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Abstract

We study the “approximability” of unbounded temporal operators
with time-bounded operators, as soon as some time bounds tend
to co. More specifically, for formulas in the fragments PLTL and
PLTLg of the Parametric Linear Temporal Logic of Alur et al.,
we provide algorithms for computing the limit entropy as all pa-
rameters tend to co. As a consequence, we can decide the problem
whether the limit entropy of a formula in one of the two fragments
coincides with that of its time-unbounded transformation, obtained
by replacing each occurrence of a time-bounded operator into its
time-unbounded version. The algorithms proceed by translation of
the two fragments of PLTL into two classes of discrete-time timed
automata and analysis of their strongly-connected components.

Categories and Subject Descriptors [Theory of computation]:
Logic—Logic and verification; [Mathematics of computing]: In-
formation theory

General Terms Theory, Verification

Keywords entropy, temporal logic

1. Introduction

Properties of programs, protocols and other systems are often spec-
ified using temporal logics, e.g., LTL. Such logics involve in most
cases temporal operators without time bounds such as ¢ which
means eventually, some time in the future. In some other cases,
time-bounded operators, such as Q0,109 of MITL (which means
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that the objective formula ¢ must be satisfied within 10 time units)
are used instead. In this article we explore the following question:
how well do “ideal” properties with unbounded temporal operators
approximate “practical” properties with time-bounded operators, as
soon as some time bounds tend to co? The following example il-
lustrates the problematics addressed.

Consider a basic liveness property oo = [Op, saying that
predicate p is satisfied by the system infinitely often. A time-
bounded variant of this property is ¢; = [Opp,p which says
that p happens at most every ¢ time units. How close are properties
oo and ¢ when t is large? The answer depends on the proximity
criterion. In the set-theoretic setting they are quite different: the
sequence pppp pp pp* ... satisfies poo but violates oy for any
value of £. From the probabilistic standpoint they are also different:
an infinite random sequence of p and p verifies the unbounded
liveness ¢ but violates its bounded variant ¢, with probability 1.

For these reasons we argue that set-theoretic and probabilistic
settings are much too precise, and propose to consider convergence
in terms of entropy — i.e. information contents of languages in
bits per symbol, or, equivalently, their exponential growth rate.
Entropy is an important notion in the study of dynamical systems
[7], as it is a conjugacy invariant — i.e. systems related by bijective,
homeomorphic encodings have the same entropy. The entropy of
a finite automaton can be computed as the log of the greatest
positive root of a polynomial with integer coefficients, and the same
property applies to automata over w-words.

Returning to our example, it turns out that the entropy (0o, p
converges to that of JOp as ¢ — oo; and this is the case also for
many other temporal properties. In this paper, for formulas ¢; in
two large fragments of the parametric linear temporal logic (PLTL)
[2] — namely the “positive” and “negative” fragments, obtained by
excluding either bounded until or bounded release from the syntax
of PLTL — we provide algorithms for computing the limit entropy
as t — oo; consequently we show that it can be decided whether
the entropy of a formula ¢; coincides with that of the formula
(o, Obtained by replacing all bounded operators in ¢, with their
unbounded version.

The algorithms proceed via translation of each formula in the
two fragments of PLTL to a parametric discrete-timed Biichi au-
tomaton with counters, and then computing, in associated non-
parametric finite automaton, the entropy of the “largest” strongly-
connected component which satisfies some specific properties re-
lated with the possibility to either resetting all counters or pumping



counters in the original timed automaton. The proofs of the correct-
ness of the algorithms require building “almost injective” mappings
between behaviors of length n in the underlying (non-parametric,
untimed) Biichi automaton and behaviors of length n+¢ in the orig-
inal timed automaton. The technique is similar with coding tech-
niques in symbolic dynamics and is necessary as we cannot provide
inclusions between the behaviors of the first type into behaviors of
the second.

This paper is structured as follows: in Section 2 we recall neces-
sary notions concerning entropy of languages, as well as the logic
PLTL from [2]. In Section 3 we formulate our main problem on
limit entropy and its solution (Theorem 2). In the rest of the pa-
per we present its proof: translation from the logic to automata in
Section 4 and algorithms for computation of the limit entropy in
Section 5. We draw some perspectives in the concluding section.

2. Preliminaries
2.1 Automata and entropy

We assume the reader is familiar with finite and Biichi automata
[9]. Given a finite automaton A we denote its language by L(.A).
For a language £ C X" or L C X%, we define £,, = L N X",
and pref (L) denotes the set of (finite) prefixes of (w-) words in £,
while pref, (L) denotes the set of prefixes of length n of words in
L. The suffix of a (finite or w-) word w starting from position k is
denoted w”.

2.1.1 Entropy of languages
The entropy of a language £ C X" ([3]) is defined as:

H(L) = limsup log | £n|
n— oo n

(with the logarithm taken in base 2). Intuitively, the entropy of
a language is the amount of information (in bits per symbol) in
typical words of the language. An alternative interpretation is that
the entropy of a language is the “growth rate” of the language.

Recall that, for a regular language £ € X accepted by a fi-
nite automaton, its entropy can be effectively computed. More pre-
cisely, given a deterministic automaton A, we say that A is trim if
all its states are reachable from the initial state and co-reachable to
a final state. Furthermore, let M (A) denote its extended adjacency

matrix, M (A); = [{a € S |i % j € 5a}|, then:
Theorem 1 ([3]). For any deterministic trim automaton A,
H(L(A)) = log p(M(A)).

Here p(M) denotes the spectral radius of M, i.e., the maximal
modulus of its eigenvalues. Note that H (.A) can be found as maxi-
mum of H(.S) over all strongly connected components S of A.

2.1.2 Entropy of w-languages

The entropy of an w-language £ C X is defined by H(L) =
H(pref(L)) [8]. In particular, if £ = X and |X| = k then
H(L) = logk.

