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Abstract. In this paper we introduce two distributions for the Max-2-SAT prob-
lem similar to the uniform distributions of satisfiable CNFs and the planted dis-
tribution for the decision version of SAT. In both cases there is a parameter p,
0<p< id, such that formulas chosen according to both distributions are
p-satisfiable, that is, at least (%d + p)n clauses can be satisfied. In the planted
distribution this happens for a fixed assignment, while for the p-satisfiable distri-
bution formulas are chosen uniformly from the set of all p-satisfiable formulas.
Following Coja-Oghlan, Krivelevich, and Vilenchik (2007) we establish a con-
nection between the probabilities of events under the two distributions. Then we
consider the case when p is sufficiently large, p = vv/dlogd and v > 2v/2. We
present an algorithm that in the case of the planted distribution for any € with
high probability finds an assignment satisfying at least (%d + p — ¢)n clauses.
For the p-satisfiable distribution for every d there is £(d) (which is a polynomial
in d of degree depending on ) such that the algorithm with high probability finds
an assignment satisfying at least (2d + p — £(d))n clauses. It does not seem this
algorithm can be converted into an expected polynomial time algorithm finding
a p-satisfying assignment. Also we use the connection between the planted and
uniform p-satisfiable distributions to evaluate the number of clauses satisfiable in
a random (not p-satisfiable) 2-CNF. We find the expectation of this number, but
do not improve the existing concentration results.

1 Introduction

The random SAT and Max-SAT problems have received quite a bit of attention in the
last decades. In this paper we work with one of the most popular distributions used for
these problems, @y (n, dn), the uniform one of k-CNFs of fixed density d: Fix n and d
(the number of variables, and the density, it may depend on n), and choose dn clauses
uniformly at random out of 2% (Z) possible ones. It was originally suggested as a source
of problems hard for SAT-solvers [18]. On the other hand, instances sampled from this
distribution may, with high probability (whp), behave better than in the worst case,
which opens up an interesting line of research. For instance, by [19, 14] whp Random
Max-3-SAT can be approximated within a factor 1.0957, a marked improvement over
Hastad’s worst case inapproximability bound (% — ¢ and % — ¢ for Max-2-SAT and
Max-3-SAT, respectively, see [3, 13]). However, it is not known if this bound can be
further improved. Thus, in spite of large amount of research done on this model many
questions remain open [9].

The phase transition phenomenon [11] also led to the study of other distributions,
biased towards ‘more satisfiable” instances. The most interesting of them is $5%*(n, dn)



the uniform distribution of satisfiable formulas from & (n, dn). However, this distribu-
tion is difficult to sample, and a significant amount of attention has been paid to a re-
lated planted distribution @Zl (n, dn): First, choose a random assignment f of n Boolean
variables, and then choose dn k-clauses satisfied by f uniformly at random from the
(2% —1)(}) possible ones. An important property of both satisfiable and planted distri-
butions is that if d is large enough, they demonstrate very high concentration of satis-
fying assignments. All such assignments have very small distance from each other [17,
6]. This property has been used to solve instances from such distributions efficiently.
In [10, 17] different techniques were used to solve whp planted instances provided d
is sufficiently large. The technique from [17] was later generalized in [6, 5], where an
algorithm was suggested that solves instances from @5 (n, dn) in expected polynomial
time. One of the improvements made in the latter paper and the one most relevant for
this paper is a link between the probability of arbitrary events in the planted and satisfi-
able models. This allowed to transfer the methods developed in [17] to the more general
satisfiable distribution.

While the decision random SAT has been intensively studied, its optimization coun-
terpart, random Max-SAT has received substantially less attention. In this paper we
focus on the random Max-2-SAT problem. While 2-SAT is solvable in polynomial
time, as we mentioned before, Max-2-SAT is hard to approximate within the factor
% — £ [3,13]. The uniform Max-2-SAT ®3(n,dn) (as from now on we only deal
with Max-2-SAT, we will denote this distribution simply by ®(n,dn)) demonstrates
phase transition at density d = 1. If density is greater than 1, whp ¢ € &(n,dn)
cannot be satisfied, but a random assignment satisfies the expected 3/4 of all clauses.
As it is shown in [8], the number of clauses that can be satisfied whp lies within
the interval [%dn + 0.34V/dn, %dn + 0.51v/dn], provided d is sufficiently large. For
MAX-k-SAT, k > 2, the similar interval is shown to be much narrower. Achliop-
tas et al. [1] proved that for any ¥ > 2 and any d > 2¥log2, for a random k-
CNF from &y (n,dn) the number of clauses that can be satisfied lies in the interval

1 —27% + p(k,d) — 6,1 — 27% + p(k,d)], where p(k,d) = 2k (ﬁ#) and

Sx = O(k27%/2). Note that d = 2¥ log 2 is the phase transition threshold for random
k-SAT [2]. Thus the length of the interval decreases exponentially as k& grows; however,
it gives a weaker bound for & = 2 than that from [8].

