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“...mathematicians care no more for logic than logicians for mathematics.”

Augustus de Morgan, 1868

Formal proofs are traditionally syntactic, build inductively from symbolic inference rules.
This paper reformulates classical first-order logic with proofs which are combinatorial rather
than syntactic. A combinatorial proof of a formula F is a graph on a variant formula F’ which
satisfies geometric properties. For example, an edge between the two Ps in VxPx = VyPy
constitutes a combinatorial proof of Ix(Px = VyPy).

Combinatorial proofs provide a canonical abstraction of Gentzen’s sequent calculus LK: the
correctness of a combinatorial proof can be verified in polynomial time (conjectured linear),
and there is a function from LK proofs to combinatorial proofs which identifies many LK proofs.

This paper summarizes ongoing work on a sequel to Proofs Without Syntax [Annals of
Mathematics, 2006], which introduced propositional combinatorial proofs.

1 Introduction

The dry syntactic manipulations of formal logic can be distasteful to mathematicians who delight
in beautiful symmetries, geometries, and rich layers of structure. This paper reformulates classical
first-order logic with proofs which are combinatorial rather than syntactic. A combinatorial proof
of a formula F is a graph on the predicate symbols of a variant formula F’.! For example, here is a
combinatorial proof of 3x(Px = YyPy):2

L
VxPx = VyPy

Four more illustrative examples follow. A combinatorial proof of 3x(PaVV Pb = Px):

| |
Vx(PaVPb) = IxPxV IxPx
L |

A combinatorial proof of Vx(Pfx=Px) = Vy(Pffy=Py):

| 1
Vx(Pfx=Px) A Vx(Pfx=Px) = Wy(Pffy=P
( ) ( l) y(Pffy ly)

Combinatorial proofs of Peirce’s Law ((P = Q) = P) = P and Vx(T V 1):

[ — 1
PVP = PVP vxT
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IWe work with formulas modulo associativity of A and \V and commutativity of \/. We assume Vx and 3x bind more
strongly than A\ and V/, which bind more strongly than =-. For example, PaVVPb = 3IxPx V IxPx abbreviates
(PaVPDb) = ((IxPx)V (IxPx)). We write T and L for the logical constants true and false.

2This formula, often known as the drinker paradox, was popularized by Smullyan [Smu78]: every pub has a person x
such that, if x is drinking, everyone is drinking.



A combinatorial proof of F is defined by three main conditions: (1) the variant formula F’ pulls
predicate symbols (and Ts) from F along a particular kind of graph homomorphism, (2) edges
induce consistent variable assignments, e.g.

x=fy |
Vx(Pfx=Px) A ¥X'(PfxX' =Px) = WVy(Pffy=Py)

X' =fx X'=y

and (3) derived graphs, called switchings, are trees (related to proof nets [Gir87, DR89, Gir96]
for linear logic).
The main theorem is soundness and completeness for classical first-order logic:

Theorem. A formula is valid if and only if it has a combinatorial proof.
The correctness of a combinatorial proof can be checked in polynomial time.
Conjecture. The correctness of a combinatorial proof can be verified in linear time.

Every syntactic proof of Gentzen’s first-order classical sequent calculus LK [Gen34] translates to a
combinatorial proof.3 For example, the following LK proof translates to the combinatorial proof
VxPx = YyPy of Ix(Px = YyPy):

——— axiom
P(y) F P(y)

Ply) = Ply), YyP(y)
F Ply), Ply) = VyP(y)
F P(y), 3x(P(x) = Yy P(y))
F Yy P(y), Ix(P(x) = VyP(y))
P(x) = VyP(y), Ix(P(x) = Yy P(y))
F P(x) = Yy P(y), Ix(P(x) = VyP(y))
= 3x(P(x) = VyP(y)), Ix(P(x) = Yy P(y))
F 3x (P(x) = Yy P(y))

weaken

implies

there exists

for all

weaken

implies

there exists

contract

The translation identifies LK proofs modulo inessential rule transpositions. For example, if we
modify the above proof by transposing the second weaken rule up over the for all rule, it still
translates to the same combinatorial proof. The identification of LK proofs, together with polyno-
mial time complexity (conjectured linear), suggests that combinatorial proofs provide a canonical
abstraction of sequent calculus proofs.