Whenever £ is an w-regular language recognized by a Biichi
automaton .4, its entropy can be computed as follows: compute
the (finite) automaton A/*" recognizing pref (L), determinize it
and compute the entropy as the logarithm of a spectral radius using
Theorem 1.

2.2 PLTL and its fragments

We study here PLTL, the parametric variant of the Linear Temporal
Logic from [2], which is an extension of LTL with bounded oper-
ators U; and R:. For technical reasons we prefer the formulas in
positive normal form, where all the negations are pushed to atomic
propositions. This leads to the logic described below.

2.2.1 Syntax

The formulas of PLTL in positive normal form (PNF) over the set
of atomic propositions A P with parameters int = {¢1,...tx}. are
defined by the grammar:

pu=plplei A2V | Oer
| prllpa | p1Rp2 | prlhepz | p1Rep2,
where p ranges over AP and t € t. We also require that every
timed parameter ¢ € t appears only once in each formula.
2.2.2 Semantics

A valuation of parameters from t is just a function v : t — N.
The semantics of PLTL is defined in terms of w-words over
247w = wow; ... and valuation of parameters v (denoted by

w,v E ¢).
e w,viEpforp e AP iff p € wo;
e w,vE-pforp € AP iff p ¢ wo;
o w,vE 1 Veiffw,vEporw,vIEps;
o w,vE i Apsiffw, v E prandw, v |E pa;
w,v = Qg1 iff w', v = ¢;

w,v | pillps iff i > 0s.t. w', v = @2 and Vj < i, we
have w?, v = ¢1;

* w,v = p1 Ry iff Vj € N, either w’, v |= 2 or 3i < j such
that w*, v = 1.

*w,v = p1llro iff i < v(t) with wt,v EprandV0 < j <

L, w! v E g

w,v | @1 Ry iff Vj < v(t), either wi, v E p2or i < j

such that w*, v = 1.

Derived operators are defined as usual: O = trueldp; Op =
false Ry; Orp = truellyp; Uip = falseRip. Given a
valuation v of the parameters, we associate an w-language to any
PLTL formula: [¢]v = {w € X | w, v |= ¢}.

2.2.3 Fragments

The following four fragments of PLTL will play an important role
in the rest of the paper: the positive fragment PLTL,, does not use
‘R operator, the negative fragment PLTLg does not use U;, while
the non-parametric fragment (which corresponds to LTL in positive
normal form) does not use either of those.

The following monotonicity properties are immediate from the
definitions:

Proposition 1. For any two valuations v1,va : t — N satisfying
v1(t) < va(t) forall t € t we have that:

e for any formula ¢ in PLTLy it holds that [¢]v, C [¢]v,,
e for any formula ¢ in PLTLg it holds that [¢]v, 2 [¢]vas
e for ¢ in LTL, it holds that [¢]v, = [¢]v,-

We finally introduce a notation: given a PLTL formula ¢, we
denote by ¢ the formula obtained by replacing each occurrence
of the time-bounded operators U, resp. R+, with their unbounded
variants U, resp. R. Note that ¢ is an LTL formula. We note
first a couple of easy properties concerning the relation between ¢
and @Yoo

Proposition 2. For any valuation v : t — N we have that

e for any formula ¢ in PLTLy it holds that [¢]v C [peo];
e for any formula ¢ in PLTLg it holds that [¢]v 2 [¢poo]

with [-] standing for the usual LTL semantics.



3. The problem and the main result

We are interested in the study of the asymptotic properties of
PLTL formulas. More specifically, we would like to characterize
the existence of limits of the type

lim[e]v 1)

(hereinafter lim means lim ) and their relationship with the
V—00

v
previously-defined formulas @ .
We start by discussing (informally) the limitations of three ap-
proaches to defining and computing such limits: the set-theoretical,
the topological and the probabilistic one.

Set-theoretical approach. The first discussion about the limita-
tions inherent in computing the limit (1) concerns its possible in-
terpretation in set-theoretical terms.

Note first that the monotony properties provided by Proposi-
tion 1 imply that, for any PLTL, formula ¢, and any PLTLg for-
mula o, the following limits exist:

U Il M ezl @

v:it—N v:t—N

This would suggest interpreting the limit in (1) as either the first or
the second w-language in (2), depending on the type of the PLTL
formula involved.

Unfortunately, even when they exist, the two limits (2) do not
preserve regularity, as shown by the following example:

In all examples of this section we suppose AP = {p}.

Example 1. Consider the formula ¢ = OOp. For any v : t —
N, the w-language [¢]v is the set of w-words over 24 yhere
consecutive p are separated by no more than v (t) time units. Thus
their limit, L = |J,[O0:p], is the set of words such that the
distance between consecutive p admits an upper bound. It is easy
to see that Ly is not w-regular.

On the other hand poo = OOp is the set of words with infinitely
many p, and therefore Liim C [@oo], which is not as desired.

=

Topological interpretation. A second interpretation can be given
to the limit in (1) in terms of the usual product topology on
(QAP)w. For a given set L C (QAP)“) we denote cl(L) the topo-
logical closure of L in the product topology.

Then we may replace the limit in (1) with:

cl(lim[e]v)

whenever the w-language in the argument exists in the set-theoreti-
cal setting, and our quest would be to check whether this quantity

equals cl([¢so])-

Example 2. Consider then the formulas in Example 1. Then
clearly:

A([D0:p]) = cl(TOp) = (277)*
But, on the other hand, one also has:

A([00:p]) = (2*7)”

The two above identities would suggest that both formulas OOp
and OUyp are “good” approximations of OOp, which we believe
not to be very intuitive.

Probabilistic interpretation. The third interpretation that could
be proposed for the limit in (1) is a probabilistic one.

