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Abstract

We study the problem of conjunctive query evaluation relative to
a class of queries; this problem is formulated here as the relational
homomorphism problem relative to a class of structures .A, wherein
each instance must be a pair of structures such that the first structure
is an element of .A. We present a comprehensive complexity clas-
sification of these problems, which strongly links graph-theoretic
properties of A to the complexity of the corresponding homomor-
phism problem. In particular, we define a binary relation on graph
classes and completely describe the resulting hierarchy given by
this relation. This binary relation is defined in terms of a notion
which we call graph deconstruction and which is a variant of the
well-known notion of tree decomposition. We then use this hierar-
chy of graph classes to infer a complexity hierarchy of homomor-
phism problems which is comprehensive up to a computationally
very weak notion of reduction, namely, a parameterized version
of quantifier-free reductions. In doing so, we obtain a significantly
refined complexity classification of homomorphism problems, as
well as a unifying, modular, and conceptually clean treatment of
existing complexity classifications. We then present and develop
the theory of Ehrenfeucht-Fraissé-style pebble games which solve
the homomorphism problems where the cores of the structures in
A have bounded tree depth. Finally, we use our framework to clas-
sify the complexity of model checking existential sentences having
bounded quantifier rank.

Categories and Subject Descriptors F.4.1 [Mathematical logic
and formal languages]: Mathematical logic—Computational logic;
H.2.3 [Database management]: Languages—Query languages

General Terms Theory

Keywords Conjunctive queries, Homomorphisms, Graph decom-
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1. Introduction

Conjunctive queries are basic and heavily studied database queries,
and can be viewed logically as formulas consisting of a sequence
of existentially quantified variables, followed by a conjunction of
atomic formulas. In this article, we study conjunctive query evalu-
ation, which is the problem of evaluating a conjunctive query on a
relational structure. Conjunctive query evaluation is indeed equiv-
alent to a number of well-known problems, including the homo-
morphism problem on relational structures, the constraint satisfac-
tion problem, and conjunctive query containment [8, 25]. That this
problem appears in many equivalent guises attests to its fundamen-
tal, primal nature, and this problem has correspondingly been ap-
proached and studied from a wide variety of perspectives and mo-
tivations [1, 3, 4,7, 9, 21-23, 25, 27-29].

Conjunctive query evaluation is known to be computationally
intractable in general, and consequently a recurring theme in the
study of this problem is the identification of structural properties
of conjunctive queries that provide tractability or other computa-
tionally desirable behaviors. A well-studied framework in which
to seek such properties is the family of parameterized homomor-
phism problems p-HOM(.A), for classes of relational structures .4:
the problem p-HOM(.A) is to decide, given a relational structure A
from A and another relational structure B, whether there is a ho-
momorphism from A to B; the parameter here is the first structure
A.. Studying this problem family amounts to studying conjunctive
query evaluation on various classes of conjunctive queries, as it is
a classical fact that each boolean conjunctive query ¢ can be bi-
jectively represented as a structure A in such a way that, for any
structure B, it holds that ¢ is true on B if and only if A admits a
homomorphism to B [8]. We will focus on the case where A has
bounded arity, and assume this property throughout this discussion.

Known classifications. An exact description of the tractable
problems of the form p-HOM(.A) was presented by Grohe [23].
In particular, a known sufficient condition for fixed-parameter
tractability of p-HOM(.A) was that the cores of A have bounded
treewidth [13]; Grohe completed the picture by showing that for
any class A not satisfying this condition, the problem p-HOM(.A)
is W[1]-complete. Fixed-parameter tractability is a parameterized
relaxation of polynomial-time tractability, and W[1]-hardness can
be conceived of as a parameterized analog of NP-hardness. Intu-
itively, the core of a structure is an equivalent structure of minimal
size.

Later, a classification of the tractable p-HOM(.A) problems was
presented [10]. This classification is exhaustive up to parameter-
ized logarithmic space reductions; parameterized logarithmic space
(para-L) relaxes logarithmic space in a way analogous to that in



which fixed-parameter tractability relaxes polynomial time. Let 7
denote the class of all trees, let P denote the class of all paths, and
for a class of structures A, let A* be the class of structures ob-
tainable by taking a structure A in 4 and giving each element its
own color. The classification states that each tractable p-HOM(.A)
problem is para-L equivalent to p-Hom (7 *), para-L equivalent to
p-HOM(P*), or decidable in para-L. The properties determining
which of the three behaviors occurs are bounded pathwidth and
bounded tree depth, established graph-theoretical properties.

1.1 Contributions

In this article, we present a significantly refined complexity classi-
fication of the homomorphism problems p-HOM(.A) which is ex-
haustive up to an extremely simple and computationally weak no-
tion of reduction based on quantifier-free interpretations from first-
order logic. Our classification generalizes the just-described known
classifications, and indeed our present study provides a uniform,
modular, and self-contained treatment thereof. After presenting the
classification, we present and study Ehrenfeucht-Fraissé-style peb-
ble games for solving the problems coming from the lower end of
our hierarchy, and then use our framework to study the complexity
of model checking existential sentences.

