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Abstract. In a Latin square of size n every number from 1 to n occurs
exactly once in every row and every column. Two neighbors (straight
or diagonal) in a Latin square are connected by an edge if their values
differ at most 1. We investigate Latin squares for which this underlying
graph has typical graph properties, like being connected, being a tree or
being Hamiltonian. Searching for such Latin squares shows up combina-
torial explosion. Nevertheless, by exploiting current SAT/SMT solving,
we explicitly find instances for several variants, or prove that they do
not exist.

1 Introduction

Consider the following picture:

It has a number of remarkable proper-
ties:

– It is a Latin square of size 6, that
is, every row and every column con-
tains the numbers from 1 to 6, all
exactly once.

– Two neighbors (in horizontal, ver-
tical or diagonal direction) are con-
nected by an edge if and only if the
numbers differ by at most one.

– The resulting graph is a tree, that
is, for every two nodes there is ex-
actly one path from the one node to
the other.

In this short paper we discuss how to generate such a Latin square with
additional properties, or prove that it does not exist, by means of SAT solving.
The total number of Latin squares of size 6 is 812851200, in which a direct search
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might be feasible, but we also consider Latin squares of higher size for which a
direct search is blocked by combinatorial explosion. On the one hand our work is
a case study in solving problems combining combinatorial and graph theoretical
constraints, on the other hand it is the basis of generating and solving variants
of the popular sudoku puzzle as we will see later in this paper. Where a direct
search serves well for generating and solving standard sudoku puzzles, this does
not hold for the variants presented here.

The question originally arose by Hans Kuiper who
wanted to represent Latin squares and sudoku’s in
a three dimensional image by representing every
number by a unit cube on the height coinciding
with its number. Then connectedness is an ob-
vious physical requirement for this three dimen-
sional image, exactly coinciding with connected-
ness of the graph structure presented above. The
picture on the left from [6] shows such a three
dimensional image for an example of size 8. For
size 9 with the extra requirement of sudoku this
was a non-trivial job, succeeded by Hans Kuiper

and Walt van Ballegooijen in the paper [6] at the Bridges conference in 2013.
Their paper was our starting point: can we exploit SAT solving for finding solu-
tions in this area?

The key issue is how to describe graph properties like connectedness, tree
structure or Hamiltonian as requirements in a SAT/SMT formula such that the
solvers can deal with it. We want to stress that this is not about algorithms
to decide whether a given graph has the particular graph property, but about
specifying the property in such a way that by SAT/SMT solving particular
graphs can be constructed satisfying both the specified graph property and some
extra properties like Latin square requirements.

We present characterizations of the graph properties such that combined with
Latin square requirements solutions are found efficiently by current tools. The
example at the start of this introduction is an encoding of such a solution.

In Section 2 we present the theory and encoding. In Section 3 we discuss our
implementation. In Section 4 we discuss how this machinery was the basis of our
Sudoconnect project: a class of puzzles combining sudoku and the underlying
graph structure. We conclude in Section 5.

2 Graph Theory

For an undirected graph (V,E) we will characterize some graph properties in a
way suitable for encoding in SAT. Let n = #V be the number of nodes, write
V = {1, 2, . . . , n}. Edges in E are pairs of nodes; as the graph is undirected we
identify (i, j) and (j, i), and assume (i, i) 6∈ E for i = 1, 2, . . . , n. We inductively
define V0 = {1} and Vk := Vk−1 ∪ {i ∈ V | ∃j ∈ Vk−1 : (i, j) ∈ E} for k > 0.
So Vk consists of the nodes that are reachable from 1 in at most k steps. Since



there are n nodes in total Vk may strictly extend Vk−1 at most n− 1 times, by
which we obtain Vk = Vn−1 for k > n− 1.

A graph is called connected if for every two nodes i, j there is a path from
i to j. As such a path may be obtained from concatenating a path from i to 1
and a path from 1 to j, and a path from i to 1 may be reversed to a path from
1 to i, a graph is connected if and only if for every node i there is a path from
1 to i, or stated equivalently, i ∈ Vk for some k. As Vk = Vn−1 for k > n− 1, we
conclude the following.