We first introduce two distributions of Max-2-SAT formulas similar to the satis-
fiable and planted distributions for the decision problem. An assignment f of vari-
ables of a formula ¢ € &(n,dn) is said to be p-satisfying, 0 < p < 4, if it satisfies
(%d + p) n clauses. Formula ¢ is called p-satisfiable if it has a p’-satisfying assignment
for some p’ > p. By &*(n,dn,p) we denote the uniform distribution of p-satisfiable
formulas. Similar to the satisfiable distribution #*%¢, this distribution is difficult to sam-
ple. Therefore we also introduce the planted approximation of ¢*(n, dn, p) as follows:
Choose a random assignment f to the n variables, and then choose uniformly at random
(%d + p) n clauses satisfied by f and (id - p) n clauses that are not satisfied by f.

Our first result is similar to the ‘Exchange Rate’ lemma from [6]. More precisely,
if Py (A), Pg’lp(A), Py (A) denote the probabilities of event A under the uniform dis-
tribution, the planted distribution of p-satisfiable formulas, and the uniform distribution
of p-satisfiable formulas then the following holds.



Proposition 1 There exists a function £(d,p,n), £(d,p,n) = €®™ for all d, p, such
that for any pg, 0 < pg < id, and any event A C @ (n, dn) there is pwithpg < p < %d
such that l

Pg(A) < Pg(Cpy) +&(d, p,n) Py, (A),

where C, is the set of all formulas from A that are not py-satisfiable. In particular,

4 (A) < E(d,p, )P (A).

d,po

As is shown in [6], satisfiable random 3-SAT formulas possess a very nice structure
that whp allows one to find a satisfying assignment for formulas, provided the density
is sufficiently large. We show that it suffices to assume sufficiently high level of satis-
fiability to infer a similar result. The level of satisfiability that allows our proofs to go
through is 21/2+/dlog d. Throughout the paper log denotes the natural logarithm. More
precisely for the planted distribution we prove the following

Theorem 2. There is a polynomial time algorithm that for any € > 0 and any p >
vdlogd, v > 2v/2 (y does not have to be a constant), where d is sufficiently large,
given ¢ € ®P!(n, dn, p) whp finds an at least (p — ¢)-satisfying assignment.

Observe that the probability that the algorithm succeeds does not necessarily go to
1 uniformly over ¢. This theorem can be restated in terms of approximability: For any
B = 2d +~y/dlogd, v > 2v/2, and any £ > 0 there is a (3 — ¢, 3)-approximation
algorithm for ®P!(n, dn, p) that succeeds whp. That is, an algorithm that given an in-
stance in which at least S-fraction of clauses are satisfiable whp returns an assignment
that satisfies at least 3 — e-fraction of clauses.

Using the ‘Exchange Rate’ proposition we then can transfer this result to the uni-
form distribution

Theorem 3. There is an algorithm that for every p > ~vy/dlogd, v > 2v/2, given
¢ € P*(n,dn,p) finds a p'-satisfying assignment, p' > p — € + o(e), where ¢ =

L= 4 edh

In both cases we use the same algorithm, very similar to those from [17,6,5, 7],
although the analysis is somewhat different, in particular, it has to be tighter.

Finally, we make an attempt to estimate the range [p1, p2] such that whp a formula
from @(n,dn) is p;-satisfiable, but not ps-satisfiable. As was mentioned before, the
best result known to date is [0.34v/d, 0.511/d] [8]. Although we were unable to im-
prove upon this result, we use a careful analysis of the majority vote algorithm and the
‘Exchange Rate’ proposition to find the likely location of the threshold for the level of
satisfiability. It turns out to be very close to 0.5v/d.

2 Preliminaries

2.1 Random Max-2-SAT

We denote the four possible types of 2-clauses (depending on the polarity of literals)
by (+,4),(+,—),(—,4), (=, —). The distributions of 2-CNFs we consider are the
following:



— The uniform distribution ®(n, dn) with n variables and dn 2-clauses, d constant.
Whether or not repetitions of variables in a clause or repetitions of clauses are
allowed is immaterial. A slightly different distribution is &(n, ¢), in which each of
the possible (3) pairs is included with probability o. It is well known that properties
of &(n,dn) and &(n, o) for o = 24 are nearly identical.