A graph-theoretic hierarchy. To derive our classification, we
first focus on graphs. Previous work [10] related the complexity
of conjunctive queries to the named graph-theoretic properties by
showing that certain relationships on graph classes implied reduc-
tions for the corresponding homomorphism problems, for example:

e If G is a graph class and M is the class of minors of graphs in
G, then p-HoM(M™*) reduces to p-Hom(G*).

e If the members of a graph class G have bounded width tree
decompositions whose trees lie in a graph class H, then
p-HOM(G*) reduces to p-HOM(H*).

Another known and important reduction [24] in the theory of con-
junctive queries is as follows:

e When R is the class of all grids and G is any graph class,
p-HoM(G*) reduces to p-HOM(R™*).

We give a unified explanation for all of these reductions by
defining a relation < on graph classes. This relation has the key
property:

If G < H, then p-HOM(G™) reduces to p-HOM(H™). (1)

This key property is shown to imply the three just-named results.
The definition of the relation < (Definition 3.5) is simple and is
based on a notion which we call graph deconstruction, which is
strongly related to and inspired by the notion of tree decomposition.

We describe completely the hierarchy that this relation yields
on graph classes. Define 7, to be the class of trees of height at
most n; F,, to be the class of forests of height at most n; and £
to be the class of all graphs. We present the following hierarchy of
graph classes (Theorem 3.14):

To<Fo<Th=<F=<---=P<T<L

We prove that this hierarchy is strict and comprehensive in that
every graph class is equivalent to exactly one of the classes in
the hierarchy. To understand the upper levels of the hierarchy,
we make use of known excluded minor theorems. To determine
the lower part of the hierarchy (below P), we introduce a new
complexity measure on graph classes which we call stack depth; we
characterize the stack depth of a graph class G as equivalent both
to the maximum d such that all depth d trees are present as minors
of G, as well as to the minimum depth of forests that allow for
bounded width decompositions of the graphs in G (Lemma 3.21).
(The first value is the official definition of stack depth.)

A complexity-theoretic hierarchy. Having understood the
relation < on graph classes, we then turn to study homomor-
phism problems. As mentioned, we prove that G < H implies
p-HOM(G*) reduces to p-HOM(H™) (Theorem 4.9); this property
was indeed a primary motivation for the definition of <. We prove
this with respect to a computationally weak notion of reduction
that we call quantifier-free after a precomputation (gfap). This no-
tion of reduction naturally unifies and incorporates two modes of
computation that have long been studied. For each parameter, this
reduction provides a quantifier-free, first-order interpretation that
defines the output instance in the input instance; interpretations
as reductions have a tradition in descriptive complexity [16], and
Dawar and He studied a type of quantifier-free interpretation in the
parameterized setting [14]. In addition, our reduction allows for
precomputation on the parameter of an input instance. This follows
an established schema in the definition of parameterized modes of
computation: fixed-parameter tractability can be defined as poly-
nomial time after a precomputation, and para-L can be defined as
logarithmic space after a precomputation [20].

Let A be an arbitrary class of bounded-arity structures. We
prove that p-HOM(A) is equivalent under gfap-reductions to
p-HOM(g*), where G is the class of graphs of the cores of the
structures in A (Theorem 4.10). By this theorem, property (1) and
our description of the graph hierarchy, we obtain:

Every problem of the form p-HOM(.A) is equivalent,
under gfap-reduction, to a problem p-HoM(H*),
where H is a graph class from the graph hierarchy.

This interestingly implies that, with respect to qfap-reduction, the
complexity degrees attained by problems p-HOM(.A) are linearly
ordered according to the classes in our graph hierarchy, in particu-
lar, linearly ordered in a sequence of order type w + 3.

In brief, our approach for understanding the family of prob-
lems p-HOM(.A) is to present a graph hierarchy and then show that
this hierarchy induces a complexity hierarchy for these problems.
We wish to emphasize the unifying nature, the modularity, and the
conceptual cleanliness of this approach. Our definition and presen-
tation of the graph hierarchy cleanly and neatly encapsulates the
graph-theoretic content needed to present the complexity hierar-
chy. We obtain a uniform and self-contained derivation of the men-
tioned known classifications [10, 23, 24], which derivation we find
to be clearer and simpler than those of the original works. Our treat-
ment also strengthens these known classifications, since the prob-
lems classified as being computationally equivalent are here shown
to be so under qfap-reductions; in particular, it follows from our
treatment that all of the W[1]-complete problems from Grohe’s the-
orem [23] are pairwise equivalent under qfap-reductions and hence
in a very strong sense.

Consistency, pebble games, and logarithmic space. The study
of so-called consistency algorithms has a long tradition in research
on constraint satisfaction and homomorphism problems. Such al-
gorithms are typically efficient and simple heuristics that can de-
tect inconsistency (that is, that an instance is a no instance) and
are based on local reasoning. Identifying cases of these problems
where such algorithms provide a sound and complete decision pro-
cedure has been a central theme in the tractability theory of these
problems (see for example [3, 4, 7, 9, 13, 26]).

