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1 Introduction and morphic streams

Streams are the simplest possible infinite objects: just infinite sequences. The
simplest streams are periodic, up to an initial part. The one but simplest are
morphic streams: fixed points of particular morphisms mapping single symbols to
strings of symbols. A typical example is the fixed point starting in 0 of the morphism
¢ defined by ¢(0) = 01, ¢(1) = 10, yielding

#(0) = 01, ¢*(0) = 0110, ¢*(0) = 01101001, ¢*(0) = 0110100110010110, . ...

As ¢™(0) is a prefix of ¢"1(0) for every n, the limit of this process yields the unique
fixed point of ¢ starting in 0: the Thue-Morse stream Morse. Alternatively, Morse is
defined as the unique infinitary normal form of 0 : S with respect to the orthogonal
TRS

S —1:9¢(9)

d(0:2) = 0:1:¢(9)
Pp(1:2)—1:0: ¢(x).

More general, the pure morphic stream f“(a) can be defined as the unique infinitary
normal form of a : .S with respect to the TRS

S = u:f(9)
fla:x) — a:u:f(z)
fb:z) — wpy: f(x) for all b # a

in which f(a) = au, f(b) = up. It is well-defined and effectively computable by this
TRS since it is productive.

The simplest way to visualize a stream is by a turtle curve: for every alphabet
symbol fix an angle, and then proceed the stream elements by drawing unit segments
and turn the corresponding angle. In this note we investigate turtle curves of
morphic streams. Arbitrarily choosing simple morphisms and angles typically yield
turtle curves that show up a complete mess. However, sometimes the turtle curve
is finite, that is, it consists of finitely many segments that are drawn over and over
again, or shows up fractal or self-similar behaviour: it contains an upscaled copy of
itself. In this note we give criteria for turtle curves to be finite or self-similar, and
show several examples.

This note is an extended abstract of [3], in which full proofs of all theorems are
given.



2 Turtle curves

We consider streams over a set A. Let for every a € A an angle a(a) € R be given.
Then for a stream o over A its turtle curve C(o, ) C R? is obtained by connecting
the successive points in its point set P(o, o) C R? that is defined as follows. First we
extend a to a : A* — R by defining a(e) = 0 and a(ay,as,...,a,) = > o afa;).
For u € A* its position P(u,a) € R? is defined inductively by P(e,a) = (0,0) and

P(ua,a) = P(u,a) + (cos(a(ua)), sin(a(ua)))

for u € A* and a € A. Now for a stream o over A the set P(o,«) is defined by

P(o,a) = U {P(u,a)}.
uePref(o)

As a first example consider the stream o for which o(i) = 0 for all i € N,
and «(0) = w/2. Then the turtle curve consists of a square, and P(o,a) =
{(0,0),(0,1),(—1,1),(—=1,0)} since P(e,c) = (0,0), P(0,) = (0,1), P(00,cx) =
(—=1,1), P(000, ) = (—1,0) and P(0%, o) = P(0""%, ) for i > 4.

For the same stream o = 0“ we obtain

o if ®(0) =0 then P(o,a) = {(4,0) | i € N},
o if ®(0) = for n > 3 then P(o,a) = {(0,0),(-1,0)},
o if ®(0) = 27/n for n > 3 then P(c, o) consists of the nodes of a regular n-gon,

o if a(0) = a7 for an irrational number z, then P(o,«a) consists of infinitely
many points on a circle.

By definition the distance between two consecutive elements of P(o,«) is 1, so
P(o,a) contains at least two points for every o,«. The above examples already
show that it can be finite or infinite; if it is finite then |P (o, )| may be any number
> 2, and if it is infinite then it may be either bounded or unbounded.

2.1 Finite turtle curves

For a set L C AT of non-empty strings we define L* to consist of all streams that
can be written as ujusus - -- for u; € L for all i.

Theorem 1 Leto € {uy,...,u,}* for which a(u;) is a multiple of 2m and P(u;, o) =
(0,0) fori=1,...,n. Then P(o,a) is finite and |P(o,a)] < 37, |ug|.

The following theorem is obtained by applying Theorem 1 to Morse.

Theorem 2 Let a(0) + a(1l) = kn/2"™ for k odd. Then P(Morse, ) is finite and
|P(Morse, or)| < 274,

The following three pictures show finite turtle curves of Morse for which Theorem
2 applies. The parameters of the first one on the left are a(0) = 0 and «(1) = 7/2;
of the second one right from it «(0) = 7/16 and «(1) = 37/4; and of the third one
below a(0) = 7/8 and (1) = 637/64. The corresponding sets P (o, a) consist of
20, 250 and 1018 points, respectively, all being close to the bounds 32, 256 and 1024
given by Theorem 2.



Next we give a theorem by which finiteness of P (o, @) can be concluded similar
to Theorem 1, but with a modified condition on u;.

Theorem 3 Leto € {uy,...,u,}* for which a(u;) is a multiple of 2 and P(u;, o) =
(0,0) fori=2,...,n, and a(uy) = g for q being rational and not a multiple of 2.
Then P(o,«) is finite.