Theorem 1 The graph (V,E) is connected if and only if Vn−1 = V .

For encoding this characterization in SAT let the graph be described by n2

boolean variables aij for i, j = 1, 2, . . . , n, where aij describes whether (i, j) ∈ E.
For describing undirectedness we always add the requirements

∧
1≤i<j≤n aij ↔

aji and
∧n

i=1 ¬aii.
For describing connectedness we introduce n2 extra boolean variables bik for

i = 1, 2, . . . , n and k = 0, 1, . . . , n− 1, and define C(m) to be the formula

b10 ∧
n∧

i=2

¬bi0 ∧
n∧

i=1

bim ∧
n∧

i=1

m∧
k=1

(bik ↔ (bi,k−1 ∨
n∨

j=1

(aij ∧ bj,k−1))).

So bik is true if and only if i ∈ Vk. As the formula moreover contains
∧n

i=1 bim,
for m = n − 1 this specifies Vn−1 = V . Hence by Theorem 1 we conclude that
the graph on n nodes 1, 2, . . . , n specified by aij for i, j = 1, 2, . . . , n is connected
if and only if boolean values for bik exist for which the formula C(n− 1) yields
true.

The requirement Vn−1 = V in Theo-
rem 1 can be strengthened to Vm = V
for some m < n−1. In fact then one de-
scribes that every node is reachable in
at most m steps from node 1. Also note
that the formula described above then
only deals with bik for k = 0, 1, . . . ,m,
so decreases in size when decreasing m.
The picture on the left shows a Latin
square of size 7 obtained in this way,
where m = 3 and the special node 1 is
chosen to be the middle one. So every
node is reachable from the middle node
in at most three steps.

An undirected graph is called a tree if it is connected and acyclic. Here
acyclic means that there is no cycle, that is, a non-empty path from a node to
itself without duplicate nodes. A standard characterization of trees, see e.g., [5],
Theorem 11.5, or [1], Theorem 7.2, states that a connected graph is a tree if and
only if #E = #V − 1. This characterization is easily expressed in SMT or by



pseudo-boolean constraints. However, when doing so this performs much worse
than the characterization we will propose now. A reason for this is that when
in the SAT machinery searching for a solution many aij ’s already got a value
and may cause a cycle, in the counting approach this is not detected hence the
search continues. Our approach results in a substantial speedup by backtracking
due to early cycle detection.

Theorem 2 The graph (V,E) is a tree if and only if the following three prop-
erties hold:

1. Vn−1 = V ,
2. for every k = 1, . . . , n − 1, 1 ≤ i < j ≤ n for which i, j ∈ Vk \ Vk−1 one has

(i, j) 6∈ E, and
3. for every k = 1, . . . , n − 1, i = 1, . . . , n for which i ∈ Vk \ Vk−1 there is at

most one j ∈ Vk−1 such that (i, j) ∈ E.

Proof. First assume that (V,E) is a tree. If (1) does not hold then by Theorem
1 (V,E) is not connected, contradiction. If (2) does not hold, then there exists
(i, j) ∈ E, while there are paths from 1 to i and from 1 to j, both of length k
and not containing the edge (i, j). This gives rise to a cycle, contradiction. If
(3) does not hold, then (i, j), (i, j′) ∈ E exist such that j 6= j′, and there are
paths from 1 to j and from 1 to j′, both of length k − 1 and not containing the
edges (i, j), (i, j′). This gives rise to a cycle, contradiction. This proves the ‘only
if’-part of the theorem.

Conversely, assume (1), (2) and (3) hold. Then by Theorem 1 (V,E) is con-
nected. For every i ∈ V define ki to be the smallest k for which i ∈ Vk. We define
φ : V \ {1} → E by choosing φ(i) = (i, j) ∈ E for j ∈ Vki−1. By definition of
Vk such a j always exist, and by (3) it is unique. By construction kj = ki − 1,
and φ is injective. Further, according to (2) φ is surjective. So φ is bijective, so
#E = #V −1. Combined with connectedness and the standard characterization
of trees we conclude that (V,E) is a tree. ut

