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Abstract. We present n?1°81°8™) _size proofs in the (tree-like) mono-

tone sequent calculus of the pigeonhole principle with (1 + &)n pigeons
and n holes, for ¢ = 1/ polylog n. This improves on the bound of nOUos ™)
inherited from proofs of the usual pigeonhole principle, with n 4+ 1 pi-
geons and n holes, by Atserias et al., and supports the more general
conjecture that the monotone sequent calculus polynomially simulates
Hilbert-Frege systems.

The pigeonhole principle states that if there are m pigeons in n holes, and
m > n, then there must be some hole accommodating more than one pigeon. It
is usually encoded in propositional logic as follows,
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where p;; should be interpreted as “pigeon i sits in hole j”.* This encoding forms
a class of propositional tautologies, for m > n, that has become a benchmark in
proof complexity [Raz02]. For the case of m = n 4+ 1 many propositional proof
systems, such as the cut-free sequent calculus, Resolution and bounded-depth
Frege, only have proofs of size exponential in n [KPW95] [PBI93], whereas small
proofs (of size polynomial in n) have been constructed for Frege systems by Buss
[Bus87], and so also the sequent calculus with cut.

In [AGGO0] Atserias et al. constructed quasipolynomial-size (tree-like) proofs
of PHPZJrl in the monotone sequent calculus, i.e. the sequent calculus without
negation rules. This was generalized in [AGP02] to yield a quasipolynomial sim-
ulation of all Hilbert-Frege proofs, thereby inheriting the previous bound from
Buss’ proofs. Since then Jefabek has proved that the (dag-like) monotone cal-
culus polynomially simulates Hilbert-Frege systems, assuming the provable ex-
istence of certain expander graphs in some bounded arithmetic [Jef11], which
conditionally yields polynomial-size dag-like monotone proofs of PH PZH.

In this work we show that n© (08198 7)_gize tree-like monotone proofs of PHP
exist for € = 1/ polylog n. The basic idea behind all the above proofs is to encode
some counting functions as propositional formulae and show that basic proper-
ties can be realized as small proofs. In particular, our proof begins with the same
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! Notice that the above formula allows the mapping from pigeons to holes to be many-
many, and we consider only this version in the current work.



reduction as in [AGGO00] from PHP]" to the proofs witnessing the symmetry of
counting functions. Our proofs fundamentally differ in the following ways:

1. We use monotone formulae that only approximate the number of true argu-
ments. These have size n©(°81087) and this is ultimately the reason why we
are able to achieve this bound on the size of proofs.

2. These functions are no longer symmetric, but we can nonetheless apply pre-
vious constructions if we allow deteriorations in the accuracy of the ap-
proximation. Unfortunately the method used in [AGGO0], which decomposes
permutations into a product of transpositions, deteriorates the accuracy of
approximation too much to gain any sensible bounds, so we instead consider
the merge-sort decomposition of a permutation and show that proofs can be
thus constructed achieving the necessary bounds.

In fact, the proof structure described in (2) was initially designed to reason
about the complexity of certain deep inference systems [Dasl4], to satisfy certain
constraints on the structural rules. It is interesting, we believe, that consider-
ations in the complexity of deep inference has transferred to bounds in more
mainstream proof complexity. However we also acknowledge that this improve-
ment is perhaps minor, in light of the more general program that aims to show
a polynomial simulation of all Hilbert-Frege proofs in the monotone calculus.

This is partially based on work that will appear in the proceedings of CSL-
LICS 2014 [Dasl14].
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