— The uniform distribution of p-satisfiable 2-CNFs &*(n,dn,p), 0 < p < %, with n
variables, dn clauses. Every ¢ € ®*(n,dn,p) has a p’-satisfying assignment for
P =>p.

— The planted distribution ®%!(n,dn,p) of level p. To generate a formula from
Pl (n, dn, p), we first choose a random assignment f of the n variables, and then
select (3d + p) n random 2-clauses that are satisfied by f and (1d — p) n random
2-clauses that are not satisfied by f. Since the statistical properties of a planted
formula do not depend on the planted assignment, we will always assume that the
planted assignment f assigns 1 to all variables. Under this assumption planted for-
mulas look particularly simple: they contain (%d + p) n clauses of types (+,+),
(+,—), and (—,+), and (1d — p) n clauses of type (—, —).

The degrees of variables of formulas in &(n,dn) or $(n, p) are not completely
independent that makes the analysis of algorithms more difficult. To overcome this
difficulty [15] suggested the Poisson cloning model. Under this model random formulas
are generated as follows: First, take Poisson random variables deg(z) with the mean 2d
for each of the n variables x. Then take deg(x) copies, or clones, of each variable x.
If the sum of d(z)’s is even, then generate a uniform random matching on the set of all
clones; for each edge in the matching select its type (+, +), (+,—), (—, +),(—,—) at
random. The clause @V y? is in the formula ¢ € ®P°(n, dn) if a clone of z is matched
with a clone of y with an edge of type («, 8). If the sum of d(z)’s is odd, one of the
edges must be a loop.

Let P¥(A) and P?*(A) denote the probability of event .A under distributions
@(n, o) and ®P°!(n, o). In the case of 2-SAT the result from [15] is the following

Theorem 4 ([15]). Suppose 0 = O(n~1). Then for any event A
P (A) < PU(A) < e (PRU(A) +e7)),

where
1

o(n— g2n n—
o = V2T Lo, e = e +o(1).

2.2 Random graph

We will need two standard results about random graphs. It is convenient for us to state
them as follows. They can be proved in the standard way (see, e.g. Theorems 2.8, 2.9
of [4].

Lemma 1. Ler G = G(n,dn) (or G = G(n,p), 0 = %) be a random graph with
n vertices and dn edges (or a random graph with n vertices and density o), and let



0<a<landpB > a%d+ V3day/a(l —loga). Then whp there is no set of vertices
S C V suchthat |S| = an and the subgraph G|s of G induced by S contains Bn edges.

More precisely, if B = od + 7v/3da+/a(l —loga), T > 1, then the probability

such a set exists is at most exp [—a(1 — log ) (7% — 1)n].

Lemma 2. Let G = G(n,dn) (or G = G(n,p), 0 = %) be a random graph with
n vertices and dn edges (or a random graph with n vertices and density o), and let
0 < a < land B > 20d + V6do/T —log . Then whp there is no set of variables
S C V such that |S| = an and deg S = g dega > fn.

More precisely, if B = 2ad + 7v6day/1 — log o, T > 1, then the probability such
a set exists is at most exp [—a(1 —loga) (72 — 1)n].

3 From planted to uniform

First, we establish a connection between the probabilities of events under the uniform
and planted distributions. Note that the density d is NOT assumed to be large in this
section. The probability of event A w.r.t. the uniform distribution over this set is denoted
by P4 (A). Observe that, ! (n, dn, p) is uniform on the set of 2-CNFs with (2d + p)n
clauses of types (+, +), (+, —), (—, +) and (+d—p)n clauses type (—, —). By Py (A)
and ngp(A) we denote the probability of event A under distributions &*(n, dn, p) and
&Pl (n, dn, p), respectively.

Proposition 5 (1) Let C),, denote the event that a formula from &(n,dn) does not
have a p-satisfying assignment for any p > pg. For any py < % and event A there is

p € [po, 3] such that

d 2
Py (A) < Prob[Cp,] + <4 p0> n - exp {n log (1 + exp [Tg})] ngp(A),

whereTZ%ifPS%andegifp>%.
(2) For any po € [0, 2] there is p € [po, 2] such that
1 1

J 2
;;O(A) < (4 —po) n - exp {nlog (1 + exp [—7—2})] ngp(A),

whereT:%ifpggandT:%ifp>

ool

The proof follows the lines of Lemma 1 from [S5] with certain modifications.

4 Approximating Max-2-SAT

In this section we present an algorithm to find an approximate solution of a Max-2-SAT
instance from @P!(n, dn, p) or *(n, dn,p) and prove Theorems 2 and 3. Some parts
of the proof follow [17, 6, 7]. We try to highlight as many of the new proofs as the page
limit allows.



