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Abstract

We study the problem of checking whether an existential sentence
(that is, a first-order sentence in prefix form built using existential
quantifiers and all Boolean connectives) is true in a finite partially
ordered set (in short, a poset). A poset is a reflexive, antisymmetric,
and transitive digraph. The problem encompasses the fundamental
embedding problem of finding an isomorphic copy of a poset as an
induced substructure of another poset.

Model checking existential logic is already NP-hard on a fixed
poset; thus we investigate structural properties of posets yielding
conditions for fixed-parameter tractability when the problem is
parameterized by the sentence. We identify width as a central
structural property (the width of a poset is the maximum size of a
subset of pairwise incomparable elements); our main algorithmic
result is that model checking existential logic on classes of finite
posets of bounded width is fixed-parameter tractable. We observe a
similar phenomenon in classical complexity, where we prove that
the isomorphism problem is polynomial-time tractable on classes
of posets of bounded width; this settles an open problem in order
theory.

We surround our main algorithmic result with complexity results
on less restricted, natural neighboring classes of finite posets,
establishing its tightness in this sense. We also relate our work
with (and demonstrate its independence of) fundamental fixed-
parameter tractability results for model checking on digraphs of
bounded degree and bounded clique-width.

Categories and Subject Descriptors F.4.1 [Theory of Computa-
tion]: Mathematical Logic and Formal Languages—Mathematical
Logic; G.2.0 [Mathematics of Computing]: Discrete Mathematics—
General

General Terms Theory

Keywords Partially Ordered Sets, Model Checking, Width, Param-
eterized Complexity.

1. Introduction

Motivation. The model checking problem, to decide whether a
given logical sentence is true in a given structure, is a fundamental
computational problem which appears in a variety of areas in
computer science, including database theory, artificial intelligence,
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constraint satisfaction, and computational complexity. The problem
is computationally intractable in its general version, and hence
it is natural to seek restrictions of the class of structures or the
class of sentences yielding sufficient or necessary conditions for
computational tractability.

Here, as usual in the complexity investigation of the model
checking problem, computational tractability refers to polynomial-
time tractability or, in cases where polynomial-time tractability is
unlikely, a relaxation known as fixed-parameter tractability with the
sentence as a parameter. The latter guarantees a decision algorithm
running in f(k) - n° time on inputs of size n and sentences of
size k, where f is a computable function and c is a constant. For
further discussion of the complexity setup adopted here, including
its algorithmic motivations, we refer the reader to [9} [13].

The study of model checking first-order logic on restricted
classes of finite combinatorial structures is an established line of
research originating from the seminal work of Seese [20]. Results in
this area have provided very general conditions for computational
tractability, and even exact characterizations in many relevant cases
[14]]. As Grohe observes [13[], though, it would be also interesting
to investigate structural properties facilitating the model checking
problem in the realm of finite algebraic structures, for instance
groups or lattices.

In this paper, we investigate the class of finite partially ordered
sets. A partially ordered set (in short, a poset) is the structure ob-
tained by equipping a nonempty set with a reflexive, antisymmetric,
and transitive binary relation. In other words, the class of posets
coincides with the class of directed graphs satisfying a certain univer-
sal first-order sentence (axiom); namely, the sentence that enforces
reflexivity, antisymmetry, and transitivity of the edge relation. In this
sense, from a logical perspective, posets form an intermediate case
between combinatorial and algebraic structures; they can be viewed
as being stronger than purely combinatorial structures, as the non-
logical vocabulary is presented by a first-order axiomatization; but
weaker than genuinely algebraic structures, as the axiomatization is
expressible in universal first-order logic (too weak of a fragment to
define algebraic operations).

Posets are fundamental combinatorial objects [[12, Chapter 8],
with applications in many fields of computer science, ranging from
software verification [[16] to computational biology [18]. However,
very little is known about the complexity of the model checking
problem on classes of finite posets; to the best of our knowledge,
even the complexity of natural syntactic fragments of first-order
logic on basic classes of finite posets is open.

A prominent logic in first-order model-checking is primitive
positive logic, that is, first-order sentences built using existential
quantification (3) and conjunction (A); the problem of model
checking primitive positive logic is equivalent to the constraint
satisfaction problem and the homomorphism problem [1]. However,
restricted to posets, the problem of model checking primitive
positive logic and even existential positive logic, obtained from
primitive positive logic by including disjunction (V) in the logical



vocabulary, is trivial; because of reflexivity, every existential positive
sentence is true on every poset!

As we observe (Proposition [2), the complexity scenario changes
abruptly in existential conjunctive logic, that is, first-order sentences
in prefix negation normal form built using 3, A, and negation (—).
Here, the model checking problem is NP-hard even on a certain fixed
finite poset; in the complexity jargon, the expression complexity
of existential conjunctive logic is NP-hard on finite posets. In
other words, as long as computational tractability is identified with
polynomial-time tractability, any structural property of posets is
algorithmically immaterial (in a sense that can be made precise).
There is then a natural quest for relaxations of polynomial-time
tractability yielding (i) a nontrivial complexity analysis of the
problem, and (ii) a refined perspective on the structural properties
of posets underlying tamer algorithmic behaviors; in this paper we
achieve (i) and (i) through the glasses of fixed-parameter tractability.

More precisely, as we discuss below, our contribution is a
complete description of the parameterized complexity of model
checking (all syntactic fragments of) existential first-order logic
(first-order sentences in prefix normal form built using 3, A, V, and
—), with respect to classes of finite posets in a hierarchy generated
by fundamental poset invariants

Model checking existential logic encompasses as a special case
the fundamental embedding problem, to decide whether a given
structure contains an isomorphic copy of another given structure as
an induced substructure; in fact, the embedding problem reduces
in polynomial-time to the problem of model checking certain
existential (even conjunctive) sentences. The aforementioned fact
that existential conjunctive logic is already NP-hard on a fixed
finite poset leaves open the existence of a nontrivial classical
complexity classification of the embedding problem. We provide
such a classification by giving a complete description of the classical
complexity of the embedding problem in the introduced hierarchy
of poset invariants.

‘We hope that the investigation of the existential fragment pre-
pares the ground (and possibly provides basic tools) for understand-
ing the model checking problem for more expressive logics on
posets.

Contribution. We now give an account of our contribution. We refer
the reader to Figure|[I|for an overview; the poset invariants and their
relations are introduced in Section 3]

In contrast to the classical case, model checking existential logic
on fixed structures is trivially fixed-parameter tractable; in fact, even
the full first-order logic is trivially fixed-parameter tractable on any
class of finite structures of bounded size. On the other hand, there
exist classes of finite posets where existential logic is unlikely to be
fixed-parameter tractable (in fact, there exist classes where even the
embedding problem is W[1]-hard); but the reduction class given by
the natural hardness proof is rather wild, in particular it has bounded
depth but unbounded width (Proposition[d).