Consider a Markov chain M = (Q, A) endowed with a state-
labeling 7 : Q—24% such that for any state ¢ € Q and any
S C AP there exists a state » € @ such that 7(r) = S and
A(gq,r) # 0 and A(g,r) # 1. Also denote Pr the probability
induced by the Markov chain onto measurable sets in (2AP )w.

But then we have that
Pr([00:p]) =0 Pr([00p]) =1
which indicates that interpreting the limit in (1) as Pr(lim[¢]v)

would not make it equal to Pr([¢s]), as desired.

3.1 Convergence in entropy
We therefore propose to interpret the limits in (1) as convergence in
entropy, that is, the study of the existence of the limit lim H ([¢]v)

with the limit taken for all parameter values going to co (in an
arbitrary order) and its relationship with H([pso])-

A few facts may help gaining some intuition about such limits.
As we will show in Section 5.

lim #([00pl) = H([30p]) = 1 ®

Exact calculations of the limit for various parameter values in the
left hand side show that this convergence is strict, i.e.

H([O0w]v) < 1

for any v.

On the other hand, the following example shows that an identity
like (3) does not always hold even when the set-theoretical limits
of the (semantics of the) formulas in the left hand side do exist:

Example 3. For all valuations v(t) € N, H([0:O(p)]v) = 0,
while for the non-parametric variant H([0Op]) = 1.

The interpretation of this mismatch between the two entropies
above is the following: for each v (), there are exponentially less
behaviors in [¢¢0(p)]v than in [OOp]. Therefore, the first set of
behaviors cannot “approximate” the second for large v (t).

We are ready to formulate the main problem addressed in this
article:

Problem 1. Given a PLTL formula vy, decide whether
lim H([elv) = H([pwc]).

More generally, decide whether im H([¢]v) exists and, in this
v
case, compute it.
Finally, note that, due to non-existence of set-theoretical limits,

nothing can be said about formulas that are neither in PLTL nor
in PLTLg. E.g., for ¢ = O¢, p A O, —p, for which we have:

e if v(t1) > v(t2), then [p]v = 0, thus
lim lim  H([e]v) =0;

v(tg)—oo v(t;)—oo
¢ on the other hand,

lim lim H([e]lv) =1

v(t1)—o0 v(ty)—oo
therefore, lim H([¢]v) does not exist.
The following theorem provides the solution to the problem for
PLTLy and PLTLg formulas:

Theorem 2 (Main). Given a formula ¢ in PLTLy or PLTL, the
limit Uim H([¢]v) always exists and is computable as a logarithm

of an algebraic real number. Consequently, it is decidable whether

lim H([e]v) = H([#wo])-

The following two sections are devoted to the proof of this
theorem. The proof goes in two main steps: first we translate PLTL
into a variant of discrete-time parametric timed automata. Then
we show how to compute the entropy limits for special types of
automata, corresponding to PLTL, and PLTLp formulas.



4. Building automata for PLTL

The algorithmic computation of the entropy of PLTL formulas re-
quires translating PLTL formulas into a discrete-time variant of
timed automata. The translation is similar to that of [4], and coun-
ters are used to model time-bounded operators. We provide here
two slightly asymmetrical variants of the timed automata which
correspond to the PLTL¢ and PLTLg fragments. The asymmetry
amounts to requiring that all counters are tested on each transition
in the first variant but not in the second.

4.1 Generalized Biichi Automata with Counters and
Parametric Constraints (BiAPC)

The automata to which PLTL is translated are parameterized dis-
crete timed automata with generalized Biichi acceptance condi-
tions. These automata use simple constraints of the form ¢ < ¢
or ¢ > t, where c is a counter and ¢ is an integer parameter. We
denote by Gyr,t, or simply by Geer when the set of parameters is
understood from the context, the set of conjunctions of simple con-
straints over the set of counters Ctr with formal parameters t. For
a given constraint g and parameter valuation v, we denote by g[v]
the result of substituting each formal parameter in g with its actual
value given by v. The set of constraints with formal parameters t
substituted with values given by v is denoted by Geer t,v-

Given an integer valuation of counters ¢ : Ctr—N, we denote
by ¢ + 1 the valuation defined as (¢ + 1)(z) = c(z) + 1 for all
x € Ctr. Furthermore, given a subset of counters X C Ctr, we
denote by c[X := 1] the valuation with ¢[X := 1](z) = 1if
z € X and c[X := 1](z) = c(z) otherwise. We also denote
by EC ([Ctr — N] X Geer,t,v) the usual satisfiability relation of
constraints by integer valuations of counters.

Definition 1. A Generalised Biichi Automaton with Counters and
Parametric Constraints (BUAPC) with parameter set t is a tuple
A=(Q,%, A, Ctr,Qo, Acc), where

® () is a finite set of states;

® 3 is the finite alphabet of the automaton;

e Ctr is a finite set of time counters;

® Qo C Q is the set of initial states;

e A C QXXX Geer x 2% x Q is the finite transition relation;

e Acc C2%isa finite set of accepting conditions (referred to as
colours).

L. . 19, X . . ,
Transitions in A\ are then tuples q 292, q in which g € Gexr is
the guard, a € X is the action and X C Ctr is the reset component.
It is assumed that guards in A use only parameters in t.

As usual, the semantics of a BUAPC is given in terms of the
transition system, parameterized by the instantiations of the pa-
rameters t occurring along the transition guards. Formally, given
v : t — N, we associate to A and v the counter transition system
Tr(A,v) = (Q, Qy, 0, Acc) where:

Q :{(q7 c)|c: Ctr—>N}
Qo ={(q0,¢c1) | g0 € Qo,c1 : Ctr—N
with c1(c) = 1 forall c € Ctr}
0={(¢,¢) % (¢ ¢) | 3¢ 2% ¢
st.c = g[v]and ¢ = (c+ 1)[X := 1]}
Acc :{{(q,c) 5, ) g qd eAtno|Ac Acc}.

Note that all counters that are not reset on a transition are incre-
mented on that transition.

