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—— Abstract

Recently, to analyze procedural programs by using techniques in the field of term rewriting,
several transformations of a program into a rewrite system have been developed. Such trans-
formations are basically complete in the sense of computation, and e.g., termination of the rewrite
system ensures termination of the program. However, in general, termination of the program is
not preserved by the transformations and, thus, the preservation of termination is a common in-
teresting problem. In this paper, we discuss the improvement of a transformation from a simple
procedural program over integers into a constrained term rewriting system by appending loop
invariants to loop conditions of “while” statements so as to preserve termination as much as

possible.

1 Introduction

Recently, program verification methods for procedural programs using term rewriting tech-
niques have been developed e.g., [8, 12, 16, 5]. In these methods, to verify a property (e.g.,
termination), a program is transformed into a rewrite system, and then the rewrite system
is verified instead of the program. A common problem in these methods is that in general
they do not preserve termination of the program when transforming it into a rewrite system.
The transformed rewrite system covers all computations of the program, but can reduce a
term which does not correspond to any intermediate state for computation of the program.

This problem is crucial in verifying the equivalence of functions by using inductive the-
orem proving methods [15, 6], which are based on rewriting induction [13]. Rewriting in-
duction requires a rewrite system to be terminating. For this reason, when termination
of a program is not preserved in transforming it, we cannot apply the methods based on
rewriting induction to the verification of the transformed rewrite system.

In this paper, we aim at improving transformations of simple procedural programs over
integers, which are based on “while” programs, into rewrite systems so as to preserve ter-
mination as much as possible. To this end, We first introduce the transformation in [8] by
using an example, for which the transformation does not preserve termination. Then, we
show that appending a loop invariant to the loop condition of a “while” statement in the
program makes the transformation preserve termination of the program. Finally, we briefly
introduce how to automatically obtain the loop invariant by using an existing technique.
Note that a preliminary version of this work is [10].

We deal with constrained term rewriting systems [8, 2, 14], but the idea in this paper is
applicable to other frameworks (transformations and their resulting rewrite systems), e.g.,
integer rewriting systems [7, 16] and logically constrained term rewriting systems [11]. The
improvement is useful to prove termination of a procedural program.
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One may think that we can prove correctness of programs if we find loop invariants which
are useful to preserve termination in applying the transformation. However, this would not
be sufficient for the purpose of proving equivalence of two functions defined by programs.

This paper is organized as follows. Section 2 briefly introduces constrained TRSs. Sec-
tion 3 introduces the transformation in [8] by an example. Section 4 shows an idea for
improving the transformation by using loop invariants. Section 5 concludes this paper.

2 Preliminaries

In this section, we briefly recall some basic notions and notations of constrained TRSs |8,
2, 14]. We assume familiarity of readers with the basic notions and notations of term
rewriting (see [1]). Throughout this paper, we use V as a countably infinite set of variables.

We restrict constrained TRSs to be over a fixed interpretable signature for integers.
We use function symbols 0 (a constant), s (unary), p (unary), and plus (binary), which
are interpreted to in the usual way: 0 means 0, s(x) means z + 1, p(z) means z — 1, and
plus(z,y) means x +y. In the following, we write ¢1 +t2 instead of plus(¢1,t2). Moreover, we
use the usual comparison operators (e.g., =, <, <) as predicates with the usual semantics,
and use quantifier-free formulas over the interpreted symbols, the predicates, and variables,
as constraints.

Let F be a signature which is basically specified by users. A constrained rewrite rule is a
triple (1,7, ¢), written as I — r [¢], such that [ and r are terms over F and the interpreted
symbols, [ is not a variable, ¢ is a satisfiable constraint, and Var(l) D Var(r) U Var(¢). A
constrained term rewriting system (constrained TRS) is a finite set R of constrained rewrite
rules. We omit the following rules for interpreted symbols from constrained TRSs shown in
this paper:

{s(p(z)) =2, p(s(x) =2, O0+y—vy, s(@)+y—sx+y), plx)+y—platy)}

The rewrite relation —g of R is defined as follows: —x = {(Clio],C[ro]) | I — 7 [¢] €
R, ¢o has no symbol in F, ¢o is valid}. A term t is called terminating if there is no infinite
rewrite sequence of —% which is starting from t. R is called terminating if every term is
terminating.

3 Transforming C Programs over Integers into Constrained TRSs

In this section, we briefly introduce a transformation of simple procedural programs over
integers into constrained TRSs [8].
We deal with programs of the following form:

int f(int zi, ..., int z,){ D; S; return e; }

where D is a sequence of declarations for local variables with initialization, S is a so-called
“while” program (having assignments, “while”, and “if” statements), e is an expression, and
the code is compiled successfully as a C program.

» Example 1. The program sum illustrated in Listing 1 is the one we deal with.