4.1 Core and Majority Vote

Let ¢ be a 2-CNF and f its (partial) assignment. Variable = supports a clause C' if the
value of = under f satisfies C, while the value of the other variable from C' exists, but
does not satisfy C'.

A set of variables W C V is called a core of ¢ with respect to an assignment f, if
every variable x € W supports at least % — %%/dlog d clauses in p(W). A core that
contains at least (1 — d~")n variables, v > 2, will be called a large core.

We show that similar to [17] every highly satisfiable instance has a large core. Ma-
jority Vote is a one of the key ingredients in this proof. Majority Vote is a simple heuris-
tic to solve Max-2-SAT instances. Given a 2-CNF ¢ it sets a variable x to 0 if =2 occurs
in more clauses than x; it sets x to 1 if  occurs in more clauses than —x; and breaks
the tie at random with probability 1/2. In this section we use Majority Vote to construct
an algorithm to solve highly satisfiable Random Max-2-SAT instances.

Let ¢ be sampled from &P (n, dn, p) or ®*(n, dn,p) and f some assignment. The
following procedure defining set W will be called Core(f):

let U C V be the set of variables on which the majority vote assignment disagrees
with f;
let B be the set of variables that support less than clauses with respect to f;
now W is given inductively
[ WOZV—(UUB),
e while there is z; € W; supporting less than g — %%/dlog d clauses in p(W;)
with respect to f, set W1 = W; — {z; };
set W = W,.

In the rest of this subsection f is the planted assignment (recall it is assumed to be
the all-ones assignment).

Lemma 3. Let o € &(n,dn,p), p = y/dlogd, v > 2v/2, where d is sufficiently large
and let W be the result of Core(f) where f is the planted assignment and W* =V —W.

Then for any o € [d~"5,d~1/?],

2logd o2
Prob[|[W*| > an] < exp [—7 o8 d_4n] .

48

Proposition 6 Let ¢ be sampled according to @®*(n,dn,p) or ®P (n,dn,p),
p = v/dlogd, v > 2V/2, where d is sufficiently large. Then whp there exists a large
core with respect to the assignment given by Majority Vote.

Proof. Consider first the planted distribution. Let f, f,,, be the planted assignment and
the as31gnment glven by Majority Vote. By Lemma 3 with probablhty at least 1 —
exp [ ol log Y logd g n} there is a core of size at least (1 —d- ) n with respect to the
planted a551gnment, which is p-satisfying. However, since f coincides with f,,, on W,

it is also a large core with respect to f,,,. Thus, observing that if v > 2+/2 then “’; > 2,
the claim of the proposition is true whp for the planted distribution.
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By Proposition 5 there is a core of size (1 —d- 7T) n with respect to the assignment

given by the Majority Vote with probability at least

§r’ 2logd 2 2
1 —exp [nlog <1 tea ﬂ - exp [—Vél(;gdln} >1—exp {—dl} .

4.2 Cores and connected components

Next we show that a large core and its complement satisfy certain strong conditions.

Proposition 7 Let o be sampled according to *(n, dn,p), p = yv/dlogd, v > 2/2,
where d is sufficiently large. Let W be a core of @ with respect to an at least p-satisfiable
assignment f and such that |W| > (1 —d~")n, v > 2. Then whp the largest connected
component in subformula of ¢ induced by V. — W is of size at most logn.

Observe that if we choose a random set X of variables of size an then, as the
probability of each pair of variables to form a clause is %, by the results of [4] if & < i,
the connected components of the formula induced by X whp are of size at most log n.
However, high probability in this case means 1 — n'°2(®®) and we cannot claim that
each of the (a”n) sets of an variables satisfies this condition. Therefore, we follow [17]
and provide a fairly sophisticated proof that the complement of a core has connected
components of size at most log n.

Fix a set of variables T C V, t = |T| = logn, and a collection 7 of ¢t — 1 clauses
that induce a tree on T'. We aim to bound the probability that 7 C ¢. Let J C T be a
set of variables which appear in at most 2 clauses of 7. By a simple counting argument
we have |J| > 1t.

Lemma 3 amounts to saying that for ¢ € ®P!(n,dn,p) whp there exists a p-
satisfying assignment f such that Core(f) produces sets U, B, W satisfying the con-
ditions proved there. Now by Proposition 5 the same is true whp for ¢ € &*(n, dn, p).
More precisely, we have the following

Lemma 4. Let @ be sampled according to * (n, dn, p) or &' (n, dn, p), p = vy/dlog d,

v > 2v/2, where d is sufficiently large. Then for any o € [d_WT ,d=/2] whp there ex-
ists a p-satisfying assignment f,, such that if U is the set of variables on which Majority
Vote disagrees with f, and B is the set of variables that support at most g clauses with
respect to f,, then |U U B| < $n.