Arun pin T'r(A,v) is accepting if it starts in @, and, for each
A € Acc, the set of transitions occurring infinitely often in p has a
nonempty intersection with A.

An w-word w € X¥ is associated with a run p in Tr(A, v) if
it is the (infinite) concatenation of the labels of the transitions in p.
The language L( A, v) of the automaton .A under actual parameter
values given by v is defined as the set of w-words associated with
accepting runs in Tr(A, v).

When the given BuAPC has all guards equal to true, we denote
by L(A) its language.

Definition 2. A BUAPC+H is a BUuAPC in which there exists a
bijection between the counters and the parameters, such that each
transition is labeled with the same guard /\zGCtr x < tg.

A BUAPC— is a BUAPC whose guards are conjunctions of
constraints of the form x > t, (with a similar bijection), and have

L. 29, X
the property that, on each transition q L92, q', all the clocks used
in the guard g are in X.

Theorem 3. Given a PLTL formula ¢ with parameter set t and
using atoms in AP, there exists a BUAPC A with the same param-
eter set t and over the alphabet 2T such that for any valuation v
of t we have [p]v = L(A, V).

Moreover; this association is constructive and is such that, if @
is in PLTL¢ then A is a BUAPC+, and if ¢ is in PLTLg then A is
a BuAPC—.

Proof sketch. The construction of the BuAPC equivalent with the
formula ¢ is an adaptation to the discrete time domain of the
construction of a (generalized) timed Biichi automaton equivalent
with a MITL formula [1]: each state of the automaton A is labeled
with subformulas of ¢ representing obligations that all runs starting
in the state have to accomplish, while transitions must respect
the inductive part of the formulas involving the fixpoint operators
U, R,U; and R and the operand of each nexttime formula which
labels the source state. A distinct counter is created for each time-
bounded operator and guards on counter values are used to model
the “timeout” part in the two time-bounded operators. The guards
which are created for modelling /; obligations involve a constraint
of the form ¢ < t, while the guards created for R; obligations
involve a constraint of the form ¢ > ¢. As a corollary, we will get
the third and fourth statement of the theorem. Translation details
can be found in Appendix A.1. O

In the sequel, given a BUAPC A, we denote by A the automa-
ton obtained from A by replacing all its guards with true. Note that
Ao is a generalized Biichi automaton in which colours label tran-
sitions.

5. Asymptotic behaviour of PLTL

We now turn to proving our Main Theorem 2. The proof goes

first by translating the given formula ¢ into a BiAPC B, and

then addressing the question of computing lim H(L(B,v)). The
v

algorithms and the proofs are quite different for BUAPC+ and
BUAPC—, and we treat each case separately.

5.1 Limit entropy of BUAPC+ automata
5.1.1 Presenting the algorithm

The computation of the entropy of BUAPC+ requires analysing the
strongly-connected components of its transition graph. We say that
a BUAPC+- is strongly connected if its transition graph is strongly
connected. A strongly connected BUAPC+ is called nontrivial if
it contains a cycle; accepting if it contains all the colours of Acc;
good if for each counter there exists some transition resetting it.



Computation of limit entropy of a BUAPC+ is based on the
following observations: for v large enough a run can stay during
an unbounded lapse of time only in good SCCs of the automaton.
Thus, the entropy is produced in some good SCC, and to be ac-
cepted, a run should arrive to a good accepting SCC. However, the
run can use the rest of the automaton for reaching the two compo-
nents mentionned above.

Furthermore, the entropy produced by a good SCC in a BUAPC+
is the same as the entropy produced in the same SCC of the under-
lying Biichi automaton, obtained by removing all the counter in-
formation (resetting and/or constraints). This essential fact, which
is proved in Lemma 1, requires building an injection between runs
of length n of the untimed good SCC and runs of length “slightly
longer than” n in the original automaton.

Data: a BUAPC+ B
Result: 7 = lim H (L (B, v)) as log of algebraic number

SCC < Tarjan(B);

SCCgq < set of good non-trivial components;

SCC4 < set of accepting non-trivial components;

B +—trim(B, Qo, SCC4 NSCCq);

B2 + finAut (restrict(B1,SCCq));

return H(L(B2)).

Figure 1. Algorithm for computing the limit entropy of
a BUAPC+

The algorithm on Figure 1 for computing the entropy of
BUAPC+ is based on the considerations above and uses the fol-
lowing simple subroutines:

e Tarjan(B) returns the set of all non-trivial strongly-connected
components of the automaton 5.

e trim(B3,1,S) returns the “useful” part of B, i.e., reachable
from I and co-reachable to S.

e restrict (B,5) returns the subautomaton of B containing
only the states belonging to components in S.

e finAut(B) removes from B all the information about counters.
In the obtained finite automaton all the states are considered as
initial and final.

Let us apply the algorithm to Example 1: (OO p. An automaton
(BUAPCH+) corresponding to the formula is given in Figure 2, left.
Here, the only SCC' is good, since it has a cycle that resets the
counter without testing it. As a result, both transitions contribute to
the entropy, and B (the same figure, right) contains both. Hence,
li‘r,n H([O0:ip]v) = H(B:) = 1.

We remark, that for a given v(¢), the testing transition cannot
be taken as often as the other one, but as v(¢) goes to infinity, the
behavior of the automaton on the left becomes closer and closer to
that of the automaton on the right (without counters).

5.1.2 Proving correctness

We prove the following:

Proposition 3. For any BUAPCH B, the limit entropy
lim H(L(B,v))

exists and equals to H computed by the algorithm above.

We will first state that the required limit property holds in every
good strongly-connected component.

Lemma 1. Given S a strongly connected good BUAPC+, it holds
that im(H(L(S,v))) = H(L(Sx))-

p T
e ()~ re(0)oT

Figure 2. Left: BUAPC+ B recognizing the language of formula
OO¢p. Right: finite automaton B2 computed by the algorithm.