Seminal work of Koalitits and Vardi [26] showed that certain
natural consistency algorithms could be viewed as determining
the winner in certain Ehrenfeucht-Fraissé type pebble games [16].
Since this work, there has been sustained effort devoted to present-
ing pebble games that solve cases of the homomorphism problem.
For example, there is study of pebble games that solve p-HOM(.A)
when the class G of graphs of structures from A has bounded
treewidth [2, 13], and also when G has bounded pathwidth [12].



We complete the picture by presenting natural pebble games that
are shown to solve p-HOM(A) when G has bounded tree depth
(Section 5). Our pebble games are finite-round games that can be
thought of as homomorphism variants of the classical Ehrenfeucht-
Fraissé game. We develop the theory of our games, showing for
example that it is decidable, given a structure A, whether or not a
particular game solves the homomorphism problem on A (Theo-
rem 5.1). We also show equivalences (+1) between the number of
pebbles needed to solve p-HOM(.A) and the tree depth of G; and,
between the number of rounds needed to solve p-HOM(.A) and the
stack depth of G (Section 5). We believe that the latter result rein-
forces the suggestion that stack depth is a natural graph-theoretic
measure.

As a fruit of our development of pebble games, we obtain a char-
acterization of the classical homomorphism problems HOM(.A) de-
cidable in classical logarithmic space: these are precisely those
where the cores of structures from .4 have bounded tree depth.

Model checking existential sentences. The given hierarchies,
along with the notion of gfap reduction, provide a clean and com-
prehensive understanding of the complexity degrees of parameter-
ized homomorphism problems. We expect that the given hierar-
chies can be meaningfully used to obtain a fine-grained understand-
ing of the complexity of other problems of independent interest.
As an indication favoring this perspective, we show, in the final
section, that the hierarchy can be used to classify the complexity
of model-checking existential sentences having bounded quantifier
rank.

2. Preliminaries
For n € N we let [n] denote {1,...,n} and understand [0] = .

2.1 Structures

A vocabulary is a finite set of relation symbols, where each symbol
R has an associated arity ar(R) € N. A structure with vocabulary
o, for short, a o-structure B is given by a non-empty set B called
its universe together with an interpretation R® < B* of R for
every R € 0. We only consider finite structures, i.e. structures with
finite universe. When B is a o-structure and S a non-empty subset
of B, we let (S)B denote the o-structure induced in B on S: it
has universe S and interprets every R € o by S ar(B) ~ RB. The
class of all o-structures is denoted by STR[o], and the class of all
structures by STR.

For a vocabulary o, a (first-order) o-formula ¢ is built from
atoms Rx1 - - - Tap(ry and x = y where x, y and the x; are variables
and R € o, by means of Boolean combinations v, A, — and
existential and universal quantification 3z, V. We write ¢(Z) for
 to indicate that the free variables of ¢ are among the components
of T = x1---x,; for a o-structure, and a = a1 ---a, € A" we
write A |= (@) to indicate that a satisfies ¢(Z) in A, further we
write p(A) := {a € A" | A E ¢(a)}. Formulas without free
variables are sentences.

Two structures A and B interpreting the same vocabulary are
called similar. In this case, a homomorphism from A to B is a
function b : A — B such that for every R € o and every tuple
(a1,...,Ga(ry)) € R™, it holds that (h(a1),...,h(au(r))) €

RB. We write A % B to indicate that such a homomorphism
exists. A partial homomorphism h from A to B is either ¢JJ or a
homomorphism from (dom(h)»* to B; by dom(h) we denote the
domain of h and by im(h) its image.

A structure A is a core if all homomorphisms from A to itself
are injective. The core of a structure A is a structure B such that
there is a homomorphism from A to B, B is a core, B < A, and
RB < RA for each symbol R. It is well-known that each finite
structure has at least one core, and that all cores of a finite structure

are isomorphic; for this reason, one often speaks of the core of a
finite structure A, which we denote here by core(A).

For example, all structures of the form A* are cores. Here, A*
is the expansion obtained from A by interpreting for each a € A
a new unary relation symbol C, by C& := {a}. For a class of
structures A we let

A* = {A* | Aec A}

2.2 Graphs

In this article, a graph is a {E}-structure G for a binary relation
symbol E such that E€ is irreflexive and symmetric. A graph G is
a subgraph of another graph Hif G < H and E€ < E™. Givena
graph G we write

refl(E€) := E€ U {(g,9) | g€ G}.

When A is a o-structure, we let graph(A) be the graph with
universe A and an edge between a,a’ € A if a # o’ and there
are R € o and a tuple @ € R such that a, o’ are components of a.
We call A connected if so is the graph graph(A). A (connected)
component of A is a structure induced in A on a (connected)
component of graph(A).

By a rooted tree, we mean a tree that interprets a unary relation
symbol root by a set containing a single element, called the root
of the tree. By a rooted forest, we mean a graph G where, for each
component C, the graph (C)€ is a rooted tree. When a and d are
elements of a rooted tree, we say that a is an ancestor of d and that
d is a descendent of a if a lies on the unique path from the root to
d; if in addition a # d, we say that a is a proper ancestor of d and
that d is a proper descendent of a. The height of a rooted tree is
the maximum length (number of edges) of a path from the root to
some vertex. The height of a tree T is the minimum height of all
rootings of T. The height of a forest F is the maximum height of a
(connected) component of F.