The transformation in [8] (cf. [5, 16]) converts programs in a natural way: constrained
rewrite rules are generated so as to represent control flows of programs, and loop or branch
conditions of “while” and “if” statements are added to rewrite rules as constraints. The
transformation preserves termination of a program w.r.t. terms corresponding to calls of
functions defined in the program.
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Listing 1 A program computing the sum from 0 to x
int sum(int x){
int i=0, z=0;
if(x > 0)
while (i != x){
i = i+1;
z = z+i;
}

return z;

}

» Example 2. Consider the program sum in Listing 1 again. This program is transformed
into the following constrained TRS:

sum(z) — uy(z,0,0),
Rewm = { u1(z,4,2) = ua(z,i,2) [x > 0], ua(x,i,2) = uz(x,s(i), 2z + (%)) [¢ # =],
ui(z,i,2) = 2z [0 x> 0], ug(z,4,2) = 2z [0 1 # 2]

The function symbols u; and us represent the “if” and “while” statements in the program
sum. All the terms of the form sum(n) with an interpreted term n are terminating, but Rguy
is not terminating. For example, us(0,s(0),0) which is not reachable from any term of the
form sum(n) is not terminating.

4 Improving Preservation of Termination

In this section, we improve termination preservability of the transformation by appending
loop invariants to loop conditions of “while” statements.

Loop invariants are constraints which are satisfied whenever the bodies of “while” state-
ments start to be evaluated. Thanks to this feature of loop invariants, appending a loop
invariant to the corresponding loop condition does not change the computation of programs
at all.

» Example 3. Consider the program sum in Listing 1 again. By using the method in [3]
with the SMT solver Z3 [4], we obtain the constraint “x > i” as a loop invariant of the
“while” statement in the program. Thus, by appending the loop invariant to the loop
condition “i !'= x” of the “while” statement, we obtain the equivalent program illustrated
in Listing 2. The modified program is transformed into the following constrained TRS:

sum(xz) — uy(z,0,0),
Riw = S ui(z,i,2) = ua(z,i,2) [x > 0], uz(w,i,2) — ua(z,s(i), 2 +5s(i)) [i #x Az >i],
ui(z,4,2) = z [ x> 0], us(z,i,2) =z [0 #x ANz > i)]

In this case, R.,, is terminating, and thus, termination of the program sum in Listing 2
is preserved by the transformation. Note that the termination was proved by the imple-
mentation of the technique proposed by Sakata et al [14]. Moreover, the termination prover
AProVE 1.2 [9] succeeded in proving termination of the following integer term rewriting
system [7] which corresponds to RL,,:

sum(z) — uy(z,0,0,z > 0),
ui(z,i, z, true) = ug(x, i, 2, i Ax > 1), ui(z, i, z, false) — z,
us(z,i,z,true) » ug(z, i+ Lz4+i+ Lz #£i+ 1Az >i+1), us(x,i,zfalse) =z
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Listing 2 A variant of the program sum where the loop invariant is introduced
int sum(int x){
int i=0, z=0;
if(x > 0)
while(i != x && x > i){
i = i+1;
z = z+i;
}

return z;

We summarize the idea explained above as follows:
1. we generate a loop invariant for each “while” statement in the program;
2. we append the loop invariant to the corresponding loop condition;
3. we apply the transformation to the modified program, getting a constrained TRS.
Note that not for all terminating programs, the transformed rewrite system is terminating.

5 Conclusion

In this paper, by using an example, we showed the idea for improving preservation of ter-
mination in applying transformations from simple procedural programs over integers into
constrained TRSs. However, this idea does not always work as we expected. For example,
true is a trivial loop invariant which does not improve anything. For this reason, the
improvement relies on the power of methods to generate loop invariants.

One may think that we do not have to append a loop invariant to the negation of the
corresponding loop condition, which is coupled with rewrite rules controlling the computa-
tion flow of the “while” statements. For example, for the computation of sum, we do not
need to append x > i to uy(z,4,2) = z [~ i # 2], i.e., us(z,i,2) = 2z [~ i # 2] is enough.
However, if x > i is not appended to — i # x, then the rewrite system is not sufficiently
complete w.r.t. interpretable terms. This can be said of the case that we replace the rule by
ug(z,i,2) = z [(- i # x) ANz > i] — since x > i is a loop invariant, the invariant holds
when leaving out of the “while” loop, and thus, to make the reduction more precise, we may
append x > ¢ to - ¢ # x. In many methods based on rewriting induction, however, sufficient
completeness of a rewrite system is required, and thus, the transformed rewrite system is
expected to be sufficient complete. For this reason, we do not employ the more strict rule
ug(z,i,2) = z [(0 i #z) Ax > 1.

As future work, we will make an experiment in order to evaluate how successful the
improvement is, and will further improve the preservation of termination.
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