Proof. By construction, every finite run 7 in 70 (S, v) is also a run
in Seo. Thus L(S,v) C L(Sw ), hence

H(L(S, v)) < H(L(Sx))- ©)

For the opposite inequality, we start by fixing, for each state,
a cycle resetting all the clocks. Let A denote the maximum of the
lengths of all these cycles. Note that, by assumption of S being
good strongly connected, A is correctly defined. Also choose some
integer T" with T > 2\ and consider any valuation v such that
v(t) > T forallt € t.

Letu € L,(Sx), and 7 the first run (in lexicographic order) in
S with label u. We build a run 7 as follows. We cut the run 7
into k — 1 blocks 71 - - - m,—1, of length 7" — 2\ and a last block
m, of length < T" — 2. By hypothesis, for each of the & — 1 first
blocks, there exists a cycle o; looping over the final state of 7;, of
length < )\ and such that all counters are reset along o;.

Let n’ = mioimeoe - Tr—_10k—17k. The run 7 is well-
defined by construction, and its length is < n + kA < Brn, with
Br = TT:QAA. Moreover, since all counters are reset at most every
T transitions, the counters never exceed value T and therefore 7’
is also a run in S with valuation v. Thus the label v’ of 7’ belongs
to ﬁanJ (S,v).

The above association of a run 7’ to each run 7 defines an
injection from the runs of length n on S to the runs of length
|Brn] in S under the parameter valuation given by v. It is im-
portant to note that this injection also projects to an injection from
L (Seo) to L g,n) (S, V), since distinct words in £, (S« ) are as-
sociated with distinct runs. We then have, for each n, |£,(Sx)| <
|L87n)(S,V)|. Thus

1 log|£n(S)
Br n
which implies that
1
/B—TH
Thus according to (4) and (5), we have, for each v > T,
H(L(S, V) < H(L(Sx)) < BrH(L(S, V). As

< log ‘[”WTHJ (S, V)l
>~ ,BTTL 5

(L(Se)) < H(L(S, V). ©)

. . T—-X
A fr = lim s =1
we can conclude that lim H(L(S,v)) = H(L(S))- O

The next lemma states that 3 can only spend a bounded amount
of time outside of good components.

Lemma 2. Ina BiAPC+ Bwithv < T, any runw € Tr(B,v)
which does not visit good components satisfies |7| < oT + e with
« the number of strongly connected components and e the total
number of transitions.

Proof. The run can visit bad SCC and spend at most 7" time units
within each of those. It can also visit some transitions outside
SCCs, no more than once each. The estimate is now immediate.

O

We can now proceed to the proofs of the upper of and lower
bounds giving together Proposition 3, let 7 be the result returned



by the algorithm (entropy of B2 - union of useful good compo-
nents).

Lemma 3. The lower bound holds: lim H(L(B,v)) > H.

Proof. The proof idea is as follows: according to Lemma 1 some
good useful component produces a set of words with entropy tend-
ing to ‘H as v — 0o, we embed these words into accepting runs of
B and obtain the required lower bound.

The following objects necessarily exist:

e S, the useful good SCC of entropy H, and p; a state within it;
e 71 a path from go to p1 and w1 its trace, k1 = |71;

e o1 acycle within S; from p; to p; resetting all counters, v; its
trace; {1 = |o1];

S2 an accepting good SCC, and po a state within it;

o2 a cycle within Sz from p2 to po resetting all counters and
visiting all colours in Acc, vy its trace; {3 its length.

w2 a path from p; to p2 and wus its trace, k2 its length.;

Consider a valuation v > T1 = max{k1 + ¢1,01 + k2 + {2}.
Let w € L(S1) of length n accepted by a run p starting in
p1, feasible in Tr(S1,v — ¢1). Consider an infinite run { =
mio1po1maoy . It is accepting (since o2 contains all the colours);
it is easy to see that ( is feasible for valuation v. Thus, the trace
of {, ie., uiviwviugvs € L(B,v). We deduce that uiviw €
pref(L(B,v")), thus we have found an injection from £(S1,v —
¢1) to pref (B3, v). For a given length, this yields for cardinalities:

L0 (81, —01)] < Ipref,  4p, (L(B,V))]
(for v big enough), and for entropies
HL(S1,v — 1)) < HL(B,V)).

Passing to the limit as v — oo and using Lemma 1 we obtain the
required estimate . < lim H(L(B, v)). O
v

Lemma 4. For any v the upper bound holds: H(L(B,v)) < H.

Proof. The proof is based on the following observation: any infinite
accepting run of B (1) remains in 1 and (2) spends almost all
its life (except a bounded amount of time) in 2. Denote @ =
ISCCl; 8 = |3

We need an upper bound for the number of words accepted by
good components. We fix v and some 7 > 0, then, by definition of
entropy of Baso, there exists -y such that for any good component
S, for any n the upper bound holds:

|[4n(82oo)‘ S 5 - 27L(H+T]>.

Consider now any infinite accepting run = of T'r(B,v). First, it
should finally arrive in some accepting SCC S; and spend the
rest of eternity there. Hence this Sy is accepting and good. Thus
any such run stays in B; (as defined in the algorithm: reachable
from ¢o and co-reachable from accepting good SCCs). The run
7 spends some time in good SCCs, and some time outside these
good SCC. By Lemma 2 the length of every run fragment outside
good SCCs is bounded by some constant d. Hence every infinite
word ¢ in L(B,v) has a form uiwiuzws . .. uxé with |u;| < d;
w; € L(B2so) and € € LY (Baoo) (clearly, in this decomposition
k < |SCC|). The same decomposition holds for its prefixes. We
obtain that the language of prefixes can be written as follows (with
L, standing for £, (B2 )):

pref, (Bv) C U U

k<o my,..., my <d;

S mi+> n;=n

S0 Ly S L, L BT

The cardinality of each term does not exceed

k
H/Bmi coni(H4m) BQdQH(HJﬂl).
i=1

the number of terms does not exceed ad® ™' (") = O(n®), thus
we have for the entropy:
logn® 4+ O(1
H(B) < lim ogn® + O(1) +n(H +1n) —H 4.
n—00 n
Since n was arbitrary, the statement of the lemma follows. O

This concludes the proof of Proposition 3.