The tree depth of a connected graph G is the minimum h € N
such that there exists a rooted tree T with universe 7' = G of height
< h such that E is contained in the closure of T. The closure of
T is the set of edges (g, g’) such that either g is an ancestor of g’
in T or vice versa. For an arbitrary graph, its tree depth is defined
to be the maximum tree depth taken over all components of G.

A tree decomposition of a graph G is a tree H along with an H-
indexed family (Bp)nren of subsets of G satisfying the following
conditions:

e For every pair (g, g') € refl(ES), there exists h € H such that
{9.9'} = Bn.

e (Connectivity) For each element g € G, the set {h | g € By} is
connected in H.

The width of a tree decomposition is maxpen |Br| — 1. A path
decomposition of a graph is a tree decomposition where the tree H
is a path. The treewidth of a graph G is the minimum width over
all tree decompositions of G; likewise, the pathwidth of G is the
minimum width over all path decompositions of G. A class G of
graphs has bounded treewidth if there exists a constant w such that
each graph G € G has treewidth < w; the properties of bounded
pathwidth and bounded tree depth are defined similarly.

A graph M is a minor of a graph G if there exists a minor map
from M to G, which is a map p defined on M where

e for each m € M, it holds that (m) is a non-empty, connected
subset of &

o the sets p(m) are pairwise disjoint; and,

e for each (m, m’') € EM there exist g € u(m) and ¢’ € u(m’)
such that (g, g') € ES.



When G is a graph, we use minors(G) to denote the class of
all minors of G, and we extend this notation to a class G setting
minors(G) = (Jgeg minors(G).

The following theorem is known; the first two parts are due to
Robertson and Seymour’s graph minor series (see [6]) and the third
is due to Blumensath and Courcelle [5].

THEOREM 2.1. Let G be a class of graphs.

1. (Excluded grid theorem) G has bounded treewidth if and only if
minors(G) does not contain all grids.

2. (Excluded tree theorem) G has bounded pathwidth if and only
if minors(G) does not contain all trees.

3. (Excluded path theorem) G has bounded tree depth if and only
if minors(G) does not contain all paths.

PROPOSITION 2.2. Let G be a connected graph, and suppose that
T is a rooted tree with height h witnessing that G has tree depth
< h, i.e. T it has height < h and its closure contains E. Then
the tree (T, E™) together with (By)ier is a tree decomposition of
G of width h where By = {a | a is an ancestor of ¢}.

To prove Proposition 2.2, the key observation is the following.
For any two vertices g, g’ € G connected by an edge in G, one is
an ancestor of the other in T, and if, say, ¢’ is an ancestor of g, then
9.9 € By.

3. Graph deconstructions
3.1 Definitions and basic properties

DEFINITION 3.1. When G and H are graphs, an H-deconstruction
of G is an H-indexed family (B}, )ren of subsets of G that satisfies
the following two conditions:

e (Coverage) For each pair (g, g') € refl(ES), there exists a pair
(h, ') € refl(E™) such that {g, ¢’} € By, U Bj.

e (Connectivity) For each element g € G, the set {h | g € By} is
connected in H.

The width of an H-deconstruction (Bp)neq is defined as

max | By, U Bp/|.
(h,h!)erefl( EH)

We will refer to the subsets B}, as bags.

Note that the definition of an H-deconstruction is similar to that
of a tree decomposition, but one important difference is that, in
the definition of H-deconstruction, it is not required that an edge
(g,9") € E€ lie inside a single bag By, but rather, may lie inside
the union By, U By of two bags where (h, h') € E™.

EXAMPLE 3.2. Let n > 1. When H is the n-by-n grid (defined in
Section 2.2), any graph G on n vertices has an H-deconstruction
of width < 3. Assume without loss of generality that G = [n].
The desired deconstruction is (B(;,;y)(i,j)en defined by B(; ;) =
{4, 4}. Coverage holds, since each pair (i, j) € [n]* has {i,5} <
B;,;). Connectivity holds, since for each i € [n], the set {h | i €
By} forms a cross in the grid.

EXAMPLE 3.3. For any graph G, the family (By)gec defined by
B, = {g} is a G-deconstruction of G of width < 2.

PROPOSITION 3.4. Let G, H be graphs, S < G connected in G
and (Bp)hen an H-deconstruction of G. Then {h | S By, # &}
is connected in H.

Let G and H be classes of graphs.

e We write that G has H-deconstructions of width < k if for each
graph G € G, there exists a graph H € H such that G has an
H-deconstruction of width < k.

e We write that G has H-deconstructions of bounded width if
there exists k = 1 such that G has H-deconstructions of width
< k.

We will employ analogous terminology to discuss, for example,
nice deconstructions which will be defined later.

DEFINITION 3.5. We define the binary relation < on classes of
graphs as follows: G < H if and only if G has H-deconstructions
of bounded width. We write G = H if G < H and H < G, and we
write G < Hif G < Hand G # H.

PROPOSITION 3.6. The relation < is reflexive and transitive.
This implies that = is an equivalence relation.