The width of a poset is the maximum size of a subset of
pairwise incomparable elements (antichain); along with its depth, the
maximum size of a subset of pairwise comparable elements (chain),
these two invariants form the basic and fundamental structural
properties of a poset, arguably its most prominent and natural
features. Our main result establishes that width helps algorithmically
(in contrast to depth); specifically, we prove that model checking
existential logic on classes of finite posets of bounded width is
fixed-parameter tractable (Theorem3). This, together with Seese’s

I'Note that existential disjunctive logic (first-order sentences in prefix
negation normal form built using 3, V, and —) is trivial on posets. In fact,
every sentence in the fragment is either true on every poset, or false on every
poset, and it is easy to check which of the two cases holds for any given
sentence.
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Figure 1. The (light or dark) gray region covers invariants such that,
if a class of finite posets is bounded under the invariant, then model
checking existential logic (or equivalently, by Proposition [I] model
checking existential conjunctive logic, or deciding embedding)
over the class is fixed-parameter tractable; the white region covers
invariants such that there exists a class of finite posets bounded
under the invariant where the problem is W[1]-hard. Similarly, the
dark gray region covers invariants where the embedding problem
is polynomial-time tractable, and the complement of the dark gray
region (light gray or white) covers invariants where the problem
is NP-hard. In classical complexity, as opposed to parameterized
complexity, the tractability frontier of existential (conjunctive) logic
and embedding are different (the former, since existential logic is
already NP-hard on a fixed finite poset, is NP-hard everywhere).

algorithm (plus a routine reduction described in Proposition [6),
allows us to complete the parameterized complexity classification
of the investigated poset invariants, as depicted in Figure[T}

We believe that our tractability result essentially enlightens
the fundamental feature of posets of bounded width that can be
exploited algorithmically; namely, bounded width posets admit
a polynomial-time compilation to certain semilattice structures,
which are algorithmically tamer than the original posets, but equally
expressive with respect to the problem at hand. The proof proceeds
in two stages. We first prove that, on any class of finite relational
structures, model checking existential logic is fixed-parameter
tractable if and only if the embedding problem is fixed-parameter
tractable (Proposition T). Next, using the color coding technique of
Alon, Yuster, and Zwick [1]], we reduce an instance of the embedding
problem on posets of bounded width to a suitable family of instances
of the homomorphism problem of certain semilattice structures,
which is polynomial-time tractable by classical results of Jeavons,
Cohen, and Gyssens [15].

Our approach is reminiscent of the well established fact in order
theory that finite posets correspond exactly (in a sense that can be
made precise in category-theoretic terms) to finite distributive lat-
tices. However, the algorithmic implications of this correspondence
have been possibly overlooked. Indeed, using the correspondence
and the known fact that the isomorphism problem is polynomial-time
tractable on finite distributive lattices, we prove that the isomorphism
problem for posets of bounded width is polynomial-time tractable
(Theorem [8)), which settles an open question in order theory (3
p. 284].

Motivated by the equivalence (in parameterized complexity) be-
tween embedding and model checking existential conjunctive logic
(Proposition [1)) on one hand, and the fact that existential conjunc-
tive logic is already NP-hard on a fixed finite poset (Proposition 2))
on the other hand, we also revisit the classical complexity of the
embedding problem for finite posets and classify it with respect to
the poset invariants studied in the parameterized complexity set-
ting. The outcome is pictured in Figure [T} here, polynomial-time
tractability of the embedding problem on posets of bounded size
is optimal with respect to the studied poset invariants. We remark
that the hardness results are technically involved (Theorem [6]and
Theorem ; in particular, bounded width is a known obstruction



for hardness proofs (for instance, the complexity of the dimension
problem is unknown on bounded width posets).

We conclude mentioning that our work on posets relates with,
but is independent of, general results by Seese [20] and Cour-
celle, Makowsky, and Rotics [4], respectively, on model check-
ing first-order logic on classes of finite graphs of bounded de-
gree and bounded clique-width. Namely, the order relation of a
poset has bounded degree if and only if the poset has bounded
depth and bounded cover-degree (that is, its cover relation has
bounded degree); moreover, if a poset has bounded width, then
it has bounded cover-degree (Proposition [3). However, there exist
classes of bounded width posets with unbounded degree (for in-
stance, chains), and there exist classes of bounded width posets with
unbounded clique-width (Proposition[3), which excludes the direct
application of the aforementioned results.

Throughout the paper, we mark with x all statements whose proofs
are omitted; we refer to [2)] for a full version.

2. Preliminaries
For all integers k£ > 1, we let [k] denote the set {1, ..., k}.

Logic. In this paper, we focus on relational first-order logic. A vocab-
ulary o is a finite set of relation symbols, each of which is associated
to a natural number called its arity; we let ar(R) denote the arity of
R € 0. An atom « (over vocabulary o) is an equality of variables
(z = y) oris a predicate application Rx1 ... Zu(r), where R € o
and z1, . .., Tu(r) are variables. A formula (over vocabulary o) is
built from atoms (over o), conjunction (A), disjunction (V), negation
(—), universal quantification (V), and existential quantification (3).
A sentence is a formula having no free variables. We let 7O denote
the class of first-order sentences in prefix negation normal form, that
is, for each ¢ € F O, the quantifiers occur in front of the sentence
and the negations occur in front of the atoms.

Let p be a subset of {V,3,A,V,—} containing at least one
quantifier and at least one binary connective. We let FO(p) C
FO denote the syntactic fragment of FO-sentences built using
only logical symbols in p. We call FO(3, A, V, =) the existential
fragment, FO(3, A, —) the existential conjunctive fragment, and
FO(3, N), the existential conjunctive positive (or primitive positive)
fragment.

Structures. Let o be a relational vocabulary. A structure A (over o)
is specified by a nonempty set A, called the universe of the structure,
and a relation R® C A*® for each relation symbol R € 0. A
structure is finite if its universe is finite.

All structures considered in this paper are finite.

Given a structure A and B C A, we denote by A|p the
substructure of A induced by B, namely the universe of A|p is B
and RA15 = R* 0 B forall R € o.

Let A and B be o-structures. A homomorphism from A to
B is a function h: A — B such that (a1,...,aur)) € RA
implies (h(a1),...,h(aur)) € RP, for all R € o and all
(a1,...,au(r)) € A*): 3 homomorphism from A to B is strong
if (a1,...,aumr) ¢ R implies (h(a1), ..., h(aur)) & R®.
An embedding from A to B is an injective strong homomorphism
from A to B. An isomorphism from A to B is a bijective embedding
from A to B.

In graph theory, an injective strong homomorphism is also called
a “strong embedding”, and the term “embedding” is used in the
weaker sense of injective homomorphism; here, we adopt the order-
theoretic (and model-theoretic) terminology.

For a structure A and a sentence ¢ over the same vocabulary, we
write A = ¢ if the sentence ¢ is true in the structure A. When A is
a structure, f is a mapping from variables to the universe of A, and

Y(x1,...,Tn) is a formula over the vocabulary of A, we liberally
write A = ¥(f(z1),..., f(xn)) to indicate that 1) is satisfied by
A and f.

A structure G = (V, ES) with ar(E) = 2 is called a digraph,
and a graph if E€ is irreflexive and symmetric. We let G denote
the class of all graphs. Let G be a digraph. The degree of g € G,
in symbols degree(g), is equal to |{(¢’,9) € E€ | ¢ € G} U
{(g,¢") € E€ | ¢ € G}|, and the degree of G, in symbols
degree(G), is the maximum degree attained by the elements of G.

A digraph P = (P, <F) is a poset if <¥ is a reflexive, an-
tisymmetric, and transitive relation over P, that is, respectively,
PEVe(z<z),PEVaVy((z <yAy <z) =z =y) and
PEVavyVz((z <yAy<z) =z <2).

A chain in P is a subset C' C P such that p <F qorq <F p
for all p, ¢ € C (in particular, if P is a chain in P, we call P itself a
chain). We say that p and q are incomparable in P (denoted p HP Q)
if P = p < qVq < p. Anantichain in P is a subset A C P such
that p |¥ ¢ for all p, ¢ € A (in particular, if P is an antichain in P,
we call P itself an antichain).