5.2 Limit entropy of BiuAPC— automata

For BUAPC—, unlike the case of BiAPC+, increasing parameter
values will remove behaviours. While we were previously looking
for transitions that will eventually become fireable for big enough
parameter values, now the key problem is to find what transitions
will still be playing a role for big values.

More precisely, the transitions that can be used for all parameter
values are those that can be reached in a way such that all the
counters they test (from below) can have arbitrarily big values, i.e.
those that can be reached through a “pumping” cycle that does not
reset these counters.

Hence, as long as all relevant counter values remain “big”, a
BUAPC— behaves roughly like a Biichi automaton without coun-
ters. This is why we consider a symbolic automaton containing
copies of the original automaton for all possible subsets of “big”-
valued counters. In this automaton, one can “jump” into an area
with a larger subset of big counters by using special transitions we
call slow, corresponding to the availability of a “pumping” cycle
for this subset.

We prove (Lemma 5) that, in the sense of reachability and ac-
ceptance, a BUAPC— B and its symbolic automaton £ “simulate”
each other well (accepting runs of one correspond to accepting runs
of the other). Then, for each parameter valuation v, we exhibit a
subset of the accepting symbolic runs, spending most of their time
in the non-slow part of £ (Lemma 6) and whose entropy is close to
that of the accepting runs of T'r(B, v) (Lemmata 8,10). We deduce
that the limit entropy of 5 is that of the non-slow and useful part
of .

5.2.1 The symbolic automaton and the algorithm

The algorithm solving our problem has the form sketched in Fig-
ure 3, where the function symbolic(B) transforms a BUAPC— into
the symbolic automaton £ we describe below, the function
remSlow(&) removes its slow transitions (see below) and the func-
tions trim(1, I, S) and finAut([3) are as in Figure 1.

Data: a BuAPC— B
Result: # = lim H(L(B, v)) as log of algebraic number

& «symbolic(B);

&1 +trim(&E,Qo x 0, Acc);
Es < finAut (remSlow(&E1));
return H(L(&2));

Figure 3. Algortithm for computing the limit entropy of
a BUuAPC—.

The key construction is that of this counterless symbolic au-
tomaton. Instead of having counters, it stores in its states the infor-
mation about which counters of B take a big value. The precise
construction follows. If B = (Q, 3, A, Ctr, Qo, Acc), then the
symbolic automaton £ has the form (Q x 2, ¥, A1 U Az, Qo X
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Figure 4. Concrete and symbolic automaton recognizing the lan-
guage of the PLTLg formula U:p. The dashed arrow represents a
slow transition.

(), Acc). The transition relation of £ is composed of normal transi-
tions A; and slow transitions As. They are obtained as follows: for

.. ,9,X .
every transition § = p =22 g of B where g = Neeg € > te with
G C Ctr and the reset counter set X,

e A; contains a transition (p,C) = (g,C \ X) for every C' C
Ctr such that G C C. Informally, if all the clocks tested by the
guard are big, the transition can be fired, and all the reset clocks
become small after the transition.

e A, contains a transition (p, C) 2> (¢, Y") whenever it is not in
A1 and there exists an elementary cycle 7 in B starting from p
such that

* the transitions of 7 together exactly reset Ctr \ Y;

= transitions of 7 only test counters in CNY — the cycle can be
done once and then iterated many times, thus the counters
in Y will be pumped;

» ¢ C Y - after pumping the clocks, the transition ¢ is
fireable.

In both cases, the transitions of £ constructed from ¢ have the same
colours as 9.

To illustrate the algorithm, consider the PLTLg formula [p.
Its BUAPC—is presented on the left of Figure 4 and its corre-
sponding symbolic automaton is on the right. After removing
slow transitions, we obtain an automaton & with entropy 1. Thus
li‘r,n H([Oeplv) = 1.

Proposition 4. Let 3 be a BGUAPC— and & the automaton con-
structed by the algorithm. Then im H(L(B,v)) = H.

Here, and in the rest of this section devoted to the proof of
Proposition 4, H stands for 7 (&2) returned by the algorithm 3.

5.2.2 Simulation properties

The proof of Proposition relies on an approximate simulation be-
tween the counter automaton 7'r(3, v) for big values of the param-
eters, and the symbolic automaton €. Formally, for a given T" € N,
we may define ~7 between the state spaces of 7r(53,v) and € as
follows: (g, €) ~1 (¢, C) if Vo € C (&(x) > T'), that is the values
of all the counters in C are really big.

Lemma 5 (on simulation). If T > v, it holds for ~ that

o T'r(B,v) simulates £ restricted to normal transitions: for any
run 81 —» so in £ using only normal (/A1) transitions and any
p1 ~71 S1 there exists p2 ~1 S2 and a run p; N p2 on the
same word in Tr(B,v);

o Tr(B,v) weakly simulates E: for any run s1 ~ so in £ and

any p1 ~r 81, there exists py ~7 S2 and a run p1 —s pa (on
some other word) in T'r (B, v);

e if some infinite word ( is accepted from a state s of &, then
some (other) infinite word (' is accepted in Tr(B, V) from any
p ~T S.

Proof. The first statement follows immediately from the defini-
tions. As for the second one, in order to simulate a slow transition
s & s’ it suffices to iterate in B the cycle 7 (from the definition of
As) T times and take the transition —s afterwards. Every colour
of s % s’ is also visited by the simulating path of B, which implies
the third statement. O

As for simulation in the opposite direction, it is much weaker
and can be stated only with respect to paths. We say that 7 ~ ¢ for
two paths if they have the following forms: 7 = (go, Z0) —2
(q1, 1) 225 (o, @%) ... in Tr(B,v) and ¢ = (go,Co) —
(q1,Ch) 22 (g2, C2) ... in & with the same labels and colours.