PROPOSITION 3.7. For any class of graphs G, it holds that G =
minors(G).

Proof. It is clear that G < minors(G), since G < minors(G). To
show that minors(G) < G, we prove that when a graph M is a
minor of a graph G, it holds that M has a G-deconstruction of
width < 2. Let 1 be a minor map from M to G, and define, for
all g € G, the set By to be {m | g € p(m)}. Clearly, for each
g € G, it holds that |By| < 1. We claim that (Bg)gec is a G-
deconstruction of M. For each m € M, since u(m) is non-empty,
there exists g € G such that m € B,. For each (m,m’) € EM,
by definition of minor, there exists (g,g") € E€ with g € u(m)
and g’ € p(m'); it thus holds that {m, m’} € B, U B, . For each
m e M, {g | m € By} is equal to s1(m), and hence connected as
1 is a minor map. O

We now generalize the notion of tree decomposition to arbitrary
graphs, and then compare the resulting notion with the presented
notion of H-deconstruction. When G and H are graphs, define an
H-decomposition of G to be an H-indexed family (Bp)ren of
subsets of G satisfying:

e For each pair (g, ¢') € refl(ES), there exists h € H such that
{9,9'} = Bn.
e Connectivity (as defined in Definition 3.1)

This is a natural generalization of the definition of tree decompo-
sition: a tree decomposition is precisely a H-decomposition where
H is required to be a tree.

PROPOSITION 3.8. Let G and H be graphs, and let w > 1.

1. H-decompositions are H-deconstructions.
2. If H is a tree and G has an H-deconstruction of width < w,
then G has an H-decomposition of width < 2w.

Consequently, when H is a class of trees, it holds that G < H if
and only if G has H-decompositions of bounded width.

REMARK 3.9. We find that it is cleaner to work with the no-
tion of H-deconstruction than to work with the notion of H-
decomposition; this is a primary reason for our focus on the no-
tion of H-deconstruction. Indeed, note that while reflexivity of
the < relation is straightforward to prove, we do not know of a
simple proof of reflexivity of the analogous relation defined via H-
decomposition. Note that while there exists a constant w such that
each graph G has a G-deconstruction of width < w (in particular,
one can take w = 2), there does not exist a constant w such that
each graph G has a G-decomposition of width < w: the bags of
a G-decomposition of width < w can cover at most a number of



edges that is linear in the number of vertices (|G| (")
graphs in general may have quadratically many edges.

many), but

3.2 Stack depth

Recall that 74 denotes the class of all trees of height < d. For
h =0, k > 1, define T}, 4 to be the tree with universe [£]<" and
with ETrrk = {(t,t1), (ti,t) | t € [k]=",i e [k]}. Here, [k]<"
and [k]=" denote the sets of strings over alphabet [k] of length < h
and of length < h, respectively. Define the stack depth of a class
G of graphs to be max{h | Vk = 1, T}, € minors(G)}; let it be
understood that this maximum should be considered co if the set is
infinite.

PROPOSITION 3.10. A class of graphs has bounded stack depth if
and only if it has bounded pathwidth.

THEOREM 3.11. Suppose that d,e > 0 are constants and that G is
a class of trees having stack depth d and where each tree has height
<eThenG <7y,

To prove this we shall need some preparations. Let M, G be
rooted trees. Let us say that an M-deconstruction of G is nice if it
is of the form (p(m))menr such that the following hold:

e 1 is a minor map from M to G.

® go € u(mo), where go and mg denote the roots of G and M,
respectively.

e If m’ is a child of m, g € pu(m), ¢’ € u(m’), and (g, ¢') € EC,
then ¢’ is a child of g.

LEMMA 3.12. Suppose that N, M, and G are rooted trees, that
(v(n))nen is a nice N-deconstruction of ML, and that (;1(m) ) mem
is a nice M-deconstruction of G. Then (u(v(n)))nen is a nice N-
deconstruction of G, where here p(v(n)) denotes Umeu(n) u(m).

For d > 0 and k£ > 1, let us say that a node u of a rooted
tree has property P(d, k) if d = O or if d > 0 and u has k pairwise
incomparable descendents each having property P(d—1, k). (Here,
we consider two nodes v, v’ to be incomparable if neither is an
ancestor of the other.) Let us say that a rooted tree has property
P(d, k) if its root has property P(d, k). Observe that if a rooted
tree has property P(d, k), then the tree contains T 5, as a minor.

LEMMA 3.13. Suppose that M and G are rooted trees and that
(w(m))men is a nice M-deconstruction of G. For d = 0 and
k = 1, if M has property P(d, k), then so does G.

We are ready to prove Theorem 3.11.

Proof. (Theorem 3.11) Let K > 1 be a constant. Suppose that
G is a class of rooted trees of height < e which do not have
property P(d+ 1, K); we prove that G has nice 74-deconstructions
of bounded width. (This suffices, since the assumption that G has
stack depth d implies that there is a constant KX > 1 such that
Ta+1,x ¢ minors(G), which in turn implies that the trees in G do
not have property P(d + 1, K).)

We proceed by induction on d.