Let P be a poset and let p, ¢ € P. We say that g covers p in P
(denoted p <¥ ¢)if p <¥ gand, forallr € P,p <F r <P ¢
implies p = 7. The cover graph of P is the digraph cover(P) with
vertex set P and edge set {(p,q) | p <F ¢}. If P is a class of
posets, we let cover(P) = {cover(P) | P € P}. Itis well known
that computing the cover relation corresponding to a given order
relation, and vice versa the order relation corresponding to a given
cover relation, is feasible in polynomial time [19].

In the figures, posets are represented by their Hasse diagrams,
that is a diagram of their cover relation where all edges are intended
oriented upwards.

Let P be the class of all posets. A poset invariant is a mapping
inv: P — N such that inv(P) = inv(Q) for all P,Q € P such
that P and Q are isomorphic. Let inv be any invariant over P. Let
‘P be any class of posets. We say that P is bounded with respect to
inv if there exists b € N such that inv(P) < b for all P € P. Two
poset invariants are incomparable if there exists a class of posets
bounded under the first but unbounded under the second, and there
exists a class of posets bounded under the second but unbounded
under the first.

Problems. We refer the reader to [9] for the standard algorithmic
setup of the model checking problem, including the underlying
computational model, encoding conventions for input structures
and sentences, and the notion of size of the (encoding of an) input
structure or sentence. We also refer the reader to [9]] for further
background in parameterized complexity theory (including the
notion of fpt many-one reduction and fpt Turing reduction).

Here, we mention that a parameterized problem (Q, k) is a
problem @@ C ¥* together with a parameterization k: ¥* — N,
where X is a finite alphabet. A parameterized problem (Q, k) is
fixed-parameter tractable (with respect to k), in short fpt, if there
exists a decision algorithm for ), a computable function f: N — N,
and a polynomial function p: N — N, such that for all x € X%,
the running time of the algorithm on z is at most f(k(z)) - p(|z]).
We provide evidence that a parameterized problem is not fixed-
parameter tractable by proving that the problem is W[1]-hard under
fpt many-one reductions; this holds unless the exponential time
hypothesis fails [9].

The (parameterized) computational problems under consider-
ation are the following. Let o be a relational vocabulary, C be a
class of o-structures, and £ C FO be a class of o-sentences. The
model checking problem for C and L, in symbols MC(C, L), is the
problem of deciding, given (A, ¢) € C x L, whether A = ¢.
The parameterization, given an instance (A, ¢), returns the size
of the encoding of ¢. The embedding problem for C, in symbols
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Figure 2. The order of poset invariants induced by Proposition 3]

EMB(C), is the problem of deciding, given a pair (A, B), where
A is a o-structure and B is a o-structure in C, whether A embeds
into B. The parameterization, given an instance (A, B), returns the
size of the encoding of A. The problems HOM(C) and IsO(C) are
defined similarly in terms of homomorphisms and isomorphisms
respectively.

3. Basic Results

In this section, we set the stage for our parameterized and classical
complexity results in Section[d]and Section [3]respectively. We start
observing some basic reducibilities between the problems under
consideration.

Proposition 1 (x). Let C be a class of structures. The following are
equivalent.

(i) MC(C, FO(3, A, V, 7)) is fixed-parameter tractable.
(ii) MC(C, FO(3, A, 7)) is fixed-parameter tractable.
(iii) EMB(C) is fixed-parameter tractable.

In particular, EMB(C) polynomial-time (thus fpt) many-one reduces
to MC(C, FO(3, A, V, 7).

The next observation is that model checking existential conjunc-
tive logic (and thus the full existential logic) on posets is unlikely
to be polynomial-time tractable, even if the poset is fixed. Let B
be the bowtie poset defined by the universe B = [4] and the covers
i<B jforalli € {1,2}andj € {3,4}.

Proposition 2 (x). MC({B}, FO(3, A, —)) is NP-hard.

In contrast, model checking existential logic on any fixed poset
P is trivially fixed-parameter tractable (the instance is a structure of
constant size, and a sentence taken as a parameter). However, there
are classes of posets where the embedding problem, and hence, by
Proposition [T} the problem of model checking existential logic, is
unlikely to be fixed-parameter tractable, as we now show.

First, we introduce a family of poset invariants and relate them
as in Figure[2] Let P be a poset.

e The size of P is the cardinality of its universe, | P|.

e The width of P, in symbols width(P), is the maximum size
attained by an antichain in P.

e The depth of P, in symbols depth(P), is the maximum size
attained by a chain in P.

e The degree of P, in symbols degree(P), is the degree of the
order relation of P, that is, degree(<F).

e The cover-degree of P, in symbols cover-degree(P), is the
degree of the cover relation of P, that is, degree(cover(P)).

Proposition 3 (x). Let P be a class of posets.

(i) ‘P has bounded degree if and only if P has bounded depth and
bounded cover-degree.
(it) If P has bounded width, then P has bounded cover-degree.

(iii) ‘P has bounded size if and only if P has bounded width and
bounded degree.

The previous proposition, together with the observation that
bounded width and bounded degree (bounded width and bounded
depth, bounded cover-degree and bounded depth, respectively) are
incomparable, justifies the order in Figure[2] whose interpretation
is the following: invariant inv is below invariant inv’ if and only if,
for every class P of posets, if P is bounded under inv, then P is
bounded under inv’.

The emerging hierarchy of poset invariants will provide a mea-
sure of tightness for our positive algorithmic results, once we will
manage to surround them with complexity results on covering neigh-
boring classes.

To this aim, we immediately observe that there exists a class
of posets of bounded depth where the embedding problem, and
hence model-checking existential first-order logic, is W[1]-hard.
Given any graph G € G, construct a poset (G) = P by taking
|G| pairwise disjoint 3-element chains, and covering the bottom
of the ith chain by the top of the jth chain if and only if ¢ and
j are adjacent in G. Note that depth(P) < 3. Hence, the class
Paepn = {r(G) | G € G} has bounded depth.

Proposition 4. EMB (Paepn) is W[1]-hard.

Proof. CLIQUE fpt many-one reduces to EMB(Pgepn) by mapping
(G, k) to (r(Kk), r(G)). O

The goal of the technical part of the paper is to establish the facts
leading from Figure [2]to Figure|[T}

e For the parameterized complexity of model checking existential
logic, we have tractability on bounded degree classes by Seese’s
algorithm [20], and hardness on (certain) bounded depth classes
by Proposition ] In Section ] we establish tractability on
bounded width classes by Theorem@ and hardness on (certain)
bounded cover-degree classes by Proposition [6]

e For the classical complexity of the embedding problem (Sec-
tion [3)), Proposition [7] establishes tractability on bounded size
classes, Theorem [f] establishes hardness on (certain) bounded
width classes, and Theorem [7] establishes hardness on (certain)
bounded degree classes.

We conclude the section by relating our work on posets of
bounded width with previous work on digraphs of bounded clique-
width, and showing that our results are indeed independent.

Clique-width is a prominent invariant of undirected as well as
directed graphs which generalizes treewidth [S]; in particular, it
is known that monadic second-order logic (precisely, MSO1) is
fixed-parameter tractable on digraphs of bounded clique-width [4],
thus:

Observation 1. MC(P, FO) is fixed-parameter tractable for any
class P of posets such that the clique-width of P is bounded.

Since it is possible to compute the cover relation from the order
relation (and vice versa) in polynomial time, one might wonder
whether using the clique-width of the cover graph would allow us to
efficiently model check wider classes of posets. This turns out not
to be the case:

Observation 2 (follows from Examples 1.32, 1.33 and Corollary
1.53 of [6]). For any class ‘P of posets, the clique-width of P is
bounded if and only if the clique-width of cover(P) is bounded.