We call a run of £ T-low density if it contains few slow tran-
sitions, i.e., on any its interval of length 7" there are at most @ =
|Ctr| such transitions.

Lemma 6. Let v > 2|A;

, then the following holds for ~

e for any path 7 in Tr (B, V) starting at Qo with counters equal
to 0 there exists a path o in € such that ™ ~ o;

e if m is an accepting infinite path, then o is also accepting;

® o is T-low density for T = minv — |A4].

Proof. We construct the run o, using the deterministic algorithm in
Figure 5. The index k denotes the last time a slow transition was

Data: bound T > |A+|, run 7 of T'r(B, v), with
T+ |A1| <v
Result: run o of £ such that 7 ~ ¢ and o is T-low density
k< 0,0 < ¢;
while |o| < |7|/* No termination if =7 is

infinite. */
do
(p,a, 9, R,q) < [|o]];
if 35 € (k,|o]), o[j] = ((p, C), a, (¢,C \ R)) and
A€ [j,j+T —1], gy tests x ¢ C then
/* This is a slow transition. */
C' « ctr \ reset(olj,|o] — 1]);
k<« |ol;
else
/* This is a normal transition. */
'+ C\R;
end
040" ((p> C)>aa (Q7 C,));

end

Figure 5. Simulation of a run in the symbolic automaton

taken. The strategy is to take slow transitions as soon as possible,
but only when it is actually needed to pass a guard within the next
T transitions. We prove that this strategy ensures

(i) that the transition we choose at every iteration exists in &£;
(ii) that accepting runs are simulated by accepting runs;
(iii) and that slow transitions are chosen rarely enough.

Item (ii) is immediate, as the construction preserves colouring. The
proofs of items (i) and (iii) are detailed in Appendix A.2. O



5.2.3 Correctness proof for the algorithm

To terminate the proof of Proposition 4 we have two inequalities to
prove, and they follow from Lemmata 7 and 8 below.

Lemma 7 (lower bound). For any valuation v, H(L(B,v)) > H.

Proof. Let M be a strongly connected component of €5 of maximal
entropy and s an arbitrary state therein. Consider the finite automa-
ton M = (M, X, A1|um, s, s), i.e. the restriction of & to M with
some fixed initial and finite state. Thus, by choice of M and, in
virtue of usual properties of entropy, H(L(M)) = H(L(E2)) =
‘H. By construction, the automaton £; was trimmed (and &> has the
same states), thus some run leads in £ from (qo, @) to s and some
infinite word is accepted in £ from s. Given a valuation v, take
T = max;v; and apply Lemma 5. This provides us three facts
about BB under valuation v:

e for some finite word w and some state p1 ~7 s there is a run
qo -4 Pp1;

e for any word w € L(M) there exists a state p2 ~7 s and a run
p1 — po (on the same word);

e some infinite word ( is accepted from any pa ~7 s.

Thus any word of the form ww( is accepted by B with valuation
v, i.e., the language inclusion holds: uL(M){ C L% (B, v), which
implies for prefixes: |pref,, , £ (B, v)| > |pref, L(M)]|, where
k stands for the length of . The required inequality H(L(B,v)) >
H(L(M)) is immediate. O

Lemma 8 (upper bound). For any n > 0 for v large enough, it
holds that H(L(B,v)) < H + 3n.

Proof. This upper bound is more involved. Let & = 2|Ctr|, 8 =
%],
Denote L, (E2) = L. By definition of entropy for &2, it holds

that lim sup log | £ |/m = H, thus for some constant -y for all m
m—r 00

it holds that | L., | < 7y - 2m(H4m)  We fix some n > 0, and chose

T such that
alog(Ta) T—-a T
alog(By)/T < nand T + T log T—a

it is possible since expressions in left-hand sides tend to O as
T — oo.

We define a language of finite words L D consisting of traces of
all the low density finite runs of £; (starting at its initial state).

<mn,

Lemma 9. It holds that pref, (L(B,v)) C LD.

Proof. Take any finite word w € pref, (Ls,v), it is a prefix of
some infinite word ¢, accepted by some path 7 in T'r(B, v); thus
by Lemma 6 there exists an accepting low density path o in £ such
that 7 ~ o. Since o is accepting, it necessarily stays within &;.
Take now its prefix o, of length n. By construction it is labelled by
the word w. O

It remains to estimate the entropy of LD.

Lemma 10. The upper bound holds: H(LD) < H + 3n.

Proof. We denote the set of words in LD of length n accepted
by runs with & slow transitions by LD¥. By definition LD =
U Uk<anr LDE. Every word in LD can be factorized as w =
UA1ULA2 - + - Uk—1 Ak UL With words u; traces of runs without slow
transitions and letters a; € X corresponding to slow transitions.

Thus, all the words u; are recognized by the automaton £;. Denote
|ui| = n;, thus

LDF ¢ U

no+--+np=n—=k

LongSLn, S Loy 5L, .

n

This union has (}

bounded by

) terms; the cardinality of each of those is

k
|Z|k . H,YQM(H+77) _ ,Ykﬁkz(n*k)(HJrn) —
i=0
(,yﬂ)kQ(n—k)(H-&-n) < (’yﬁ)kQ"(H'H’),

thus |[LDE| < (yB)F2n(t+m) () and

_ ki o QT gy S gn(Htn) [T
ILDn| = > |LDy| < 5 (v8) 72 ()

k<en T
thus
log |LD,,
H(LD) = limsup % <

n—oo

log &2 log (42)
lim <°g vy los(B) g,y PO
n—oo n T n
log ()
H+2n+ lim ——2—.
n— o0 n

The last term can be computed using Stirling’s formula, which after
simplifications yields

log ( " ) log (T _
an/T alog(Ta) T-« T
= 1 < .
nbee  n T T 87 _o ="
The result is now immediate. O

Proposition 4 follows from Lemmata 7-8; and Theorem 2 from
Propositions 3—4. O

6. Conclusions

In this article we studied the asymptotic behaviour of temporal
formulas when time bounds tend to co. The key tool that allowed
comparing the languages and finding cases of convergence (such as
O0+p — OOp) and non-convergence (as O+:Op - OOp) was the
entropy of w-languages.

