + ki) for
2 ≤ i ≤ n, p1 = p(x+ k1 + 1), pi = p(pi−1 + ki) for 2 ≤ i ≤ n. By induction on i, one proves
qi = pi for all 1 ≤ i ≤ n.

Claims 2, 3, and 4 are proven in a similar way. J

3 An Improvement

For s, t ∈ {a, b}∗ let s >G t if

last(µ̂x(T (sa))) ≥ last(µ̂x(T (ta))) and µ̂x(T (s)) >mult µ̂x(T (t)) for all x ∈ N0.

Let a reduction order be a well-founded and transitive binary relation on strings that is
closed under left and right contexts.

I Theorem 6. >G is a reduction order on {a, b}∗.

Proof. Transitivity of >G follows from transitivity of both ≥ and >mult. Well-foundedness
of >G follows from well-foundedness of >mult. Closure under left and right contexts re-
mains to be proved. To this end, let s >G t, which is last(µ̂x(T (sa))) ≥ last(µ̂x(T (ta)))
and µ̂x(T (s)) >mult µ̂x(T (t)) for all x ∈ N0. We claim as >G at. We have last(µ̂x(T (asa))) =
last(µ̂x+1(T (sa))) ≥ last(µ̂x+1(T (ta))) = last(µ̂x(T (ata))) and µ̂x(T (as)) = µ̂x+1(T (s)) >mult
µ̂x+1(T (t)) = µ̂x(T (at)) by Lemma 5(1) and the premise. Next we claim bs >G bt.
Then last(µ̂x(T (bsa))) = last(µ̂p(x)(T (sa))) ≥ last(µ̂p(x)(T (ta))) = last(µ̂x(T (bta))). Next,
µ̂x(T (bs)) = (p(x))&µ̂p(x)(T (s)) >mult (p(x))&µ̂p(x)(T (t)) = µ̂x(T (bt)) by Lemma 5(2)
and the premise. For the proof of claim sa >G ta, let µ̂x(T (sa)) = (p1, . . . , pm), let
µ̂x(T (ta)) = (q1, . . . , qn), and let k = last(T (sa)) ≥ 1 and k′ = last(T (ta)) ≥ 1. We have
last(µ̂x(T (sa))) = pm + 1 ≥ qn + 1 = last(µ̂x(T (ta))), by Lemma 5(3) and the premise. By
premise, µ̂x(T (s)) = (p1, . . . , pm−1, pm−1+k−1) >mult (q1, . . . , qn−1, qn−1+k′−1) = µ̂x(T (t)).
With that, µ̂x(T (sa)) = (p1, . . . , pm−1, pm−1 +k) >mult (q1, . . . , qn−1, qn−1 +k′) = µ̂x(T (ta)).
Finally, we claim sb >G tb. Let µ̂x+1(T (sa)) = (p1, . . . , pm) and µ̂x(T (ta)) = (q1, . . . , qn).
Then last(µ̂x(T (sba))) = p(p(pm)) + 1 ≥ p(p(qn)) + 1 = last(µ̂x(T (tba))) and µ̂x(T (sb)) =
(p1, . . . , pm, p(p(pm))) >mult (q1, . . . , qn, p(p(pn))) ≥mult (q1, . . . , qn, p(p(qn))) = µ̂x(T (tb)).

J

Lemmas 4(4), 4(5) and Theorem 6 prove:

I Theorem 7. The SRS (R, {a, b}) terminates if the following conditions hold for every rule
(`→ r) ∈ R:
1. last(µ̂x(T (`a))) ≥ last(µ̂x(T (ra))) for all x ≤ xcrit(T (`));
2. µ̂x(T (`)) >mult µ̂x(T (r)) for all x ≤ xcrit(T (`)).