Related Work. Propositional combinatorial proofs were introduced in [Hug06a] and studied as
invariants of syntactic proofs in [Hug06b]. Combinatorial proofs build on a long history of work
on graphical invariants of proofs.

The idea of linking dual occurrences (such as the Ps in VxPx = VyPy) is widespread in
the study of various forms of syntax, going back many decades in many disciplines, including
category theory (compatibility graphs) [EK66, KM71], automated theorem proving (matings and
connections) [Dav71, Bib74, And76, And81] and linear logic (axiom links) [Gir87].

A key advantage of combinatorial proofs over the matrix/connection method is their linear
time verifiability: a matrix/connection requires exponential time. In addition, combinatorial
proofs are not restricted to disjunctive normal forms. Lamarche and StraBburger [LS05] study

3By adjusting the definition of combinatorial proofs slightly (dropping associativity of /\), the translation can be made
surjective. The translation encodes an LK cut between A and A as a subformula A A\ A.



propositional matrix/connection-like structures from a categorical perspective. (Correctness re-
mains exponential.) Buss analyses the flow of atoms down propositional proofs [Bus89] (with-
out a correctness criterion); a relationship between flow graphs and propositional combinatorial
proofs is studied in [Car10].

The switchings employed in the definition of a combinatorial proof are an abstraction of those
in first-order multicative linear proof nets [Gir95]; combinatorial proofs are simpler by virtue of
leaving existential witness explicit via unification. Propositional proof nets with weakening are
presented in [Bel03], and propositional proof nets for classical logic are in [Rob03, McK13]. Hei-
jltjes and McKinley have studied graphical representations of first-order classical proofs [HeilO,
McK10].

Future work includes studying the relationship between combinatorial proofs and the ma-
trix/connection method in more detail, and the relationship with expansion proofs and multi-
focussed sequent proofs [Mil84, CHM14].

2 Notation and terminology

We work with classical first-order logic (predicate calculus) without equality, as per any introduc-
tory undergraduate text, e.g. [Joh87], and assume the reader is familiar with first-order logical
formulas, free and bound variables, and validity.

We shall formalize formulas as labelled trees, such as the one Px Qfy Pz
shown right, providing a representation which is canonical modulo \ / l
commutativity of V and associativity of /A and V: the children (in- vV 1l 3z R
bound edges) of A nodes are ordered* (but those of \/ nodes are not), l \ l /
and every V (resp. /\) node has at least two children, none of which Vx T \V/
isa \/ (resp. N\). \ | /

We adopt the following conventions throughout the paper: A

x y z (term) variables s t u terms
f g h n-ary function symbols (n>1) P Q R predicate symbols
a b ¢ O-ary function symbols A B C formulas

Fix an arity-preserving negation function ( ) on predicate symbols such that P = P for all P. A
literal is an expression Pt; ... t, for any n-ary predicate symbol P and terms t;. Parentheses and
commas may be inserted to increase readability, e.g., Paffy = P(a, ffy) = P (a, f(f(y))). An atom
is a literal or a logical constant true T or false 1.

A label is any of: (a) an atom, (b) a connective N or V, (c) for any variable x, a quantifier ¥x or
Ix. A formula is a finite directed tree labelled with atoms on leaves and connectives/quantifiers
on internal nodes, with edges directed towards the root, such that (1) the inbound edges of each
A\ node are strictly linearly ordered®, (2) every \/ (resp. /\) node has at least two inbound edges,
none from a V (resp. /\) node, (3) every quantifier node has just one inbound edge. Variable
binding is defined in the standard way (viewing our formulas as parse trees of more standard
syntactic formulas [Joh87]). We identify formulas modulo renaming of bound variables.