We believe that entropy will become a standard size measure
in the fast developing domain of quantitative verification [5, 6]. Its
strong advantage over probability is that for most relevant proper-
ties (e.g., never visit some state) the probability on infinite runs
is either O or 1. As for the entropy, for safety properties it of-
ten takes intermediate values, and for any property it measures its
safety component. We will develop this novel quantitative verifica-
tion paradigm and illustrate it by examples in another paper.
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A. Some technical details
A.1 Translation from PLTL to BGAPC

We start the formalization with some necessary definitions and
notations: given a PLTL formula o, we let Sub(p) denote the set
of subformulas of ¢. Given a set of formulas F' C Sub(y), we say
that F' is consistent if it satisfies all the following properties:

(] if’wl Ve € F, v1ildr)a EF0r¢1Ut¢2 eFthenwl e For
P2 € F

e if 1)y Ao € F'theny € F and 92 € F);

o if )y R € F or 1 Reypa € F thenps € F.

The automaton accepting [¢]v is
A, = (QwQAP,Athr(p,Q(f,Accw)
where:
Qe = {F C Sub(y) | F is consistent };
Qf={FeQ,lpeF}
Ctry = {Tyupws | Y1leth2 € Sub(p)}
U {2y, Rews | 1 Ret2 € Sub(p)}.

. .. Pg,X .
Furthermore, A, is composed of transitions F’ =92, F' satisfy-
ing the following requirements:
1. P=FnNIL

2.9 = AT where T' C {(zy,060, < 1) | allitha € F} U
{(xyp1Rews > t) | Y1Ritp2 € F} bears the following two
properties:

(@) (Tyyuw, < t) € T forall 1l € Sub(yp);

(b) if¢1Rt1/)2 € Fand ’(/)1,’(&2 ¢ F’ then ("Ewlnﬂh > t) el.
3. F is consistent.
4. Foreach Oy € F,y € F'.

5. For each Y1 U1 € F, F' contains at least one of 11 or 12, and
if Yo & F’ then ildpe € F.

6. For each 11Up2 € F, F’ contains at least one of 1)1 or 1z,
and if 1o & F' then Ynldyips € F'.

7. For each ¢1Ry2 € F, o € F' and if 1 ¢ F' then
1Ry € F'.

8. For each ¢1 Rytp2 € F, if (T, mows > t) € [ thenipg € F,
and, furthermore, if also v & F’ then Y1 Rs1ps € F'.

9. X = {Tyuus | P2 € F'ornlyipy & Fyu{zg,rep, |
(TR > 1) €T or P1Retps & F}

Finally,

ace = { Ayyup, | 1ldths € Sub(p) JU
{Awluth | v1lhsp2 € Sub(go)},

where
P,g,X
Apyug, = {F =2 F' | allaps & Forips € F'}
Awluth = {F M} F’ ‘ 'lﬂlutlﬁz ¢ FOI’I[JQ S F/}.

Note that when starting with a PLTL¢ formula we obtain a
BUAPCH; especially requirement 2(a) ensures that each counter in
A, is tested on each transition. Also the hypothesis that bounded
operators in ¢ use distinct parameters ensures the existence of the
bijection between Ctr and t. Similarly, starting from a PLTLg
formula we get a BUAPC—.

A.2 Proof of Lemma 6

There remained two items to prove, concerning the algorithm in
Fig. 5:

(i) that the transition we choose at every iteration exists in £;
(iii) and that slow transitions are chosen rarely enough.

For existence, assume that at some iteration we already com-
puted o, prefix of a legal run of & such that 7[0,|o| — 1] ~
o. We consider the T last transitions of this run, i.e. the subrun
ol|lo] = T, |o| — 1]. Two situations are possible:

e Either there is no transition of A in this subrun. Since it is long
enough, it must have a cycle of Ay, but the algorithm never
chose to take a slow transition, which means counters tested by
gx[|o|] Were already big since the beginning and stayed so until
the end of the subrun.

o Or there are transitions of As. We consider the last one of them.
Since this transition is slow, as the algorithm goes, it means it
was preceded in o by an elementary cycle of A;. That cycle
is a factor of o[|o| — T — |A1], |o| — 1], thus does not reset
counters tested by gr[|-|) and hence these counters become big
as a result of the slow transition. After this transition there is no
further reset concerning these counters, so they are still big at
the end of the subrun.

In both cases, since counters tested at time |o| are big, 7[|o|] can be
simulated, at least by a normal transition. If at this moment, the al-
gorithm chooses a slow transition, it means that it was preceded, in
o, by an elementary cycle of A1, and therefore this slow transition
actually exists in Ag, by definition.

Now we prove o is low density. Consider any interval [¢, {+1 —
1]. In o[t,t + T — 1], a slow transition o[r] can be chosen only if
there is ' € [r,r +T — 1] such that [r’] tests a counter c that was
not big yet at time r — 1. A counter c that becomes big as a result of
such a slow transition is never reset during interval [r, r'], therefore
it is never needed to take another slow transition in [r, ¢ + T — 1]
for the sole reason of making c big again. Consequently, each slow
transition of o[t, ¢t + T — 1] pumps at least one counter that has not
already been pumped by a previous slow transition of that subrun.
Therefore, there can be at most |Ctr| slow transitions during any
interval of duration 7.