A natural class of posets which is easily observed having clique-
width bounded by 2 (despite having unbounded treewidth) is the
class of series parallel posets. However, we show that there exist
classes of posets of bounded width which do not have bounded
clique-width (if not Theorem 5| would follow from Observation|[I).



Proposition 5 (x). There exists a class P of posets which has
bounded width but does not have bounded clique-width.

4. Parameterized Complexity

In this section, we study the parameterized complexity of the
problems under consideration. The section is organized as follows.

e In Subsection4.1] we develop a fixed-parameter tractable algo-
rithm for the embedding problem on posets of bounded width
(Theorem[d), which yields that model checking existential logic
on such posets is fixed-parameter tractable (Theorem [5).

* In Subsection {.2] we provide a reduction proving W[I]-
hardness of model checking existential logic on posets of
bounded cover-degree (Proposition [6).

4.1 Embedding is FPT on Bounded Width Posets

We first outline our proof strategy. The core of the proof lies in
defining a suitable compilation of bounded width posets. We then
proceed in two steps:

(i) proving that the homomorphism problem is polynomial-time
tractable on such compilations, and

(ii) reducing the embedding problem between two bounded width
posets to fpt many instances of the homomorphism problem
between compilations of these posets.

For (i), we prove that the compilation admits a semilattice poly-
morphism (Lemmal[I)), and use the classical result by Jeavons et al.
that the homomorphism problem is polynomial-time tractable on
semilattice structures (Theorem . For (ii), we use color coding
and hash functions (Theorem [2) to link a homomorphism between
two compilations to the existence of an embedding between the
compiled posets (Lemmal|2)).

4.1.1 Known Facts

The proof uses known facts about semilattice structures and hash
functions, collected below.

Semilattice Polymorphisms. Let o be a finite relational vocabulary,
and let A be a o-structure. Let f: A”™ — A be an m-ary function
on A. We say that f is a polymorphism of A (or, A admits f)if f
preserves all relations of A, that is, for all R € o, where ar(R) = r,
if

A

((1171,&1,2, ey al,T‘)? L) (a’m,17 Am,2y -+, a'nL,'r') €ER B

then
(flar,1,02,1,. .. Lam.)) € R™.

We say that a function f: A? — A is a semilattice function
over A if f is idempotent, associative, and commutative on A,
that is, f(a7 CL) = a, f(a> f(a/7 a”)) = f(f(a> a/)7 a”)’ and
f(a,a’) = f(a’,a) foralla,a’,a” € A.

Theorem 1 ([15]). Let A be a o-structure, and let f be a semilattice
Sfunction over A. If f is a polymorphism of A, then HOM(A) is
polynomial-time tractable.

7a‘m71)7 . -7f(a17""?a2,7‘7 e

Hash Functions. Let M and N be sets, and let k € N. A k-perfect
family of hash functions from M to N is a family A of functions
from M to N such that for every subset K C M of cardinality k
there exists A € A such that \| x is injective.

Theorem 2. [Theorem 13.14, [[9]] Let C be a finite set. There exists
an algorithm that, given C' and k € N, computes a k-perfect family
Ac i, of hash functions from C to [k] of cardinality 2°® - log? |C|
in time 2°® . |C| - 1og? | C|.

4.1.2 Semilattice Compilation

Let P be a poset. Let (i1,...,ia) € N® be a tuple of numbers.
A chain partition of P is a tuple (C;,,...,C;,) such that § #
Ci; C Pforallj € [a], P = ;¢ Ciy, Ci; N Ciy, = 0 forall
1<j<j <a, C,']. is the substructure of P induced by Cij, and
C;; is a chain.

Example 1. Let Q be the poset with universe QQ = D1 U D2, where
Dy = {di1,d12,d13,d14} and Dy = {d21,d22,d23,d24}, and
cover relation di1 <R dis <2 diz <2 dia, do1 <Q doy <
d23 -<Q d24, d11 -<Q d23, di2 -<Q d24, and dao -<Q d13. Then,
(D1, D2) is a chain partition of Q. See Figure(left).

Let P be the poset with universe P = Cy U C3, where

Cv = {ci1,...,c16} and Cy = {c21,...,c26}, and cover re-
lation c11 <™~ -+ <™ c16, C21 <~ .-+ <~ cC36, C11 < Ca4,
C12 < C25, €13 <~ C26, C21 <~ C14, C22 <Q c1s, and

cog <2 c16. Then, (C1, C2) is a chain partition of P. See Figure
(right).

The mapping e: Q@ — P defined by e(d11) = c11, e(d12) = c12,
e(diz) = cis, e(dia) = ci6, e(d21) = c21, e(d22) = ca22,
e(d23) = ca24, €(d24) = cas5 embeds Q into P.

Figure 3. The posets Q (left) and P (right) in Example [T} The
white points in P form the image of the embedding e: @) — P in
Example([T}

Theorem 3. [Theorem 1, [8]] Let P be a poset. Then, in time
O(width(P) - |P|?), it is possible to compute both width(P) and a
chain partition of P of the form (Cu, ..., Cyian(p))-

We are now ready to define the aforementioned compilations.
Note that our compilations will depend not only on the poset itself,
but also on a chain decomposition of the poset and a family of
colorings (the significance of the latter will become clear in the
proof of Lemma[2)).

Let P be a poset such that width(P) < w, andlet (Cy, ..., Cy)
be a chain partition of P. Let w’ < w and let (i1,...,%,) be
a subtuple of (1,...,w), that is, (¢1,...,4,) is obtained from
(1,...,w) by deleting w — w’ indices. Forall j € [w'],letk;; € N
be such that k;; < |C};|, A; be a family of functions from Cj; to
[kij}, and ()\1, e 7>\w’) EAN XX Aw/.

For a suitable relational vocabulary o depending on w’ and k; ;
forall j € [w'], we define the o-structure

7Ciw/7>\17 . -7)\’(1)')9

which we call the compilation of P with respect to the coordinati-
zation (Cyy, ..., C, ,) and the coloring (A1, ..., Ay ), as follows
(we use compil(P) as a shorthand if the coordinatization and the
coloring are contextually clear).

The relational vocabulary o of compil(P) consists of one binary
relation symbol L, two unary relation symbols Iy; ;-3 and Oj ;1
for each 2-element subset {j, j'} of [w’], and one binary relation
symbol Ry ) for each j € [w'] and k € [k;].

The universe of compil(P) is

compil(P) = Ci; x Ciy X --- x C; .

compil(P,C;,, ...



Letc = (c1,...,¢y ) and ¢’ = (cl,...,cl,,) be elements
of compil(P), and let Ky = {c € Ci; | Aj(c) = k}. The
interpretation of the vocabulary o in compll(P) is the following:

(i) The interpretation of L is the set of all pairs (c,c’) such that
e <P, ... e <Pl
(ii) For each 2-element subset {7, j'} of [w'], I1; ;1 and O; ;) are
interpreted, respectively, over Iy; ;13 = {c | ¢; || ¢;/} and
Ogn =A{ele; < ¢k,
(iii) For each j € [w'] and k € [ki,], R(;x) is interpreted over the
subset of the interpretation of L defined by

{(c,c') € L™'®) | ¢j € K(jp),¢; = )}

Example 2. Ler Q and (D1,D2) be as in Example (I} Let the
subtuple of (1,2) be (1, 2) itself. Let k1 = ko = 4 = |D1| = |Da].
Let pi: D1 — [k1] be defined by pi(di1) = 1, pi(diz) = 2,
p1(dis) = 3, and p1(dia) = 4. Let pa: Do — [k2] be defined by
pz(Cm) = 1, M2 ((322) = 2, 125) (023) = 3, and M2 (024) = 4. Then,
compil(Q, D1, D2, 1, p2) is depicted in Figure