Let ¢ be sampled from &P (n, dn, p) or *(n, dn, p) and f some assignment. The
following procedure, denoted Core’( f), is a modification of Core from Section 4.1.

— let U’ C V be the set of variables on which the majority vote assignment disagrees
with f or is right with advantage smaller than 4;
— let B’ be the set of variables that support less than g clauses with respect to the
planted assignment;
— now W is given inductively
e W)=V —(UUBU(T —J)), where J is defined as above;



e while there is z; € W supporting less than § — 2~+/dlog d clauses in (W)
cset Wi, =W —{x;};
- set W' =W,.

The following lemma is proved in the same way as Lemma 3.

Lemma 5. Let ¢ € &(n,dn,p), p = yv/dlogd, v > 2v/2, where d is sufficiently large,
W' be the result of Core(f) where f is the planted assignment and W* =V — W',

Then for any o € [d_ﬁ, Vdj,

Zlogd ,_ +?
Prob[|[W*| > an] < exp [—7 o8 4n] .

d
48
Observe also that Lemmas 3 and 5 remain true if instead of a formula

v € P*(n,dn,p) we apply the procedures to o along with a small number of extra
clauses. More precisely,

Lemma 6. Let o € &*(n,dn,p), p = yv/dlogd, v > 2V/2, where d is sufficiently
large, and 1) a set of clauses of size logn. Also let W* =V — W orW* =V — W’
where W, W' are the sets obtained by applying Core( f,) and Core'(f,) to o U, here

f, is as found in Lemma 4. Then for any o € [d~ T ,V/d),

2logd ,_ 42
Prob[|[W*| > an] < exp [_’y 4(;g d_4n] .
Lemma 7. Let ¢ € ¢*(n,dn,p) and let W(p U T) be the value of W if Core(f,) is
applied to o U 7. Let W' () be the value of W' obtained by Core'(f.,) applied to .

Then W'(¢) C W(pUT).

Proof. We proceed by induction. First, show that W/ () C Wy(e U 7). If z € W ()
then Majority Vote is right with advantage at least 3, and x supports at least % clauses.
Since the degree of x in 7 is at most 2, Majority Vote cannot be flipped by adding 7 to
. Also, support can only increase after adding 7. Therefore s € Wy (p U 7).

Now, suppose W/ () C W;(¢ U 7). We show that the statement holds for ¢ + 1.
If = supports the required number of clauses with only variables from W/(y) then
it also supports sufficiently many variables with respect to W;(p U 7). Therefore if
€ Wi (p) € Wip1(eUT). The lemma is proved.

Proposition 7 now follows from a sequence of lemmas we borrow from [17]. In all
of them we assume p = v+/dlogd, v > 2v/2, d is large enough.

Lemma 8. Prob[r C pand TNW = ] < Prob[r C ¢] - Prob[J N W' = J].

Lemma 9. Let ¢ € [£,1] be such that |W'| = (1 — g)n. Then Prob[J N W' = &] <
(6Q)t/2.
Corollary 1. Let o € [£,1] be such that |W'| = (1 — o)n. Then

i
n

t
Prob[r C @ and TNW = &) < (60)!/? <d> ,
n



Lemma 10. The probability of a tree of size t = logn in the formula induced by W*
is at most exp[—(§logd — 1 — log(v/6)) log n] for some § > 0.

Proof. We assume that o in the previous lemmas is o(d~(2729)). By Cayley theorem
there are t'~2 trees on a given set of ¢ vertices. Then

Prob|there is a tree of size > fn] < Prob[3r C ¢, |r| =tand T = V(1) C W = O]

< (1) () o= ()¢ (2) 0
< (y/60ed)t < (V6ed °)18™ = exp[—(dlogd — 1 — log(v/6)) log n],

which completes the proof.

Proposition 7 follows.

4.3 The algorithm

The solution algorithm follows the approach from [17]. However, the brute force search
part of that algorithm is not applicable in our case, as we cannot guarantee that suffi-
ciently few wrongly assigned variables remain assigned after the unassigning step.

Here " (A) denotes the formula ¢ after substituting the partial assignment h and
restricted to V' — A.