We refer to a conventional syntactic formula (generated from atoms by binary A and V and
unary Jx and Vx for each variable x) as a formula expression. Define negation on formula
expressions by: Pt;...t, =Pt1...th, T =1, L=T,A=V,V =A, Ix = Vx and ¥x = Ix. We
use implication A = B as an abbreviation for the formula expression A \/ B.

Every formula expression defines a formula (tree) in the obvious way. For example, each of
the following formula expressions denotes the formula whose tree was depicted above:

(Vx(PxV Qfy)) A T A (LV(3zPz) VR)

(Vx(Qfy = Px)) A T A ((3zPz) VRV 1)

4The conjecture that a combinatorial proof can be verified in linear time is a direct result of ordered A nodes. It is
perfectly possible to define combinatorial proofs modulo commutativity of /\, with unordered /\ nodes (as in the original
propositional version [Hug06a]), but correctness, while obviously cubic, does not appear to be linear.

5\/ nodes remain unordered.



To reduce parentheses in formula expressions we assume quantifiers minimize scope, for example,
vxPx V (FyPy A Q) = (VxPx) V ((3yPy) A Q).

The meet of two vertices is the vertex at which their paths to the root meet. For example, the
meet of | and Pz in the formula displayed earlier is the right-most \V and the meet of Qfy and
Jz is the /\. Vertices v and w are conjunctively related, denoted v A w, if their meet is a /\, and
v comes before w under the hereditary child-orderings at /\ nodes. For example, in the formula
tree depicted earlier Qfy A 3z, Px A Pz, and v A w for v/w the left/right \V-vertices. To emphasize
the ambient formula B, we write Ag. Vertices are disjunctively related if their meet is a \V.

A formula is plain if no quantified variable occurs free, and two quantifiers have the same
variable only if they are disjunctively related. For example, VxPx V VyQuz, ¥xPx A YyQyz and
VxPx V VxQxz are plain, but Px V VxQx, VxPx A\ ¥xQxz, ¥xVxRx and VxVxT are not. For tech-
nical convenience, henceforth we assume all formulas are plain (renaming bound variables if
necessary). A formula is clean if all quantifiers have distinct variables, e.g. IxPx \V 3yQy but not
IxPx V IxQx.

The line of a leaf v is the sequence of quantifiers along the path from the root to v, followed
by the atom of v. For example, in 3x(Px \ VyPy) the line of Py is 3xvyPy and that of Px is IxPx.
A quantifier is vacuous if it binds no variable, e.g., Ix in IxVy(Py V L). A line extends another if
it results from adding zero or more vacuous quantifiers, e.g., IxVyVzPy extends VyPy.

3 Morphisms

Let B be a formula. Without loss of generality, assume B is clean (renaming bound variables if
necessary). A morphism 0 : A — B from a formula A to B is a function 6 from the leaves of A to
the leaves of B such that:

(LINE) 0 extends lines: the line of 6(v) extends the line of v, for every leaf v.
(coNJ) 6 preserves conjunctive relationships: if v A4 w then 08(v) Ag 0(w).
(SKEW) 0 is a skew fibration: if 8(v) Ag w there exists w’ with v A, w’ and w g 6(w’).

As a special case (ignoring quantifiers), LINE implies that 0 preserves the atomic labels of leaves
(i.e., if the atom on v is Pt then the atom on 0(v) is Pt). Viewing Ax and Ag as simple directed
graphs, CONJ requires 0 to be a directed graph homomorphism, and SKEw requires 6 to be a
lax variant of a graph fibration; see [HugO6a, Hug06b].® Condition SKEW is equivalent to the
preservation of maximal (directed) cliques [Hug06b], or, since A is a strict order, preservation of
maximal chains.