Let P and (C1,Cz) be as in Example |l| Let the subtuple of
(1,2) be (1,2) itself. Let ki = ks =4 <6 = |Cl| = ‘CQ|
Let \1: C1 — [kl] be deﬁned by )\1(611) =1, )\1(012) = 2,
)\1(613) = 4, )\1(614) = 1, )\1(015) = 3, and A1(C16) = 4.
Let \o: Co — [kg] be deﬁned by )\2(621) =1, )\2(022) = 2,
)\2(623) = 3 )\2(024) = 3 )\2(025) = 4 and/\ 026) =1 Then,
compil(P, C1, Cz, A1, A2) is depicted in Figure

R

Figure 4. Describing the structure compil(Q, D1, D2, 1, p2) in
Example 2] From left to right. The first picture displays the interpre-
tation of L (thin solid edges) and I(; ) (gray points) induced by
(i) and (ii). The second picture displays the interpretation of L (thin
solid edges), O z,1) (light gray points), and O 2) (dark gray points)
induced by (i) and (ii). The third picture displays the interpretation
of R(1,1) (dotted edges), R(1,2) (medium solid edges), I(; 3y (thick
solid edges), and R (1 4) (dashed edges), as induced by (iii) and A;.
Similarly, the fourth picture displays the interpretation of R 1,
R(272), R(g’g), and R(QA) induced by (iii) and )\2.

Figure 5. Describing the structure compil(P, C1, C2, A1, A2) in
Example 2} along the lines of Figure 4]

The intuition underlying the compilation procedure is the fol-
lowing. The universe of compil(P) is the Cartesian product of a
family of chains C;,, ..., C; , partitioning the universe of P. The
interpretation of L in compil(P) is the natural lattice order inherited
by compil(P) from C;,,...,C; ,. For {i,j} C [w'], the inter-
pretations of Iy; ;-3 and Oy; ;) in compil(P) record, respectively,
incomparabilities and comparabilities between the jth and j'th co-
ordinate (corresponding to elements in the chains C; y and Cij/,
respectively) of the tuples in compil(P). Finally, for each j € [w']
and k € [k;;], the interpretation of R(; x) in compil(P) is the re-
striction of the lattice order of compil(P) to those pairs of tuples

in compil(P) such that their jth coordinate is colored k by \;; the

R;,1)’s responsibility is to implement the color coding technique

(in our setting), as it will become clear in the proof of Claim 3]
We define a binary function

s: compil(P)? — compil(P)
as follows. Let ¢ = (c1,...,¢,) and ¢’ = (c'l,,.., /) be
elements in compil(P). Let j € [w']. Recalling that C;; is a chain,
C.
% (¢4, ¢;). Define

s(c,c’) = (di,...,du). (1)

Clearly, s is idempotent, associative and commutative, and hence
s is a semilattice function over compil(P).

Lemma 1 (%). Let P be a poset, (C;,, ..., Ciw’) be a coordina-
tization of P, (A1, ..., Ay ) be a coloring of P. Then, the function s
in ({) is a polymorphism of compil(P, C;, ..., C; ,, A1, . .. Ay ).

It follows from Lemma[]and Theorem [I]that, for every poset
P and every compilation P* of P, the problem HoM(P™) is
polynomial-time tractable; this settles the main result of this section.

let d; = min

4.1.3 Reduction

The following lemma reduces an instance of the poset embedding
problem to a family of instances of the homomorphism problem for
suitable compilations of the given posets. The lemma is illustrated
in Example 3]

Lemma 2. Let Q and P be posets such that width(Q) <
width(P) = w. Let (Cy,...,Cy) be a chain partition of P.
The following are equivalent.

(i) Q embeds into P.

(ii) There exist w' < w, a subtuple (i1, ... i) of (1,...,w), a
chain partition (D, ..., D; ,) of Q such that |D; ;| < |Cj; |
for all j € [w'], and a tuple (p1,..., ) of bijections
from Di; to [|Dy,|] for all j € [w'], such that, for all tuples
(A1,...,Ayr), where Aj is a |D;;|-perfect family of hash
functions from C;; to [|Dy,|] for all j € [w'], there exists a
tuple (A1, ..., Ayr) € A1 X ... X Ay such that such that

Q" € Hom(P"),

where

Q" = compil(Q, Dy, ...
P* = compil(P,C;,, ...,

,Diw”/.ld,...
Ciwlv)\17'-'7)\w’)-

Proof of Lemmal[2] (i) = (ii): Let e: Q — P be an embedding of
Q into P.

Claim 1. There exist w' € N such that width(Q) < w’ < w,
a subtuple (i1,12,...,1, ) of (1,2,...,w), and a chain partition
(Diy, ..., D, ) of Qsuchthat, forall j € [w'], e(Di;) = {e(d) |
de Dij} - CZJ

Proof. [Proof of Claim[]] To prove the claim, let e(Q) = {e(q) |
q € Q}. Let (i1,%2,...,%y ) be the subtuple of (1,2,...,w
uniquely determined by deleting the index ¢ € [w] if and only if
e(Q)NC; =0.Forall j € [w],let D;; = e '(Cy;), and let D;;
be the substructure of Q induced by D . Then, (D”, ...,D; ,)
is a chain partition of Q, and clearly e(D; ) C C;; forall j € [w I,
which settles the claim. n

We let Q° = compil(Q,D;y,...,Di_,,u1,..., ) and
P* = compil(P,C;,,...,Ci ,,A1,..., Ay ) be the compila-
tions of Q and P respectively, given by the colorings (1, . . ., fy’)
and (A1,. .., \,) defined as follows.



For each j € [w'], let A; be a |D;,|-perfect family of hash
functions from Cy; to [| Dy, |]. Let j € [w']. Let A; € A; be such
that \j|e(p, ) is injective; indeed such a \; exists, because e(D;; )
is a subset of C;; of cardinality | Di;| (as e is injective), and A; is
a | Dy, |-perfect family of hash functions from C;; to [| D, |]. Let
G(Dij) = {61, e 7C|Dij|}' Let A]'(C1) = k)l, ey A]'(C\Dz‘]-\) =
kip, |- We let u; be such that pi(e” " (ci)) = ki forall i € [| Dy, |].
Clearly, u; is a bijection from D;; to [|D;,|].

The following claim settles the forward direction.

Claim 2. The function h: Q* — P* defined by

h((dl, e ,dwl)) = (e(dl), ey 6(dw/))
forall (di,...,dy) € Q" maps Q" homomorphically to P*.
Proof. [Proof of Claim [2] Note that Q* and P* have the same
vocabulary. To prove the claim, we check that h preserves all
relations in the vocabulary. Below, d = (d1,...,d,) andd’ =
(dy,...,d., ) are elements of Q*.