Case d = 0: We have that the trees in G do not have property
P(1, K). Consider a rooted tree from G. The number of leaves is
bounded above by K; since each node is the ancestor of a leaf, the
total number of nodes is bounded above by K (e + 1). Thus G has
nice To-deconstructions of width < K (e + 1).

Case d > 0: We argue by induction on e. If e < d, then we
have that G < T4 and we are done (for each G € G, use the G-
deconstruction of G discussed in conjunction with reflexivity in
Proposition 3.6). So suppose that e > d.

Define a class of trees G’ as follows: for each tree G in G,
and for each child c of the root of G, if ¢ does not have property

P(d, K), then place the subtree of G rooted at c in G'. The trees in
G’ have bounded height and do not have property P(d, K); so, by
induction, we have that there is a constant w such that G’ has nice
Ta—1-deconstructions of width < w.

Let G be a tree in G. Let b', . .., bY denote the children of the
root go that have property P(d, K), and let ¢!, ..., ¢% denote the
remaining children of the root. Since the root of G does not have
property P(d + 1, K), we have that L. < K. Let G',...,G%
denote the subtrees of G rooted at ¢!, ..., c%, respectively. Each
tree G is contained in G’, and so for each i € [@Q], there is a tree
T € T4_1 such that G* has a nice T*-deconstruction (11 (t))seri
of width < w.

Now define the tree H to be the minor of G obtained from G
by contracting together the vertices {go, b, . ..,b"} to obtain ho,
and by replacing each G* with T*. Observe that the height of H
is < e — 1. The following map p is a minor map from H to G:
w(ho) = {go, b, ..., b}, u(t) is equal to p'(t) if t € 77, and
wu(h) = {h} for all other vertices h € H. It is straightforward to
verify that (1(h))ren gives a nice H-deconstruction of G having
width < max(K, w).

Let H denote the class of all trees H obtained from G €
G in this way. We just saw that G has nice H-deconstructions
of bounded width. Since H has height < e — 1 and does not
have property P(d + 1, K) by Lemma 3.13, by induction, H
has nice 74-deconstructions of bounded width. As a consequence
of Lemma 3.12, we obtain that G has nice 7g-deconstructions of
bounded width. O

3.3 Hierarchy

Recall that £, 7, P denote the classes of graphs, trees and paths
respectively, and 7q4, F4 denote the classes of trees respectively
forests of height at most d. (cf. Section 2.2).

THEOREM 3.14. (Hierarchy theorem) The hierarchy
TosFoxsThsFhzxxPxTXL (*)

presents correct relationships, and is comprehensive in that each
class of graphs is equivalent (under =) to one of the classes therein.

We break the proof into several lemmas.
PROPOSITION 3.15. Let G be a class of graphs.

1. G has bounded treewidth if and only if G < T.

2. G has bounded pathwidth if and only if G < P.

3. G has bounded tree depth if and only if there exists d = 0 such
that G < Fg.

LEMMA 3.16. Let G be a class of graphs.

L IfL X G thenG <T.
2.IfT £G, thenG < P.
3. If P X G, then G has bounded tree depth.

Proof. We begin with the third claim. Suppose that P £ G. It holds
by Proposition 3.7 that P £ minors(G), from which it follows that
P & minors(G) and hence, by Theorem 2.1, G has bounded tree
depth.

To establish the second claim, we reason in an analogous way.
If T £ G, it follows from Proposition 3.7 and Theorem 2.1 that G
has bounded pathwidth, and it follows from Proposition 3.15 that
G=<P.

We can also prove the first claim in an analogous way, but in
order to use Theorem 2.1, we need to prove that £ < R, where
R denotes the class of all grids; it follows from this that £ £ G
implies R X G. That £ < R follows from Example 3.2: each
graph has R-deconstructions of width < 2. O



LEMMA 3.17. The following relationships hold.

1. LXT
22T P
3. P X Fug, foralld =0

LEMMA 3.18. For each d = 0, the following hold:

1. Fa £ Tq
2. Ta+1 X Fa

The following builds on [5, Lemma 4.8].

LEMMA 3.19. Let G be a class of graphs. If G has bounded tree
depth, then there exists a class H of forests of bounded height such
that G = H and such that G and H have the same stack depth.
(Namely, one can take H to be the class of all forests that are
minors of G.)

LEMMA 3.20. Let G be a class of forests having bounded height,
and let d denote the stack depth of G. It holds either that G = Ty
orthat G = Fy.

Proof. Let C be the class of connected graphs that appear as com-
ponents of graphs in G; note that d is the stack depth of C.

For each k > 1 and each graph G € G, define G(k) to be the
number of components of G having the tree T4, as a minor. We
consider two cases.

Case 1: Suppose that, for all k& > 1, the set {G(k) | G € G}
has infinite size. We claim that G = F,. It follows directly from
Theorem 3.11 that G < Fy. Foreach k > 1, letus use k x Tq
to denote the graph consisting of k disjoint copies of Ty . By
assumption, we have {k x Tqx | kK = 1} S minors(G). We also
have that (up to isomorphism) each graph in Fg is a subgraph of a
graph of the form £ x T 1; hence, by Proposition 3.7, it holds that
Fa < minors(G) = G.