Algorithm 1 The algorithm
Require: ¢ € &*(n,dn, p)
1: f1 < MajorityVote(p)
2: 141
3: while there is « supporting less than % - %’y\/w clauses with respect to f; do
4: fi+1 < fi with x unassigned
50 i+1+41
6
7
8
9

: end while

: let h be the final partial assignment

: let A be the set of assigned variables in h

: exhaustively search the formula " (A), component by component looking for the assign-
ment satisfying the maximum number of clauses

Lemma 11. Let f be the assignment given in line 1 of the algorithm; suppose f has a
large core W. Then no variable from W is unassigned in lines 3—6 of the algorithm.

Proof. Every x € W supports at least g — %'y\/ dlog d clauses from p(W). Then the
statement follows by induction.

Lemma 12. Let ¢ € ®P(n,dn,p), p = yv/dlogd, v > 2v/2, where d is sufficiently
large, and let f be the planted assignment. Let U denote the set of assigned variables
after line 7 of the algorithm, whose value differs from that under f. Then |U| > xn
with probability at most exp [—2xn] for any x < d—'/2.



Proof. (Sketch.) Let ¢ € ®P!(n,dn,p), and p = v+/dlogd. Let Z denote the set of
unassigned variables, and U the set of variables « with h(x) # f(z). In other words,
U = {z|h(z) = 0}. Let [U| = xn. By Lemmas 3 and 11 and |Z U U| < d~/?n; in
particular, y < d~1/2.

We evaluate the number of clauses supported by variables from U. There are two
kinds of such clauses . In clauses of the first kind both variables are from U, we call
such clauses internal. In clauses of the second kind the second variable belongs to
V — (Z U U), we call such clauses external. Every internal clause has the type (—, +)
or (+, —), every external clause has the type (—, —). Using Lemma 1 we bound the
number of internal clauses by S1n < (3 +0(1))(x?d + 2xV/3d)n. Since every variable
from U supports at least g — %%/dlogd clauses, the total number of internal and
external clauses is at least (% — 2+,/dlogd) xn. By Lemma 2 and the bound on the
number of internal variables we show that the probability that there exist a sufficient
number of external clauses is bounded as in the statement of the lemma; that completes
the proof.

Proposition 8 Let p € &P (n,dn,p), p = yv/dlogd, v > 2v/2, where d is sufficiently
large, let U be the set of assigned variables after line 7 of the algorithm, whose value
differs from that under f, and let (U| = xn. The exhaustive search of the algorithm
whp completes in polynomial time and returns an extension of h which is at least p'-
satisfiable for p' = p — X(%d —V/6d + o(d1)) with probability at least 1 — e=2X™ for
any x < d~'/2.

Proof. (Sketch.) This proof is similar to the previous one. As ¢ has a large core with
respect to f, by Lemma 11 there are at most d~2n unassigned variables. Therefore it
follows from Proposition 7 that whp the algorithm completes in polynomial time .

To prove the second claim of the lemma observe that if all unassigned variables are
assigned according to f then the only clauses that are satisfied under f but not satisfied
under the assignment produced by the algorithm are the clauses of the type (4, +), both
of whose variables belong to U, and the clauses of the type (+, —), whose first variable
is from U, and the other is from V — U.

By Lemma 1 we bound the number of clauses of the first kind by

(1+ o(1)) (iXQd + xV 3d> n. Furthermore, by Lemma 2 the number of clauses of

the second kind can be bounded by (1 +0(1))x (%d +V 6d> n. Since x < 1, the num-

ber of clauses of the second kind dominates. Thus, in the planted case the assignment
produced by the algorithm has level at least p — x(3d — V6d + o(d™1)).

Proof. (of Theorem 2). If v > 21/2 then 772 > 2. By Lemma 3 in this case the condi-

tions of Lemma 12 hold. Therefore whp |U| < xn, where x is such that y(1d + v/6d +
o(d™1)) < &, and the result follows by Proposition 8.

Proof. (of Theorem 3). First, we compute the ‘exchange rate’ from Proposition 5 for

p = vvdlogd:

16p? 12
exp [nlog (1 + exp [— 92 ])} < exp [nd_ -3 } .
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By Lemma 11 and Proposition 5, if 2y > d~ 5 whp the set U produced in line 7
of the algorithm has size |U| < xn. We now conclude by Proposition 8.

5 Majority vote

In this section we use Majority Vote to estimate the likely level of satisfiability of Ran-
dom Max-2-SAT instances. The results of this section are true for ANY value of d.

5.1 Majority Vote and its performance

First, we use the simple approach from [12] to estimate the number of clauses unsatis-
fied by Majority Vote algorithm under the uniform distribution.

Proposition 9 Given a random formula of density d Majority Vote whp does not satisfy
B%(d)dn + o(n) clauses, where 3(d) = E[min(X,Y)], and X,Y are independent
identical Poisson variables with the mean d.