L:If (d,d') € LY, then d; <P d} forall j € [w'],
then d; <? dj for all j € [w'], then e(d;) <F e(d}) for
all j € [w], then e(d;) <% e(d}) for all j € [w'], then
((e(d), ..., e(dw)), (e(d)), ... e(d,,))) € LF . Altogether
this yields (h(d), h(d")) € L¥".
I{j’j/}l Ifd e [8 i} then dj ||Q dj/, then e(dj) ||P €(dj/),
then (e(ch), .., e(dur)) € I} vy, thatis, h(d) € IT iy

1<j<j <w, 0y Itd e Og ), then d; <9 dy,
then e(d;) <F e(d;), then (e(d1), . .., e(dy)) € OE-J-/), that is,
h(d) € O(P;-Tj,). The case O(;/ jy is similar. )

j € Wk € [Dyll, Ry If (d,d') € R, then
first observe that (d,d’) € LR, so that (h(d),h(d')) € L¥”
by the argument above. We have that d; = d; = d for some
d € D;; such that p;(d) = k. By construction, u;(d) = k
if and only if there exists ¢ € Cj; such that d = e '(c)
and \j(c) = k. Therefore, e(d;) = e(dj) = e(d) = ¢, so
that ((e(da), ..., e(dw)), (e(dh), ..., e(d,,))) € RE ). that s,
(h(d), h(d)) € R 4. 2

(ii) = (i): Let Q* and P* be specified as in the statement
of the lemma, and let h: Q* — P* be a homomorphism from
Q™ to P*. We define a function e: Q — P as follows. Below,
c = (c1,-.,¢ur), € = (c,...,c), " = (cf,...,ch),
d=(di,...,dy),andd’ = (di,...,d., ) are elements of Q*.

Letq € Q. Letj € [w'] be such that ¢ € D;;.
Claim 3. There exists a unique p € C; y C P such that:

e ifh(d) = cand d; = q, then c; = p;
* 1i(q) = Ai(p).

Proof. [Proof of Claim[3] Let y;(q) = k. Since {d € Q" | d; =
q} is nonempty, there exists at least one element p € C;; such that ¢
is in the image of h in P* and ¢; = p. Let p,p’ € Ci; be such that,
for some d,d’ € Q" withd; = d; = ¢, h(d) = cand ¢; = p, and
h(d") = ¢’ and ¢; = p’. We prove that p = p" and A;(p) = k. We
distinguish two cases.

Case 1: (d,d') € LR or (d',d) € LY. Assume (d,d’) €
LY. Then, (d,d’) € R¥, . Then, (c,c’) € Rby. sothat¢; = ¢}
by definition of Rﬁ,:, thatis p = p’, and A\;(p) = k. The argument
is similar if (d’,d) € LY.

Case 2: (d,d’) ¢ LR and (d’,d) & LR . Clearly it then holds
that min®# (dj,d}) = gand min (dj, d;-,) §Qiﬂ" djs, d;-, for
all j' € [w’]. Therefore,

(min®1 (dy, dy), ..., min%w (dyr, dly)),d) € R;?,:,
and
(min®1 (dy,d}), ..., min%w (s, di)),d') € RS,
Let
R((min®1 (dy, d}),. .., min%w (dyr, dly))) = .
Then, (¢, c) € Rf; and (c”,c) € Rz,:, so that ¢f = ¢; = ¢j,
thatis p = p’, and A\;(p) = k. -
We define e(q) = p, where p € P is the unique element

identified by Claim 3 relative to . The following claim then settles
the backwards direction.

Claim 4. e embeds Q into P.

Proof. [Proof of Claiml4|] Let q, ¢’ € Q. Itis sufficient to check that
q <9 ¢ implies e(q) <¥ e(¢'),and ¢ [|? ¢’ implies e(q) [|¥ e(¢).
Let j, ' € [w'] be such that ¢ € D;; and ¢’ € Di,.

q <9 ¢ implies e(q) <¥ e(q'): Assume g <2 ¢’. Assume that
j < 4 (the case j' < j is similar). We distinguish two cases.

Case 1: If j = j', then let p;(q) = k and p;j(q’) = k'. Since
¢,q € Dy, and pu; is a bijection from D;; to [|D;, |], we have that
k # k'. Hence, if e(q) = p € Ci; and e(q’) = p’ € Ci;, then by
the definition of e we have that A\;(p) = k # k' = X\;(p’), so that
p # p’. We have that

((bot(Dyy ), .-y q,. .. ,bot(Diw, ),
(bot(D, ), -, q', ..., bot(D; ,))) € LY,

where ¢ and ¢’ occur at the jth coordinate, and bot(Dz—j,,) is
the bottom of chain D; ,, for all j” € [w'] \ {j}. Let us set
h((bot(Dy,),...,q,...,bot(D; ,))) = ¢ € P* and similarly
h((bot(Ds,),...,q ,...,bot(D; ,))) = c’ € P*. Then

(c,c) e,
so that, in particular, c; SC"'J ¢;. We claim that ¢; = p. In-
deed, since h is a homomorphism, it is the case that u;(q) =
Aj(cj) = k, because there is a Ry, x) loop over the elements of
(bot(Dy,),...,q,...,bot(D; ,)) in Q". By Claim there exists
a unique element in C;; having the same color of ¢ and occurring
at the jth coordinate of any hA((...,q,...)) € P*, and this ele-
ment is e(g) = p by definition. Similarly, ¢; = p’. Thus, since
we observed that p # p/, we have that p <% p/, and therefore,
e(g) =p < p' =e(d).
Case 2:If j < j',thene(q) =p € Cy; and e(¢') = p' € Ci,,
so that p # p’ because C; N Ci,, = 0. We have that
’ Q*
[P A A | €03 1)
where ¢ occurs at the jth coordinate and ¢’ occurs at the j'th
coordinate, so that, if h((...,q,...,¢’,...)) = c € P*, then

c €00,
thatis, ¢; <P ¢;7. We claim that ¢; = pand ¢;; = p', which implies
e(q) = p <¥ ¢’ = e(q’). Indeed, since h is a homomorphism, it
is the case that 11;(q) = \j(c;) = k and p;/(¢") = XNy (cjr) =
E', because there is both a R(; ) loop and a R(;/ x/y loop over
(--eyqy..-,q,...)in Q*. Then, by Claimand the definition of e,

itis the case that ¢; = e(q) = pand ¢; = e(¢') =p'.



q ||? ¢ implies e(q) ||” e(q): Let 1;(q) = kand pur (¢') = K.
We have that

(...,q,-u,q/,-~) EI{Q]H]'/}’

where ¢ occurs at the jth coordinate and ¢’ occurs at the j'th
coordinate, so that, if h((...,q,...,¢’,...)) = c € P*, then

o
c e I,

thatis, ¢; ||¥ c;/. We claim that ¢; = e(q) and ¢;s = e(q’), which
implies e(q) ||¥ e(q'). Indeed, since h is a homomorphism, it is
the case that \;(¢;) = k and \j/(¢;7) = k', because there is both
a R(j k) loop and a R(;/ sy loop over (...,q,...,q’,...) in Q".
Then, by Claim[3|and the definition of e, it is the case that ¢; = e(q)
and c;s = e(q’). =

The statement is proved. O

Example 3. Let Q and P be the posets in Example |l} so that
Q embeds into P via the map e: Q — P defined in the exam-
ple (see Figure E]) Let Q* = compil(Q, D1, Do, u1, p2) and
P* = compil(P, C1, Ca, A1, \2) be the structures in Example@]
respectively compiling Q and P. The homomorphism h: Q* — P~,
corresponding to the embedding e: Q — P as by (the forward
direction of) Lemma[2] is depicted in Figure[6]

Figure 6. The structures Q™ (left) and P* (right) in Example
The white points in P* form the image of the homomorphism
h: Q@ — P* in Example [3} It is possible to check that h is a
homomorphism by direct inspection of Figure ] and Figure 3}

4.1.4 Algorithm

We are now ready to list the pseudocode of our main algorithm. The
input is a pair (Q, P) of posets.