Case 2: When the assumption of the first case does not hold,
one can choose a sufficiently large K > 1 such that, for all G € G,
it holds that G(K) < K. We claim that G = T4. That Ty < G
follows from the hypothesis that d is the stack depth of C. We show
that G < 7. Let H be the subset of C that contains a graph H € C
if and only if T4, i is not a minor of H. By Theorem 3.11, it holds
that H < Tg—1;letw = 1 be such that H has T;_1-deconstructions
of width < w. Let G € G; let Gy, ..., G be the components
of G having T4 x as a minor, and let Hy, ..., Hys be the other
components of G. By the choice of K, it holds that L < K. Since
C < Tg, there exists v = 1 such that C has T4-deconstructions of
width < v. Let T € 75 be a sufficiently large tree so that each G;
has a T-deconstruction (B§ )ter of width < v; then, the disjoint
union of the G; has a T-deconstruction of width < vL, namely,
(Bt U--- U BE)ier. Each H; has a T;-deconstruction of width
< w, where T; € Tg—1. Let T’ be equal to T but augmented so
that the root of each T'; is a child of the root of T'; we have that the
height of T is d. The graph G has a T’-deconstruction where each
bag is defined as it was in the respective T-deconstruction or T-
deconstruction; this T’-deconstruction has width < max(vL, w).

O

The following is a consequence of the previous two lemmas.

LEMMA 3.21. Let G be a class of graphs having bounded tree

depth, and let d > 0. The class G has stack depth d if and only

ifG="TaorG = Fa.

Proof. (Theorem 3.14) It is clear that
To<Fo<Th<F=<---<PTZL

Lemmas 3.17 and 3.18 imply that none of the displayed < can be
reversed. To prove that the hierarchy is comprehensive, let G be an

arbitrary class of graphs. If £ < G, then clearly G = £ and we are
done. Otherwise G < 7 by Lemma3.16 (1).If T < G,thenG =T
and we are done. Otherwise, G < P by Lemma 3.16 2). If P < G,
then G = P and we are done. Otherwise G has bounded tree depth
by Lemma 3.16 (3). By Proposition 3.10 there is d € N such that G
has stack depth d. Then G = T4 or G = F4 by Lemma 3.21. OJ

4. Complexity classification
4.1 Parameterized and descriptive complexity

A parameterized problem @Q is a subset of {0,1}* x N. By a
classical problem we mean a subset of {0, 1}*. Given an instance
(z, k) of Q we refer to k as its parameter. The kth slice of @ is the
classical problem {z € {0,1}* | (z,k) € Q}.

Following [20], we say @ is in L after a pre-computation if
there is a computable @ : N — {0,1}* and a classical problem
P < {0,1}* in L such that for all (z, k) € {0,1}* x N

(z,k) € Q <= (x,a(k)) € P,
where (-, ) is some standard pairing function for binary strings.

Equivalently, this means that (z, k) é Q is decidable in space
O(f(k) + logn) for some computable f : N — N. The class
of such problems is denoted para-L. This mode of speech makes
sense not only for L but for any classical complexity class, and we
refer to [20] for the corresponding theory. E.g. FPT is the class of
parameterized problems which are in P after a pre-computation.

A parameterized reduction from a parameterized problem Q to
another @’ is a function r : {0,1}* x N — {0,1}* x N such
that there is a computable g : N — N such that for all (x,k) €
{0,1}* x N we have for (z/,k") := r((z,k)) that k' < g(k)
and: (z,k) € Q < (2',K') € Q. If there is a computable f
such that r((z, k)) is computable in space O(f (k) + log|z|) (on
a Turing machine with write-only output tape), then we speak of a
pl-reduction.

In descriptive complexity one considers classical problems as
isomorphism closed classes of (finite) structures of some fixed
vocabulary. In the parameterized setting we are led to consider the
slices of parameterized problems as such classes of structures.

DEFINITION 4.1. A parameterized problem is a subset () <
STR x N such that for every k£ € N there is a vocabulary 75, such
that the k-th slice of Q, i.e. {A | (A, k) € @}, is an isomorphism
closed class of 7y-structures. If there is 7 € N such that ar(R) < r
for all R € |, T, we say that Q) has bounded arity.!

This definition is not in conflict with the mode of speech above
if one views binary strings as structures in the usual way. Flum
and Grohe [19] transferred capturing results (cf. [16, Chapter 7]) of
classical descriptive complexity to the parameterized setting via the
concept of slicewise definability. Many parameterized classes could
be characterized this way [11, 20]. For example, a parameterized
problem Q is slicewise FO-definable if there exists a computable
function d mapping every k£ € N to a first-order sentence d(k)
defining the k-th slice of @ (cf. [19]).

In this section we study the complexity of the parameterized
homomorphism problems associated to classes of structures .A:

p-HoM(A) := {(B,"A") | Ac A& A 55 B}.

Here, "A" is a natural number coding the structure A in some
natural way. The goal of this section is to show that the complexities
of homomorphism problems are captured in a strong sense by the

! This slightly deviates from [20], where the 7, ’s are assumed to be pairwise
equal and only ordered structures are considered.



hierarchy from Section 3. We start by carefully defining a very
weak notion of reduction.

