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1 Introduction

Programs are typically written by humans and executed by computers in order to solve
problems over a specific domain. A program - a sequence of instructions executable by
a computer - represents the encoded algorithm for solving the problem. The algorithm
and data structures are created by the mental understanding of the problem given. This
representation also addresses details such as run time efficiency, understandability, or
maintainability.

Conversely when a programmer tries to understand a program he/she decodes the
program again into an abstract mental model. From this model the programmer can
start to improve or change the program, which is again encoded and represented as a
modified program.

In this paper we show a problem solving process that starts with finding, enhancing
or inventing a logical theory over first order predicate logic. This theory represents the
concepts of the problem domain, relations between the concepts, and operations. A the-
ory is a set of formulae. Operations on terms of the theory correspond to functionality
of the solution. These operations can be characterized by partial functions from given
input to expected output. Requirements formally express the functionality of the oper-
ations and are commonly defined using input/output conditions. If an operation’s input
satisfies the input condition then operation’s output (if obtainable) satisfies the output
condition.

The process is incremental. It is important to capture the high level requirements.
For representing the solution as a machine executable program, the theory should be
sufficiently refined so that the requirements satisfy the problem and capture important
properties of the execution environment. Detailed conditions make it possible to for-
mally evaluate different design approaches. Design approach refers to the abstractions
and methods used for framing the algorithms. As an example in the hash table design
it is important to capture the concept of collisions in the table abstractly in order to
compare different strategies how to handle collisions.

At the end of the process should again exist a program executable by a computer.
The theory therefore is represented and implemented in a formal language representing
the computer architecture. The elements of the theory are retained during this process.
Data representation for the terms is defined and every operation specified in the theory is
implemented in form of a computer program (or subprogram). The program representa-
tion of an operation computes the output based on the input (in form of the represented
terms). Correctness of the implementation can be shown by giving the program a logical



interpretation. The result is a set of formulae for which the corresponding input/output
conditions can be proven. This bidirectional representation can be used to proof other
meta-theorems about the program.

2 Logical Theory

As an example we will look at the problem of associative lookup. The object theory
defines the following concepts (monadic predicate symbols): Table, Key,Value. In the
following we use the syntactic convention that # implies that ¢ is of concept Table, k
assumes Key(k), v assumes Value(v). Furthermore we use variants of the names such
as t',1; to also refer to 7.

Abstractly an associative table ¢ is a set of key value pairs with the restriction that
for every key k there exists at most one element in the set. Therefore a table can be
described as a function from keys to values.

= {<k17v1>,<k2,v2>...(kn,Vn>}

The operations that we want to perform on an associative table are: insert elements
into the table, update elements, remove elements by a given key, find the element
according to a key. These operations take certain input and return an output. These
operations are deterministic.

The input(/) and output(O) conditions for the operations are given below:

Tinsert (t,k,v) < Table(t) A\ Key(k) A Value(v)
Ojnsert (t,k,v,t') < Table(t') A\ (k,v) €1’
Lipdate(t,k,v) & Table(t) A\ Key(k) A Value(v)
Oupdate(t,k,v,t") < Table(t') A (k,v) € 1’
Lremove (t,k,v) < Table(t) A Key(k) AValue(v)
Oremove (t,k,v,1") < Table(t') A (k,v) €1’
Ifina(t,k) < Table(t) NKey(k) Nk € t
) (

Ofina(t,k,v) & Value(v) = t(k) =v

3 Refining the Theory

A suitable method for addressing by value is by means of a hash function. The asso-
ciative container using hash representations for addressing elements is called a hash
table. One or more hash functions are used to map a key to an integer within a defined
range. The table has a defined capacity C and a size § that states the maximum number
of elements to store without having to expand the capacity and the current number of
elements in the table. elements represents the sequence of elements of a hash table 7.
A hash code of a key is a digest, that might be lossy, that means a hash function is
not injective. The table has to take into account that two different keys ki, k, share the



same hash code. The actual position in the table depends not only on the hash code of
the key but also on the current capacity of the table. A collision resolution method for
the concrete table layout is needed such that two different keys are mapped to different
locations in the table.

For the input/output conditions additional properties and functions are defined in
the theory. This concepts serve the purpose of describing the functionality in terms of
the input/output conditions without anticipating the concrete layout or collision resolu-
tion/probing. They are initially described informally:

has_capacity_for(t,k)  Holds if the table has capacity for the key & t.

contains(t,k) Holds if the table ¢ contains an element with key k.
element (t,k) Returns the element for k if contains(t,k).
expand(t) Returns table ¢ increased to hold at least one more element.

The following shows exemplary the input and output conditions for the insert oper-
ation:

Linsert (t,k,v) < HashTable(t) A Key(k) A Value(v)

contains(t,k) = t =1
Oinsert (t,k,v,1') & |\ —contains(t,k) A has_capacity(t,k) = contains(t',k)

—contains(t,k) A —has_capacity(t,k) = t' = insert(expand(t),k,v)

4 Executable Representation and Implementation

Representing the data structures and implementing operations as subprograms based on
the formal design of the functionality and requirements. The following example shows
an implementation of an operation. The language consists of integer constants and the
binary operations +,—,/,*,mod as well as the numeric binary predicate symbols =
,#,<,>,<,>. An implementation references the operation from the object theory. A
program is a sequence of labeled imperative statements with branches and conditional
branches, assignment over terms.

implement sum
ink:int out result:int varstempg, =0

do_sum:
k=0 = brdone, tempg, :=tempgm+k, k:=k—1, brdo_sum.

done:
result := tempg,m

The example trivially represents the summation of natural numbers up to n, where n > 0.
The logical interpretation is a condition Cs,,, that relates the input to the output. The
program itself is interpreted as a state transition relation that is represented by the first



label. The condition is an equivalence of the state transition starting with the initial state
given by the input plus the initial assignment of the work variables. The result equals
the output variable(s) in the final state.

do_sum(s,s") < s(k) =0 = done(s,s")
Vs(k) #ONS" = s[tempgum/tempgum +s(k)| As" = s'[k/s' (k) — 1]
done(s,s') < s' (sum) = s(tempgum)
Cyum(n,sum(n)) < s = {(k,n), (result,), (tempgum,0)} Ado_sum(s,s') A sum(n) = s'(result)

Let sum(n) be specified as I, (n) < n > 0 and Oz, (n,sum(n)) =n=0 =
sum(n) =0An >0 = sum(n) = n+sum(n—1). The partial correctness prove is
Vi Lum(n) A Csym(n,sum(n)) = Ogym(n,sum(n)) by induction on n.

5 Conclusion

The emphasis of the paper is that precise formal modeling does not only lead to provable
implementations, it also servers as design method ([7], [6]). By formally expressing the
functionality in terms of all constraints (including resource consumption or run-time
efficiency) the influences that lead to data structures and algorithms are reified and can
be reasoned about.

A novel aspect is that the paper offers a complete approach that spans the whole
software development process. It centers around the formal design but does also map
between programs and the theory they represent.
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