A morphism (PAP)VPVP = ((PV Q) AP)V P is below-left.” To reduce clutter we render
outer V as disjoint union.

P/\P P P EX/PX/\PX\ Py\VPy
(P\/Q /\P P Vz PxVQxfz /\Px \/Vyﬂz Py

Arrows depict the leaf function, e.g., the the third and fourth leaves P in (PAP)VPVPmap to
the last leaf P in ((PVQ)AP) V P. A morphism

Ix(PxAPx) V Vy(PyVPy) — 3x([Vz(PxVQxfz) APx]V Vy3z'Py)

is above-right (a first-order embellishment of the previous example). Illustrating LINE, the line
Ix Yy 3z’ Py of the output leaf Py extends the line VyPy of each of the two input leaves Py.

%The only difference here is that we take the edge relation A to be directed; this yields the conjecture that correctness
can be checked in linear time.
"The target (P Q) AP) \V/ P is Peirce’s Law ((P = Q) = P) = P.



4 Linkings

Two literals are dual if their predicate symbols are dual (e.g. Pxy and Pyfa) and two leaves are
dual if they have dual literals. A link is a pair {v, w} of dual leaves. A linking on a formula is a set
of disjoint links whose union contains every literal-labelled leaf. We draw a link {v, w} as an edge
between v and w, e.g.

T | I 1
Yy Ix P(gy, fx, a) WV P, fy,a) A Q(hza) QL ANT

Let A be a linking on B. Without loss of generality, assume B is clean (renaming bound variables
if necessary). A unifier for A is an assignment of terms to existential variables which equalizes the
term sequences at either end of every link. For example, U = [x—y,x'— gy, Z —hza] is a unifier
for the linking displayed above: upon substituting according to U the first link has the three-term
sequence (gy, fy), a) at either end, and the second has the one-term sequence (hza):

P(gy, fy, a) P(gy,fy,a) Q(hza) Q(hza) A T

The formal unification problem is as follows. A link between P(sy,...,s,) and P(ty,...,t,) de-
termines n equations s; =t;. Taking the union across all links, we obtain a set of equations
E. Solve E for the existential variables (treating free and universal variables as constants).
For example, the link P(gy,fx,a) P(x¥,fy,a) of the linking at the beginning of the section deter-
mines three equations gy=x/, fx=fy and a=a, the link Q(hza) Q(z) yields hza=2, so E =
{gy =¥/, fx =1y, a=a, hza=2'}. We solve E for the extistential variables x, x’ and 2’ (treating the
universal y and y’ as constants): [x—y,x'—gy, z'~hzal.

Unifiability can be determined in linear time, and the most general unifier or mgu returned
[MM76]. The mgu yields every other unifier by substitution. For example, the mgu of IxPx JyPy
is U= [x—z,y—z]: every unifier is Uy = [x—~t,y—t] for some term t, and U yields U; by sub-
stituting t for z. The mgu is defined up to free variable renaming [LMM88]: [x—z/,y~Z'] also
represents the mgu.

Let A be a unifiable linking on a formula B. Without loss of generality, assume B is clean. A
dependency x ~ y is an existential variable x and a universal variable y such that the mgu of A
assigns to x a term containing y.8 For example, the dependencies of the linking drawn at the start
of the section are x ~ y' and x’ ~ y. All dependencies can be determined in linear time: make
a single pass of the mgu.

The graph G(A) of A is the directed tree B together with

e for every link {v, w} in A, an undirected edge v—w;
* for every dependency x ~ y, a directed edge Ix—=>Vy.

For example, the graph of 3xPxV vyPy, whose unique unifier is [x—y], is below-left.

ﬁx—Py ﬁx—Py ﬁx—Py ﬁx—Py ﬁx—Py
b | | | .
Ix — Wy Ix —Wy Ix Wy Ix —Wy Ix Wy
\ / \ \ / /
Vv Vv V V Vv

A switching of A is any derivative of G(A) obtained by deleting all but one edge into each V and
V vertex and undirecting all remaining edges. The four switchings of 3xPxV vyPy are above-right.
A linking is correct if all switchings are trees (acyclic and connected). The linking 3xPx V wyPy is
correct: all four switchings above-right are trees.