This characterization can be encoded in SAT as follows. By Theorem 2 the
graph on n nodes 1, 2, . . . , n specified by aij for i, j = 1, 2, . . . , n is a tree if and
only if boolean values for bik exist for which the formula C(n−1)∧T2∧T3 yields
true. Here C(n− 1) is defined as before, T2 is defined to be

n−1∧
k=1

∧
1≤i<j≤n

(¬bik ∨ bi,k−1 ∨ ¬bjk ∨ bj,k−1 ∨ ¬aij),

describing requirement (2) of Theorem 2, and T3 is defined to be

n−1∧
k=1

n∧
i=1

∧
1≤j<j′≤n

¬(bik ∧ ¬bi,k−1 ∧ aij ∧ aij′ ∧ bj,k−1 ∧ bj′,k−1),

describing requirement (3) of Theorem 2. These formulas apply for trees in a
general setting; in the case of Latin squares in which aij is false for all i, j not



being neighbors the corresponding parts of T2 and T3 may be pruned away. In
this way the example from the introduction was constructed.

Among all connected graphs, trees can be seen as the sparsest as they have
the least number n−1 of edges required for a graph on n nodes to be connected.
After removal of any single edge, the graph is not connected any more. On the
other side of the spectrum one can think of bi-connected graphs: graphs that
remain connected after removing any node with all its directly connected edges.
Even stronger than bi-connected is Hamiltonian: a graph is called Hamiltonian if
it admits a Hamilton cycle, that is, a cycle containing every node exactly once,
see [5, 1]. The following characterization is an immediate consequence of this
definition.

Theorem 3 The graph (V,E) is Hamiltonian if and only if E′ ⊆ E exists such
that (V,E′) is connected and for every i = 1, . . . , n there are exactly two values
j ∈ V such that (i, j) ∈ E′.

For encoding this in SAT for connectedness we can use a variant of Theorem
1: for defining Vk based on E′ the value k only needs to run until m = bn/2c as
in a cycle every node can be reached in at most m steps from the start node 1,

while the requirement Vn−1 = V is re-
placed by Vm = V . Encoding that every
node is connected to exactly two others
can either be done directly in SAT or
by counting in SMT.
The example shown in the picture left
is found in this way: note that many
edges exist that are not part of the
Hamilton cycle; they are not drawn.
Also note that this example has a lot
of symmetry: for all i, j we have cij =
7−ci,7−j (where cij is the value on posi-
tion (i, j)), and even the Hamilton cycle
is symmetrical around the vertical axis.

3 Implementation

As a SAT/SMT solver we used the tool Yices, [2]. For encoding Latin squares
there are two basic approaches:

1. Introduce n3 boolean variables bijk for i, j, k = 1, . . . n, where bijk states
that position (i, j) contains number k. Now correctly filling the square is
expressed by stating that for every (i, j) there is exactly one k such that bijk

holds. The Latin square requirements are expressed by stating that for every
(i, k) there is exactly one j such that bijk holds and for every (j, k) there
is exactly one i such that bijk holds. Every such “exactly one” is expressed
in two parts: “at least one” by a single disjunction, and ”at most one” by
stating that no two distinct entries are both true.



2. Introduce n2 integers cij for i, j = 1, . . . n, where cij is the value at posi-
tion (i, j). For all of these values we specify 1 ≤ cij ≤ n; the Latin square
requirements are expressed similar as in case 1.

For both approaches any numbering of the n2 nodes is chosen, and the rela-
tionship between aij for i, j = 1, . . . , n2 expressing the graph edges and the just
defined bijk or cij is expressed in an obvious way. For both approaches the graph
requirements are expressed as introduced in Section 2. Approach (1) is in pure
propositional SAT; approach (2) makes use of SMT, using the theory of linear
inequalities. For finding Latin squares with graph properties, both approaches
are feasible, while often the first is slightly more efficient. To give an indication,
using a standard Linux platform and the encoding based on Theorem 2, a Latin
square of size 6 of which the underlying graph is a tree like in the example in the
introduction, is found by approach (1) in 4 seconds and by approach (2) in 27
seconds. All examples in this paper were found by approach (2), by inspecting
the values of aij in the resulting satisfying assignment.