Remark 1. Analytically, the expected ratio of clauses unsatisfied by Majority Vote can
be expressed as follows

1 db T(t+1,d)
B(d)—l—a/o t-edmwdt.

Since there is no convenient approximation or asymptotic for function 3(d), we can
only estimate it numerically. Table 1 contains some values of it.

dl| « B |Unsat|| d| « B |Unsat| d| « £ | Unsat
25(|0.440(0.560| 4.838 || 64]0.463[0.537|13.740|(121|0.474|0.526|27.143
36(|0.450(0.550| 7.305 || 81]0.468|0.532|17.964|(144|0.476|0.524|32.610
49110.458|0.542|10.273||100|0.471|0.529{22.175

Table 1. Minimum of two Poisson distributions. « and 8 denote the values a(d) = 1 — 3(d) and
B(d); Unsat stands for the number of unsatisfied clauses.

5.2 Majority Vote on planted instances

Here we study how Majority Vote performs on planted instances of different level. As
before, we assume that the planted assignment f is the all-ones one, and is p-satisfying,
0<p<i.



Proposition 10 Let ¢ € P (n,dn,p), let f be the planted assignment and h the as-
signment produced by Majority Vote.

(1) Whp the assignments [ and h disagree on B(d, p)n+o(n) variables, where 5(d,p) =
Prob[X > Y] and X,Y are independent Poisson variables with means ji; = d — %p
and s = d+ %p.

(2) Let z(d, p,n) be a random variable equal to the number of clauses unsatisfied by h.
Then

num(d, p) = %E[m(d,p, n)] = id —-p+ %pﬂ(dvp)(Q — B(d,p)).
(3) Prob[|z(d, p,n) — num(d, p)n| > 6v/dn] < e=165"n,

Proof. Using the Poisson cloning model proofs of items (1) and (2) are straightforward.

(3) To evaluate the concentration of the number of unsatisfied clauses we again use
the Poisson cloning approach as follows. For each variable v we create two sets of
clones v and v~ such that [v"| is a Poisson variable with the mean d + 3p and |v ™| is
a Poisson variable with the mean d — %p, which are the expected numbers of positive
and negative occurrences of v, respectively. We now select a random matching among
the generated clones.

We consider 2 cases depending on p. First, when p = C \/g, C' constant; we will
use this case to compare against the uniform distribution. The second case includes all
remaining values of p.

Case 1. p = CV/d, C constant.

Let the number of clones satisfied by Majority Vote is sn, for a random variable

s, and the number of unsatisfied clauses is zn for a random variable x. Clearly the
. .2 .

expectation of x is ﬁn, where 2d'n is the total number of clones. We evaluate the

probability that = deviates by at least 6+/d from its expectation conditioned on the
assumption that 2d’ = 2d. Since p = CVd, whp s = d — avd. In fact, E[s] =
E[min(X,Y")], where X,Y are defined as in part (1) of the proposition. We need a
tighter estimation, therefore, rather than using Chernoff bound we resort to a more
straightforward method.

We count the total number of formulas with 2dn clones, and the number of those
of them having sn unsatisfied literals and xn unsatisfied clauses. The first number, NV
equals the number of matchings of a complete graph, see, e.g., [16]

N <2dn>d“ e\/2dn

e ) (aeatttold)

The second number M is the number of ways to complete the following process:
choose a matching of xn edges in the complete graph with sn vertices (i.e., choose
xn unsatisfied clauses among pairs of unsatisfied literals), then choose matches for
the remaining (s — 22)n unsatisfied literals among (2d — s)n satisfied ones, and, fi-
nally, choose a matching among the (2d — 2s + 2x)n remaining satisfied literals. Thus,



M = M1 . M2 . M3, where

Using Stirling’s approximation up to a factor of 14+0(1) we can represent the probability
we are looking for, that is, the fraction %, as
a constant, while A may depend on n. As is easily seen, A = 0. A straightforward

_ (sn)! _ ((2d = s)n)!
M“"wm«s—zxygmmww ”5"«2d—2s+2xynv
_ 9 2)\n (d—s+z)n e\/m

M _

N

n

A_eBn

. e°(") where B is

(although somewhat tedious) calculation shows that B < —1652(1 + o(1)).
Thus,

Prob[|z — E[z]| > 6V/d] < e~ 165",

Case 2. p = (V).
In this case the result follows from Chernoff bound.