I Theorem 8. The premises of Theorem 7 hold whenever the premises of Theorem 2 hold.
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Proof. Let (` → r) ∈ R where `, r ∈ {a, b}∗, and let (1) |r|a > 0 and |r|b > 0; (2)
|`|X − |`|Y ≥ |r|X − |r|Y ; (3) µ(T (`)) ∈ N∗0 and µ(T (r)) ∈ N∗0; (4) µ(T (`)) >mult µ(T (r)).
By (3) we have xcrit(T (`a)) = 0. By (2) then, last(µ̂0(T (`a))) = last(µ(T (`a))) = |`|a −
|`|b ≥ |r|a − |r|b = last(µ(T (ra))) = last(µ̂0(T (ra))) which proves Premise 1. By (4),
µ̂0(T (`)) = µ(T (`)) >mult µ(T (r)) = µ̂0(T (r)), which proves Premise 2. J

The following examples show that the improvement is strict, even if we allow preprocessing
steps reflection and projection.

I Example 9. The SRS baababaab→ abaabbaabab, after preprocessing, satisfies the premises
of Theorem 7 but not those of Theorem 2. Check that T (¯̀) = (0, 2, 1, 2, 0), T (r̄) =
(0, 1, 2, 0, 2, 1). We get

µ̂0(T (¯̀)) = (0, 1, 1, 2, 1) 6= (−1, 0, 0, 1, 0) = µ(T (¯̀)) and
µ̂0(T (r̄)) = (0, 0, 1, 0, 1, 1) 6= (−1,−1, 0,−1, 0, 0) = µ(T (r̄));
µ̂1(T (¯̀)) = (0, 1, 1, 2, 1) = µ(T (¯̀)) + 1 and
µ̂1(T (r̄)) = (0, 0, 1, 0, 1, 1) = µ(T (r̄)) + 1 .

I Example 10. The SRS abaaabba→ abbababaaab satisfies, after preprocessing, the premises
of Theorem 7 but not those of Theorem 2. Check that T (`) = (1, 3, 0, 1) and T (r) =
(1, 0, 1, 1, 3, 0). We get

µ̂0(T (`)) = (0, 2, 1, 1) = µ(T (`)),
µ̂0(T (r)) = (0, 0, 0, 0, 2, 1) 6= (0,−1,−1,−1, 1, 0) = µ(T (r)).

These two examples and the SRS abccabca → abcacabccab are the only SRSs ` → r with
|r| ≤ 11 that satisfy the premises of Theorem 7 after preprocessing, but satisfy neither
Theorem 2 after preprocessing, nor any of the above-mentioned improvements of Kurth’s
Criteria A to G. In contrast, 16 SRSs with |r| = 11 satisfy Theorem 2, too.

4 Semantic Labelling

There is an interesting connection between Theorem 7 and Semantic Labelling [11]. For
s ∈ {a, b}∗, let the interpretation [s] : N∗0 → N∗0 be defined by [a](x) = x+1 and [b](x) = p(x).
The reflected strings are semantically labelled. Symbol a receives no label; symbol b receives
p(x) as its label where x is the interpretation value. For convenience, let labx(s) denote
labx(s̄), which is s reflected, labelled, and reflected again. The tuple of labels of b symbols is
extracted by a string homomorphism h : ({a, b} × N0)∗ → N∗0 that is defined by h(ax) = ε

and h(bx) = (x).

I Lemma 11. For all s ∈ {a, b}∗, x ∈ N0:
1. [s̄](x) = last(µ̂x(T (sa)));
2. h(labx(sb)) = µ̂x(T (s)).

Proof. The proof of Claim 1 is a straightforward induction on |s|. Claim 2 is shown by
induction on |s|. Case s = ε. Then h(labx(b)) = h(bp(x)) = (p(x)) = µ̂x((0)) = µ̂x(T (ε)).
Case s = as′. Then h(labx(as′b)) = h(a lab[a](x)(s′b)) = h(labx+1(s′b)) = µ̂x+1(T (s′b)) =
µ̂x(T (as′b)) by Lemma 5(1). Case s = as′. Then h(labx(bs′b)) = h(bp(x) lab[b](x)(s′b)) =
(p(x))&h(labp(x)(s′b)) = (p(x))&µ̂x(T (bs′b)) = µ̂x(T (bs′b)) by the inductive hypothesis and
Lemma 5(2). J
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I Example 12. h(labx(aabab)) = h(axax+1bx+2ax+1bx+2) = (x+2, x+2) and h(labx(abaabb)) =
h(axbx+1axax+1bx+2bx+1) = (x+ 1, x+ 2, x+ 1).