This approach also serves to establish that particular Latin squares do not
exist. For instance, by adding the requirement that no two diagonal edges cross
to the formula encoding a Latin square of size 6 of which the underlying graph
is a tree, the formula is established to be unsatisfiable by Yices, showing that
no such Latin square exists without crossing diagonal edges.

4 Sudoconnect

For Latin squares of size n = k2, the square can be split up into n small squares
of size k, and for these small squares the requirement can be added that they
also contain the numbers 1 to n, all exactly once. For n = 9 this coincides with
the rules for the popular sudoku puzzle. The question whether there exist Latin
squares with this extra requirement for which the underlying graph is connected
was the key issue of [6]. Such a Latin square we call a connected sudoku. In [6]
many solutions for this problem are found by an ad hoc technique of swapping
in partial solutions. However, their approach tends to fail when adding more re-
quirements, like symmetry, or moreover requiring that both diagonals contain the
numbers 1 to n, all exactly once. By our SAT approach we could easily deal with
such extensions. This was the starting point of the Sudoconnect project, where
we designed sudoku puzzles having several solutions as a normal sudoku, but
having a unique solution with the extra requirement that the underlying graph
is connected. So in solving these puzzles both the sudoku rules and connected-
ness should be exploited. An extensive series of 66 such puzzles are available
from http://www.win.tue.nl/~hzantema/sudc.html. They all were designed
as follows. First a connected sudoku was generated by SAT solving exploiting
Theorem 1. In order to get several of them, also a few requirements of the shape
cij = k were added for randomly chosen i, j, k = 1, . . . , 9. Here cij is the value
at position (i, j). Next a formula was generated containing

– all requirements of a connected sudoku,



– ¬
∧9

i=1

∧9
j=1 cij = kij in which kij is the value on position (i, j) in the

particular connected sudoku,
–

∧
(i,j)∈A cij = kij for some set A of positions, typically showing up a nice

pattern and having around 20 elements.

In case the SAT solver states this formula is unsatisfiable, we conclude that the
particular connected sudoku is the unique solution of the puzzle obtained by
giving the values of this connected sudoku on the positions from A, and a new
puzzle has been created. In case the formula is satisfiable, the set A may be
extended and the process repeated until the resulting formula is unsatisfiable.
As solving the puzzles requires both the sudoku rules and the connectedness
requirements, these puzzles most times turn out to be substantially harder than
normal sudoku puzzles.

By definition, a connected sudoku satisfies the sudoku rules and has a con-
nected underlying graph. A natural question is whether more requirements can
be added, like some symmetry, or requirements on the diagonals, in such a way
that there are still solutions. A question asked by Jack van Wijk is: can we find
a combination of extra requirements in such a way that up to symmetry exactly
one connected sudoku exists? An answer on this question is given in the next
picture

Up to symmetry it is the only connected sudoku satisfying the following
properties:

– it is symmetric in the sense that c10−i,10−j = 10− cij for all i, j = 1, . . . , 9,
– the underlying graph is a tree,
– every node is reachable from the middle node in at most 10 steps,



– both diagonals contain the number 1 to 9, all exactly once, and
– the diagonal from left bottom to right top contains the numbers 1 to 9 in

increasing order.

This was established by finding a satisfying assignment to the formula combin-
ing all requirements (in around 1 minute), and checking that the same formula
combined with the negations of this solution and its mirrored version, is unsat-
isfiable (in around 2 minutes). Finding this result in this way shows the power
of SAT solving.

5 Conclusions

By exploiting SAT/SMT solving we found several Latin squares of which the
underlying graph has a particular graph property, like being connected, being
a tree or being Hamiltonian. For doing so we developed characterizations for
these graph properties suitable for encoding in SAT/SMT. In fact these char-
acterizations are unrelated to Latin squares: they can be used in any setting in
which requirements expressed in SAT/SMT should be extended by these graph
properties.

There are more examples of SAT/SMT being successful in graph theory: in
[3] a long-standing lower bound for the Ramsey number R(4, 8) was improved by
SAT solving. For more results on Ramsey numbers by SAT see
http://opal.inf.kyushu-u.ac.jp/~fujita/ramsey.html. For an application
of SAT to graph coloring see [4].
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