8Equivalently, every unifier of A assigns to x a term containing y. The mgu-based definition is well-defined modulo
renamining of free variables in the mgu, since free variables are distinct from quantified variables.



5 Combinatorial proofs

Let B be a formula. Without loss of generality assume B is clean (renaming bound variables if
necessary). A combinatorial proof of B comprises:

* a morphism A — B from a | -free formula A;

* a correct linking on A.

We call A the core. A combinatorial proof of ((PVQ)AP)V P is below-left, with outer \/ drawn
as disjoint union.

P Ix( Px/\Px

[ /\\

(PVQ)AP P VZ (PxVQxfz) APx| V vy 3z Py

The four directed edges define a morphism (P AP)VPVP — ((P\/Q)/\P) V P and the

two undirected edges define a correct linking on (P AP)VPVP. A combinatorial proof of
Ix (IVz(PxV Qxfz) A Px] V Vy3z'Py) is above-right.

Theorem 1 (Soundness & Completeness).
A formula is valid if and only if it has a combinatorial proof.

Conjecture 1 (Linear complexity).
The correctness of a combinatorial proof can be checked in linear time.

Concise inline presentation. When B has at most one occurrence of each atom, we can compress
the presentation of a combinatorial proof of B by omitting the leaf function, since it is fully de-
termined by the preservation of atomic labels (implied by the line-extension condition LINE). For
example, the combinatorial proof of 3x(Px \V VyPy) below-left

I
IxPx  WVyPy
IxPx  VyPy
Ix(Px V VyPy)

can be abbreviated to the linking above-right: the morphism from A = IxPx V VyPy to B =
Ix(Px V VyPy) is implicit since line-extension LINE forces the leaf function to take Px (resp. Py)
in A to Px (resp. Py) in B. Also with formula morphisms implicit, here are combinatorial proofs
of 3x ((PaAPb)V Px) and Ix(Pfx A Px)V vy(PffyV Py):

I _ I I _ _ 1
Pa/APb IxPx  IxPx Ix(PfxAPx)  Ix(PfxAPx) Vy(PffyVPy)
| | | |

These three examples are exactly the first three on page 1, via A=B = AVB.

With multiple copies of an atom in the target, we can still present a
combinatorial proof concisely inline, with tags. For example, on the right  — |
is a combinatorial proof of ((P\VVQ)AP)V P, where the underset 1 or 2 PA P P
indicate that the morphism takes the P to the 1%t or 2™ occurrence of P in '
(PVQ)AP)VP.? In fact, in this particular case we don’t actually require the tags: condition CONJ
forces the order of the Ps either side of the A to be preserved. This is the same combinatorial proof
as the one drawn at the top of this page with explicit morphism arrows. It was also depicted in
the introduction on page 1, via A=B = A \V B.1°

|

9Since we defined a formula in canonical form modulo commutitivity of \/ and associativity of \V and /\, when render-
ing a combinatorial proof this way we must assume a particular ordering of leaves in the proved formula, for example, as
occurs when the proved formula is presented as a formula expression.
10Since every A is ordered, every \/ on the left of an implication = is ordered.



6 Canonical abstraction of sequent calculus

Every syntactic proof of Gentzen’s first-order classical sequent calculus LK [Gen34] translates
to a combinatorial proof.!! An example was shown on page 2. The translation identifies LK
proofs modulo inessential rule transpositions, such as reorderings of contraction and weakening.
The identification of LK proofs, together with polynomial time complexity (conjectured linear),
suggests that combinatorial proofs provide a canonical abstraction of sequent calculus proofs.

By adjusting the definition of combinatorial proofs slightly (dropping the associativity of /),
the translation can be made surjective.
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