ALGORITHM(Q, P)
1 if (|P] < |Q| or width(P) < width(Q)) then reject
2w + width(P)
3 compute a chain partition (Cy, . ..
4 foreach 1l < v’ < w,
subtuple (i1,...,%,) of (1,...,w),
chain partition (D, ,...,D; ,) of Q,
coloring (g1, .-, flow) € M1 X -+ M, do
if exists j € [w'] such that |C;; | < |D;, | then reject
Q* <~ Compil(Q, D’il ey Diw/ s M1y e ?/“Lw,)
foreach j € [w'] do

Aj « |D;;|-perfect family of hashing functions

from C;; to [| D;, |]

9 foreach (A\1,..., ) € Ay X --- X Ay do

,Cy) of P

0N

10 P* < compil(P,C;,,...,Ci ,, A1,. .., Auwr)
11 if Q" € HoM(P™) then accept
12 reject

In Line 4, M; is the set of all bijections from D;; to [|D|],
forall j € [w']. We conclude proving that the algorithm above has
the desired properties, from which the main result of the section
follows.

Theorem 4 (x). Let P be a class of posets of bounded width. There
exists an algorithm deciding any instance (Q,P) of EMB(P) in
20klos k) . OW) fime, where n. = |P| and k = | Q).

Theorem 5. Let P be a class of posets of bounded width. Then,
MC(P, FO(3, A, V, 7)) is fixed-parameter tractable (with single
exponential parameter dependence).

Proof. Directly from Proposition [T|and Theorem 4] O

4.2 Embedding is W[1]-hard on Bounded Cover-Degree
Posets

We construct a class Peover-degree Of bounded cover-degree posets such
that EMB (Peover-degree ) is W|[1]-hard. By Proposition[l} it follows that
MC(PCUver—degr557 .FO(E', /\, V, _‘)) is W[l}-hard

Let G = (V, E€) be a graph and let V = [n]. Then (G) = P
is the poset defined as follows. The universe of P is P = | ieln] P;
where, for all ¢ € [n],

P, ={1;,ai,bi,ci,di, Ti}
U{lig) ui g | €[], (G, 5) € ES}.

The order is defined by the following. For each 7, j € [n].:

e a; <P bi, ai <F ¢i, b <F di, ¢; <F dj, and b; ||F ¢

o Li <Pl <F o <Pl < ai

o di <P ugy <P <Puga <P Ty

® I <F ug,q if and only if (4, j) € E€.
The construction satisfies the following properties. Let G € G:

(i) since cover-degree(r(G)) < 3, the class Peover-degree = {7(G) |
G € G} has bounded cover-degree;

(ii) r(G) can be constructed in polynomial time;

(iii) for any j,j’ € [n], j # j', we have L; <F T,/ if and only if
(4.4") € ES.
Proposition 6 (x). EMB(Peover-degree) is W[1]-hard.

5. Classical Complexity

In this section, we study the classical complexity of the embedding
problem on the targeted classes of posets, and we prove a tractability
result of independent interest on bounded width posets. We first
observe the following fact.

Proposition 7 (x). Let P be a class of posets of bounded size. Then,
EMB(P) is polynomial-time tractable.

Note that the above together with Proposition [2| rules out a
polynomial-time tractability analogue of Proposition (I} The section
is organized into three subsections, as follows.

* In Subsections[5.1and 5.2} we prove that the embedding prob-
lem is NP-hard on bounded width and bounded degree posets
respectively. This implies that Proposition[7is tight with respect
to the studied invariants.

e In Subsection[5.3] we show how the ideas developed in Section
Bl may be used to obtain a polynomial-time tractable algorithm
for the isomorphism of bounded width posets, an open problem
in order theory [3| p. 284].

5.1 Embedding is NP-hard on Bounded Width Posets

In this subsection, we construct a class P of posets of bounded
width such that EMB(P) is NP-hard, which immediately implies
NP-hardness of MC(P, FO(3, A, —)).



The reduction, from the Boolean satisfiability problem (SAT),
is technically involved. Intuitively, given a SAT instance ¢, we
construct two bounded width posets Qg and P . The two posets
are such that, if ¢ is satisfiable, then Qg4 embeds into P, “nicely”,
in the sense that certain chains of Q. embed into certain families
of chains in P 4; conversely, every embedding of Q¢ into P4 must
be nice in the above sense, and any nice embedding of Qg into P,
yields a satisfying assignment to ¢.

Let S be the class of propositional formulas in conjunctive form,
containing at least 3 clauses, where each clause contains at most 3
literals; also, no clause contains a pair of complementary literals, and
each variable occurs in at least two clauses. Let ¢(x1,...,2n) =
0y AN+~ ANdy beinS. Fori € [n] and j € [m], we write
x; € 9§ if a literal on variable x; occurs in clause §;, and we
let var(d )—{acZ | i€ [n],z; €9}

We proceed in two stages. First, we define a poset Q as follows.
The universe @, contains QF = {(d:;,5) | ¢ € [m],j € [n]},
Q4 ={(0%,5) i €[m],j € n—1]}

v o iE[n],I¢€6j,l’¢€5j/,j<j/,
Q¢_{(xu(.77.7))‘ anda:i%djn f0ra11j<j”<j’ s

and a set be of auxiliary elements introduced below.

For ¢, ¢’ € Qg, we let <« Q9 denote the fact that, in the order of
Q. there is a chain of |Qg| fresh auxiliary elements, contained in

be, between g and ¢'. The order relation of Qg is defined by the
following cover relations:

(Q1) for all (6;,7), (Ji41,74) € Qg:if i +1 < ' where ¢’ is the
minimum in [m] such that z; € 8/, then (&;,7) <R (8i41,4);
if i’ < 4 where 7’ is the maximum in [m] such that x; € §;/,
then (6;,7) <9 (811, ); otherwise, (8, 7) <2 (8i11,7);

(Qz) ( m,J) <<Qd) (613.j + 1)’ fOI' (6771,,]) (61?.7. + 1) e Qé,

(Q3) (627]) <Q¢ ( '£+17 ) for (57{7]) ( 1+15 ) S qu,

(Q4) (67,,5) <R (61,5 + 1), for (87, 5), (61,5 + 1) € Qs
(

Q) (wi, (5,4) < (i, (7',5")), for (w3, (5,4')), (s (77, 5")) €
¢,

(Q6) (l‘h (.77.7 )) <Q¢ (l'i+1, (k7 k‘/)),for (:Civ (jvj/))v (1:1'7 (kv k/)) €

Q3 where j' is maximum in [m] such that 2; € ¢;/ and k is
minimum in [m] such that ;41 € 0.

Q) (8i,5) <% (57, 5) <% (65, j+1), forall (6, 5), (5,5 +1) €
Q3 and (37, §) € Qg:

@Q8) (3:,4) < (x5, (1,1")) <% (37, 7). forall (&, 5), (8ir, ) €
Q; and (mjv (i7 'L/)) € Q;
Second, we define the poset Py = (&), using Q4 as a basis, as

follows. The universe Py is the union of

Fe= U (G0 | f € {0,110 satisfies 6.},

(6:,7)€QY

Pi=|J {5 59) ] f € {0,110 satisfies 6},
(87.)€Q5

Pi= U A6, (2 G )}

(24,3 EQY

and a set Pcé of auxiliary elements introduced below.