Remark 2. Analytically, 8(d, p) can be expressed as follows

1258
B(d, p) = 67“2/ e ' o(2v/ pat)dt.

0

Table 2 below contains values of 3(d, p), that is, the probability that majority vote
assigns values corresponding to the all-ones assignment, and the number of unsatis-
fied clauses left by majority vote. These numbers depend on two parameters, d the
density, and p the parameter regulating the number of clauses satisfied by the all-ones
assignment. Recall that for the uniform distribution whp p = @(\/&), more precise

estimations give 0.34v/d < p< 0.51vd [8].

dlp

0.34/d

0.42v/d

0.51Vd

1
TGd

+d

id

25
49
64
100
144
256

0.284/5.661
0.277/11.395
0.275/15.012
0.272/23.7745
0.270/34.479
0.268/61.947

0.235/5.321
0.229/10.914
0.227/14.460
0.225/23.052
0.223/33.645
0.221/60.830

0.191/4.916
0.186/10.343
0.184/13.806
0.182/22.233
0.180/32.660
0.179/59.514

0.302/5.761
0.219/10.796
0.184/13.806
0.126/20.765
0.083/28.978
0.031/49.453

0.133/4.182

0.054/7.040

0.032/8.752
0.010/12.950
0.0025/18.298

0.010/0.230
0.0005/0.138

Table 2. Values of 3(d,p) and num(d, p). Each entry has the form S(d,p)/num(d, p). The
values in the empty cells are too small and cannot be reliably approximated.

5.3 Satisfiability of Random Max-2-SAT

We now combine Propositions 9, 10, and Proposition 5 to estimate the maximal ex-
pected number of clauses that can be simultaneously satisfied in ¢ € &(n, dn).



Proposition 11 Let r(d) = B2(d)d be the fraction of clauses unsatisfied by Majority
Vote on ¢ € $(n,dn), and let p = p(d) be the value of p such that

r(d) = 3d—p+ 5pB(d )2 — 5(d D).

Then whp the maximum number of simultaneously satisfiable clauses of ¢ € P(n, dn)
belongs to the interval [p(d) — 6, p(d) + 0], 6(d) = 0.2V/d.

Proof. Let C), be the event that ¢ € ®(n, dn) has a p’-satisfying assignment, for some
p’ > p. Let also M, denote the event that Majority Vote finds a p’-satisfying assignment,
p' > p, and M, the event that it does not happen. By Proposition 9 P% (M, d—(r(d)+<)) 18
exponentially small for any & > 0. On the other hand, by Proposition 5 for p > p(d) + 9

P (Ma—(r(ay+e) N Cp)
=Pi(Cp)Pip(Ma_(r(a)1+e)) = Pi(Cp)(1 = P (Ma—(r(a)4e)))

_ d 1652
2 P}j(Cp) (1 - (4 —p) n-exp [nlog (1 + e gd)] Pdp (Md (r(d)+s))>

for some p’ > p. Since ngp, (Mg (r(dyte)) < ngp(ﬂd_(r(d)+5)) we assume p’ = p.
By [8] whp p(d) > %+/d. Therefore,

exp [n IOg (1 -+ €_d>:| < 60.59971;

and if n is sufficiently large

d 12y
(4 —p) n - exp {nlog (1 +e "4 )} < elbm,

On the other hand, since r(d) = num(d, p(d)), if we prove that num(d, p(d)) >
num(d, p(d) + 0) + ¢, we get

Pg,lp(ﬂd—(r(d)+e)) = Prob[z(d, p(d) + §,n) > (r(d) + €)n]
< Prob[|z(d, p(d) + §,n) — num(d, p(d) + d)n| > dn] < o165 n

Thus, B B
Py (Mg (r(ay+e) N Cp) = Py(Cp)(1 — 67 . 70047,

and as it is exponentially small, P4 (C),) is exponentially small.
The lower bound is similar.
It remains to show that num(d, p(d)) > num(d, p(d )+5)+5. Let g(z) = z8(d, z)(2—

B(d, z). It is not hard to see that g(z) decreases on [0, 4]. Thus,
d
num(d, p(d) +0) +0 = o —p(d) =0 + gg(p(d) +0)+9
d 1
< 7~ Pld) + 39(p(d)) = num(d, p(d)).

3
This completes the proof.

The values of p(d) for some values of d are given in Table 3. It seems that the
fraction of satisfiable clauses should be very close to %d + %\/&



d 52162 [ 7218 192 102112122132 142 152162 [ 172 ] 182

p(d) |2.572|3.069|3.565|4.061|4.558|5.054|5.550|6.047|6.543|7.039|7.535|8.032(8.528(9.025
p(d) /+/d|0.514/0.512]0.509|0.507|0.506|0.505|0.504(0.504|0.503|0.503|0.502|0.502|0.502(0.501

Table 3. Values of p(d) depending on d
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