A proof of termination of R by Theorem 7 can be turned into a proof by Semantic
Labelling in the following way:

I Theorem 13. For a SRS (R, {a, b}) let R′ = {`aib→ raib | (`→ r) ∈ R, i ∈ N0}.
1. If Condition 1 of Theorem 7 holds then [] is a quasi-model of R′.
2. If Condition 2 of Theorem 7 holds then labx(R′) is ordered by the reduction order >mult

on N∗0.

Acknowledgements The two anonymous referees provided valuable feedback.

References
1 Alfons Geser. Is termination decidable for string rewriting with only one rule? Habilitation

thesis, Wilhelm-Schickard-Institut, Universität Tübingen, Germany, January 2002. 201
pages.

2 Dieter Hofbauer and Johannes Waldmann. Termination of string rewriting with matrix
interpretations. In Frank Pfenning, editor, RTA, volume 4098 of Lecture Notes in Computer
Science, pages 328–342. Springer, 2006.

3 Yuji Kobayashi, Masashi Katsura, and Kayoko Shikishima-Tsuji. Termination and deriva-
tional complexity of confluent one-rule string rewriting systems. Theoret. Comput. Sci.,
262(1/2):583–632, 2001.

4 Winfried Kurth. Termination und Konfluenz von Semi-Thue-Systemen mit nur einer Regel.
Dissertation, Technische Universität Clausthal, Germany, 1990.

5 Robert McNaughton. The uniform halting problem for one-rule Semi-Thue Systems. Tech-
nical Report 94-18, Dept. of Computer Science, Rensselaer Polytechnic Institute, Troy,
NY, August 1994. See also “Correction to ‘The Uniform Halting Problem for One-rule
Semi-Thue Systems’”, unpublished paper, August, 1996.

6 Robert McNaughton. Well-behaved derivations in one-rule Semi-Thue Systems. Technical
Report 95-15, Dept. of Computer Science, Rensselaer Polytechnic Institute, Troy, NY,
November 1995. See also “Correction by the author to ‘Well-behaved derivations in one-
rule Semi-Thue Systems’”, unpublished paper, July, 1996.

7 Robert McNaughton. Semi-Thue Systems with an Inhibitor. J. Automated Reasoning,
26:409–431, 1997.

8 Wojciech Moczydlowski and Alfons Geser. Termination of single-threaded one-rule semi-
thue systems. In Jürgen Giesl, editor, RTA, volume 3467 of Lecture Notes in Computer
Science, pages 338–352. Springer, 2005.

9 Geraud Sénizergues. On the termination problem for one-rule Semi-Thue Systems. In Har-
ald Ganzinger, editor, Proc. 7th Int. Conf. Rewriting Techniques and Applications, LNCS
1103, pages 302–316. Springer, 1996.

10 Kayoko Shikishima-Tsuji, Masashi Katsura, and Yuji Kobayashi. On termination of conflu-
ent one-rule string rewriting systems. Inform. Process. Lett., 61(2):91–96, 1997.

11 Hans Zantema. Termination of term rewriting by semantic labelling. Fundamenta Infor-
maticae, 24:89–105, 1995.

12 Hans Zantema and Johannes Waldmann. Termination by quasi-periodic interpretations.
In Franz Baader, editor, RTA, volume 4533 of Lecture Notes in Computer Science, pages
404–418. Springer, 2007.


	Criterion H
	Technical Stuff
	An Improvement
	Semantic Labelling

