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Abstract. The aim of this presentation is to show that a lot of complex-
ity theory can be formalized in low fragments of arithmetic like Cook’s
theory PVj.

Our motivation is to demonstrate the power of bounded arithmetic as a
counterpart to the unprovability results we already have or want ot ob-
tain, and generally to find out how complexity theory behaves in different
worlds of bounded arithmetic.

Concerning the unprovability results, in [8] it is proven that under cer-
tain hardness assumptions theory Tc1, the true universal first-order
theory in the language containing names for all uniform NC! algorithms,
cannot prove polynomial circuit lower bounds on SAT formalized as a
sentence LB(SAT,n*). In fact, the result generalizes basically to any
theory weaker than PV; in terms of provably total functions.

The question whether PV; proves LB(SAT, nk) remains open even if
we allow standard complexity-theoretic assumptions and it can be seen
as a weaker form of Razborov’s proof complexity conjecture about NW-
generators, cf. [9].

Generally, it would be interesting to arrive at a complexity-theoretic
statement, not necessarilly circuit lower bounds, whose provability in
PVi unexpectedly breaks some natural hypothesis. To understand bet-
ter what are plausible candidates for such statements it might help to
investigate the theorems provable in low fragments of arithmetic.

Many classical theorems from complexity theory have been already for-
malized in bounded arithmetic. In the table closing this abstract we tried
to list some representative results but it should be understood that they
come with a lot of other theorems that are formalizable too in a similar
fashion. In fact, some of the formalizations are so evident that they are
used without a proof as a folklore, e.g. Cook-Levin’s theorem in PV;.

The technical contribution of our presentation is a formalization of the
exponential PCP theorem in the theory APC, and the PCP theorem in
the theory PV; + IT?-LLIND. Perhaps the most challenging part here
was to formalize properties of (n,d, A)-graphs needed to derive the PCP
theorem in PV; + ITP-LLIND. These are usually obtained using algebraic
techniques involving norms over real vector spaces coming all the way
down to the fundamental theorem of algebra etc. In order to avoid for-
malization of this machinery, we employ certain approximations to derive



slightly weaker properties of (n,d, A\)-graphs which, however, suffice to
derive the PCP theorem.

Theory Theorem Reference
PV; Cook-Levin’s theorem *
PVi + ITP-LLIND  the PCP theorem *
(n,d, \)-graphs *
PVi + WPHP(PV;) PARITY ¢ AC® [7]
APC, BPP, ZPP, AM.,... [5]
Goldreich-Levin’s theorem 2]
the exponential PCP theorem *
HARD. Impagliazzo-Wigderson derandondomiz. [4]
HARD# Nisan-Wigderson’s derandomization (3]
T) + rWPHP(PV:) S§ C ZPPNF 6]
APC, Graph isomorphism in coAM [6]
APC’S;”P Toda’s theorem 1]

* means that the result is shown in this presentation.
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