We give a few examples of finite turtle curves of the stream o = ¢*(1) for ¢
defined by ¢(0) = 00 and ¢(1) = 101, and «(0) = kx/2™ for some k,n. Then
¢"T(0) = 02""", by which the turtle curve of #"T1(0) is a regular 2"*!-gon or
2" * 1 gtar, yielding a(¢"*1(0)) = 2km and P(¢""1(0),a) = (0,0). Further observe
that o € {¢"T1(1),¢"*1(0)}¥, by which Theorem 3 applies for proving finiteness
of P(o,a) if a(¢"Tt(1)) satisfies the rationality condition. The first picture is
obtained by choosing «(0) = 7/16, (1) = 37w /4, the second picture is obtained
by choosing a(0) = 7/32, a(1) = —27/3, the third picture is obtained by choosing
a(0) = w/4,a(1) = =177 /18, and the last picture is obtained by choosing «(0) =
5m/16, (1) = —297 /60.
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2.2 Self-similar turtle curves

Roughly speaking, a set P C R? is called fractal or self-similar if it contains a copy
of itself when zooming in or out. As in our turtle curves all drawing steps have
unit length, it is most natural to focus on zooming out, leading to the following
definition. We use the notation ¢(x,y) = (cx, cy) for scalar vector multiplication
and Ry(x,y) = (xcosf — ysind, xsinb + y cos ) for rotation over 6.

Definition 4 A set P C R? is called self-similar if there exists (zo,1y0) € R?, a
rotation angle 0 and a scaling factor ¢ > 1 such that

($0>y0) + CRO(x7y) epP
for all (z,y) € P.

A self-similar set containing two distinct elements is always unbounded and
hence infinite, since for every (x,y) # (a’,y") € P two points (zo,yo) + cRe(z,y)
and (zo,yo) + cRo(2',y’) in P can be obtained of which the distance is increased
by a factor ¢ > 1.

Theorem 5 Let 0 € AY satisfy o = ¢(o) for some ¢ : A — AT satisfying
a(p(a)) = ala) and P(é(a), o) = cRo(P(a,a)) for all a € A, for some scaling
factor ¢ > 1 and some rotation angle 6.

Then P(o,«) is self-similar.



As a first application of a self-similar turtle curve we show a fragment of C(o, @)
for o = ¢“(1), for ¢(0) = 111100, ¢(1) = 10, and «(0) =0, a(1) = 7/2:

i

Indeed, Theorem 5 applies, since a(111100) = «(0) = 0, (10) = (1) = 7/2,
P(111100, ) = (2,0) = 2P(1,) and P(10,c) = (0,2) = 2P(1, ), satisfying the
requirements for ¢ = 2 and 6 = 0.

As a second example we consider the well-known

N/ Koch curve: start by a single segment, and replace

it by the four segments shown on the left.
The standard Koch curve is obtained by repeating this for every created new seg-

ment, where the length of every new segment is one third of the length of its
ancestor, and then take the limit. Apart from the scaling, this can be described
in turtle graphics by first doing a unit step in the same direction as before, next
turn 7/3 to the right, then do a unit step, next turn 27/3 to the left and do a unit
step, and finally turn 7/3 to the right and do a unit step. Taking the limit to the
infinite rather than to the finite, this is described as C'(Koch, a) for Koch = ¢*(0),
¢(0) = 0010, ¢(1) = 1010, «(0) = /3, a(1) = —27/3, to which Theorem 5 applies
for ¢ = 3 and € = 0. Hence we call C(Koch, &) the Koch turtle curve. The following
is a fragment.

By choosing the same stream,
but choosing another value for
a(0), and choosing «(l) =
—2(0), still Theorem 5 ap-
plies for 8 = 0, yielding an-
other scaling factors ¢. For in-
stance, taking «(0) = 177/36
and a(l) = —177/18 yields ¢ =
2 4 2arccos 177/36, and the pic-
ture on the left as a fragment of
C(o, o), sometimes called Cesaro
fractal.




In earlier work, e.g. [2], it has been shown that particular turtle curves for the
Thue-Morse stream Morse converge to the Koch curve in the Hausdorff metric. We
go a step further: we observe that the point set of the Koch curve is a subset of
a turtle curve for the Thue-Morse stream. More precisely, we have the following
theorem in which use the notation ¢ | n for the prefix of ¢ of length n.

Theorem 6 Let 6(0) = 7/3 and 6(1) =, then connecting the points
(P(Morse | 45+3,0) + P(Morse |4144,0))/2 on C(Morse,d) for k =0,1,2,... exactly
yields the Koch turtle curve, scaled up by a factor 3/2.

As a last application of Theorem
5 on the left we see a fragment of
the well-known Sierpinsky trian-
gle, obtained as C(o,«) for o =
6°(1), 6(0) = 00, ¢(1) = 11110,
a(0) =0, a(1) = 2m/3, for which
Theorem 5 applies for ¢ = 2 and
0=0.

Next we give a variant of Theorem 5 for proving turtle curves to be self-similar,
yielding a number of surprising examples.

Theorem 7 Let 0 € A¥ satisfy 0 = (o) for ¢ : A — AT, and there is (z,y) € R?
with (z + 1) +y? > 1 such that for all a € A the following holds:

e a(¢(a)) = ala), and
e P(ug,a) = (x,y) for u, obtained from ¢(a) by removing its last element.

Then P(o, ) is self-similar.

In case ¢(0) = w0, ¢(1) = ul, for some string u starting in 0, for o = ¢“(0)
Theorem 7 applies if a(u) = 0 and P(u, ) = (x,y) satisfies (x +1)? +y? > 1. This
is the case for v = 00110 and «(0) = 77/18, a(1l) = =77 /12, yielding a self-similar
turtle curve with the following initial fragment (starting at the bottom left):



By choosing ¢(0) = 01111111 = 017, ¢(1) = 00, a(0) = 7/6, (1) = —m/3 yields
a self-similar turtle curve for ¢~ (0), since Theorem 7 applies for ¢2. The following
picture shows an initial fragment, starting at the top:
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