Again, for p,p’ € Py, we let <P denote the fact that, in
the order of P, there is a chain of | Q%] fresh auxiliary elements,
contained in Pé), between p and p’. The order relation of Py is
defined by the following cover relation:

(P1) for all (f,(8:,5)),(f',(6:,5")) € Pg. (f, (6:,5)) <F¢
(f', (6141, 7)) ifand onlyif (8;, 5) <2 (8;r, "), and (f, (35, 5))
<P (f',(6i41,4)) if and only if (6;, ) <P (61, 5");

(P2) for all (f,(61,4)), (f,(,,5) € Ps, (f (81,5)) <Fe
(', (8i11,4)) if and only if (5, 7) < (8, ):

(P3) for all (x:, (4,4")), (=4, (4,5)), (zs, (5", 57)), (s, (5, 5"))
in Py, (i, (4,5") <F* (2, (5',5")) and (=4, (5,5")) <
(_‘Ii,(j/ ]H)) if and only if (1'1,(]7],)) '<Q¢ (1‘17( lv.j//))’

(P4) for all (24, (4,5")), (—z1, (§,5)), (xir1, (k, k")), and
(“xl"rly( k)) in Pg’ (1;17(]7.]/)) <P¢ (‘Tl+17(kak/))’
(:Eu(_? ] )) P¢ (_‘x7~+17(k k ))7 (_‘xlv(] .7 )) Po

(zit1, (k, k")), and (ﬂm(] i) < (wz+1,(k,k’)),ifand
Only if (x’w (.7 J )) x1+17 (k

(P5) for all (f, (6 z,a)) (f, 3,5+ 1)) € P¢ and (f, (97, 7)) € P§,
(f,(6:,5)) <2 (f,( :, 7)) <F¢ (f,(8:,4 + 1)) if and only if
(8i,4) <9 (87,5) <9 (6i,5 + 1);

(P6) for all (f?( 17])) (f ( i’ 7.7))7 (gv (5741]))’ (glv (61’a])) € Pg
and (z;, (1,7)), (-;, (i,4')) € Pg, itholds that (f, (&, j)) <F?

(xja (7’7 Zl)) <<P¢ (f/a (61’7])) and (97 (6“])) <<P¢ (_\ZC]‘, (7’5 ll))
<P (¢',(8,7)) ifand only if (6;, j) <9 (x5, (i,i")) <
(05, 4), fxj) = f'(x;) = 1, and g(z;) = ¢'(x;) = 0.

Note that width(Qg) < 4 and width(P) < 2% 4+ 7% + 72 = 102
for all ¢ € S (we remark that this width bound may be improved
at the cost of a more complicated construction). Hence Pyian =
{r(¢) | € S} has bounded width.

Theorem 6 (x). EMB(Pyian) is NP-hard.

5.2 Embedding is NP-hard on Bounded Degree Posets

We reduce from the satisfiability problem. Let S be the class of
propositional formulas in conjunctive form, where each clause
contains exactly 3 pairwise non-complementary literals.

The idea of the reduction is the following. We encode a formula
in S by a poset P, whose universe partitions into three blocks, Py,
Py and P». The set P; contains several groups of 7 elements, where
each element corresponds to one possible satisfying assignment of
a clause, and the embedding encodes an assignment for the whole
formula by forcing us to choose one element out of each group.
The set P, ensures that each assignment chosen by the embedding
is consistent for each pair of clauses. To preserve bounded degree
while ensuring the consistency of each pair of clauses, it is necessary
to use many groups in P; for each clause. Finally, Py ensures that
each choice made by the embedding for a given clause is consistent
across all groups corresponding to that clause.

We now formalize the ideas outlined above. Let ¢(x1,...,2n) =
01 A---AbmbeinS.Forj € [n] and i € [m], we write z; € §;
if a literal on variable z; occurs in clause d;, and we let var(d;) =
{z; | j € [n],z; € &;}.Foralli € [m], let (gi1,...,gi7) bea
fixed ordering of the assignments in {0, 1}"*(%%) satisfying d;, and
let (i1,42,...,im-1) = (1,...,5— 1,2+ 1,...,m). We define
our two posets Qg and P, below.

The poset Qg has universe Qg = Qo U Q1 U @2, where

Qo ={c(,5), Ci,m)> Cm.jy | 5,7 € [Im —1],i # 5},
Q1 ={fuy 4,7 € [m],i # 5},
Q2 ={dgj |1 <i<j<m}

and its cover relation is defined by the following:

ED fujys fi <%0 dj forall1 <i < j <m.



(E2) Foralli € [m],
Fan = ety < famy =3 -
= i) <Y fasi -
The poset P has universe P, = Py U P U P> where,
Po ={¢(ij).a) C(i.m).ar Cmog)a | 65 € Im = 1],i # j,a € [T]},
Pr={f(ij).a i, €[m],i # j,a €7},
Py ={d(i jy (aan | 1 <i<j<m(a,a’) €7},
and its cover relation is defined by the following:

(D1) Forall 1 < i < j < m, it holds that f(; j).a, f(j.iy,ar <" ¢
d(i,5),(a,a) if and only if g; .(x) = gj o (z) for all z €
var(d;) N var(d;).

(D2) Forall ¢ € [m] and a € [7],

fiva =52 Cliiya <5 fliiga = ¢

P P
e Cligigy 1) = fGrim—1)sar

Since cover-degree(Py) < 1 + 7 = 8 and depth(Pg) < 3,
Pacgree = {Py | ¢ € S} has bounded degree by Proposition 3]

Theorem 7 (x). EMB(Pucgrec) is NP-hard.

5.3 Isomorphism in Polytime on Bounded Width Posets

The insight on bounded width used to prove tractability of the
embedding problem essentially scales to the isomorphism problem.

Theorem 8. Let P be a class of posets of bounded width. Then,
ISO(P) is polynomial-time tractable.

Proof. The proof utilizes three known facts from the literature.

Let R be any poset. For all S C R, let (S] be downset generated
by Sin R, ie., (S] = {r € R | 3s € Ssuchthatr <® s}. Let
[(R) be the order defined by equipping the universe of all antichains
in R by the relation A <™ A’ if and only if (4] C (A’]. Note
that, if width(R) is considered as a constant, the construction of
I(R) is polynomial-time computable from R.

The three needed facts are the following. First, for any (finite)
poset R, the structure [(R) is a (finite) distributive lattice [19,
Proposition 5.5.5]. Second, the substructure of /(R.) generated by
join irreducible elements is isomorphic to R [19l Theorem 5.5.6];
recall that, if L = (L, <) is a lattice, then j € L is join irreducible
if, for all [,1’ € L, if j is the least upper bound of [ and I’, then
j = lorj =1 Third, the isomorphism problem restricted to finite
distributive lattices is polynomial-time tractable [11].

Using the previous facts, we design the following algorithm.
Let w € N be the upper bound on the width of posets in P. Let
(Q,P) be an instance of ISO(P). Let |[P| = n. If |Q| # n,
or width(Q) > w, or width(Q) # width(P), then reject; the
condition is checkable in time O(w - n?) by Theorem [3| Otherwise,
in polynomial time, compute {(Q) and [(P) and accept if and only
if 1(Q) and [(P) are isomorphic.

The algorithm clearly runs in polynomial time. For correctness,
notice that Q and P are isomorphic if and only if /(Q) and I(P)
are isomorphic. For the nontrivial direction (backwards), if f is an
isomorphism from [(Q) to I(P), then let f’ be the restriction of f
to the join irreducible elements of I(Q). It is easy to check that f’
is bijective into the join irreducible elements of {(P), hence, using
the second fact mentioned above, f is an isomorphism between Q
and P. O

6. Conclusion

We embarked on the study of the model checking problem on posets;
compared to graphs, the problem is largely unexplored, and we made

a first contribution by studying basic syntactic fragments (existential
logic) and fundamental poset invariants (including width, depth,
and degree). Our complexity classification for existential logic also
carries over to the jump number (between size and width in Figure[T);
a future direction is to extend our study to dimension (above width
[3]] and degree [10] in Figure|[I).

Our main algorithmic result, fixed-parameter tractability of exis-
tential logic on bounded width posets, raises the natural question of
whether model checking the full first-order logic is fixed-parameter
tractable on classes of posets of bounded width. We propose this as
a topic for future research.
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