4.2 Reductions that are quantifier-free after a
pre-computation

Central to descriptive complexity are first-order reductions which
take a structure A to the structure I(A) where [ is a first-order
interpretation (see e.g. [16, Chapter 12.3]). We recall the definition
(see e.g. [16, Chapter 11.2]).

DEFINITION 4.2. Let o, 7 be (finite, relational) vocabularies and
U be a unary relation symbol outside 7. An interpretation (of T
in o) is a sequence I = (pRr)grero{u,—} of o-formulas such
that there exists w € N such that for all R € 7U{U} we have
YR = YR(Z1,...,ZTar(r)) and = = @©=(Z1, T2) where every Z;
is a tuple of w variables. The number w is the dimension of I. The
vocabularies o and 7 are the input and output vocabulary of I, re-
spectively. An interpretation is quantifier-free if all its formulas are.
An interpretation I determines the partial function from STR[c]
into STR[7] which maps a o-structure A to a 7-structure B if there
exists a surjection f : oy (A) — B such that for all R € 7 and all
ai,az,... € (pU(A

A '= Lp:(C_Ll,C_Lz) — f((_ll) = f(C_LQ);
A |: (pR(Ebl, . 7aar(R)) — f(dl) .- 'f(a'ar(R)) € RB;

such a B, if it exists, is unique up to isomorphism; if no such B
exists, the partial function determined by [ is not defined on A.

For technical reasons we extend this partial function to a partial
function from STR[o] U {} to STR[7] U {J} by adding to its
domain ¢F as well as those A € STR[o] with ¢y (A) = &F; these
additional arguments are all mapped to . We denote the resulting
partial function again by I.

We need to agree upon a way how to consider pairs of structures
as a single structure:

DEFINITION 4.3. Given a pair (A, B) of a o-structure A and a
T-structure B, define the structure (A, B) by taking the disjoint
union of A and B and interpreting two new unary relation symbols
P and P» by the (copies of the) universes of A and B respectively.
Naturally here, the disjoint union of A and B has universe ({1} x
A)U({2} x B) and interprets R € cuT by R4 U Rp where R4 :=
JifR¢ oandelse Ra = {((1,a1),...,(1,au(ry)) | a € R*};
Rp is defined analogously. For £ > 3 many structures A, ..., Ag
we inductively set (A1, ..., Ap) := (A1, ..., Ap_1), Ap).

It is well-known that NP contains problems that are complete
under quantifier-free reductions, i.e. reductions computed by a
quantifier-free interpretation [ as above. Dawar and He [14] trans-
ferred the notions to the parameterized setting and asked whether
central completeness results for the classes of the W-hierarchy ex-
hibit a similar robustness. More precisely, Dawar and He defined a
parameterized reduction r from Q to Q’ to be slicewise quantifier-
free definable if there exists w € N and a computable function d
that maps every k € N to some quantifier-free interpretation d(k)
of dimension w such that r((A, k)) = d(k)((A,k)); here, one
views (A, k) in some suitable way as a single structure.

DEFINITION 4.4. Let Q,Q’ be parameterized problems (Defini-
tion 4.1). For k € N let 7, be the vocabulary of the k-th slice of Q.
A parameterized reduction 7 from Q to Q' is quantifier-free after a
pre-computation if there are w € N and computable functions

ep:N—>N
e q:N—- STR

¢ d mapping k € N to a quantifier-free interpretation d(k) of
dimension w,

such that for all (A, k) € STR[7%] x N:

— d(k) is defined on {a(k), A), and
- 1((A, k) = (A, p(k)) for A" := d(k)({a(k), A)).

We write Q <gap Q' to indicate that such a reduction exists, and
Q =fop Q' to indicate that both Q <0 Q' and Q' <yfap Q.

REMARK 4.5. Note the new parameter p(k) is computed by p
from k alone, a is the pre-computation providing an quxiliary
structure, and d provides the definition of the new structure A’.

REMARK 4.6. We allow a reduction r between parameterized
problems to output ((J, k) for k € N. This is considered to be
a ’no” instance of any parameterized problem. For example, in the
definition above we have r(A,k) = (I, p(k)) if pu(A) = &
where we write d(k) = (¢r)re(u,=}u...-

LEMMA 4.7. Let Q,Q’, Q beparametertzedproblems If it holds
that Q <gfap Q" and Q" <gpap Q" then Q <gfap Q.

LEMMA 4.8. Let Q, Q' be parameterized problems and assume Q'
has bounded arity. If Q < gfap Q', then Q <1 Q'

Convention For technical reasons we need to consider homomor-
phism problems p-HOM(.A) also for classes .4 which are not nec-
essarily decidable. In such a case we slightly abuse notation and
write p-HOM(A) <gfap Q for a parameterized problem @ to mean
that there are partially computable functions p, a, d whose domain
contains {"A" | A € A} such that for all A € A and similar B we
have that d("A")({a("A"), B)) =: B’ is defined and:

(B',p("A") € Q.

4.3 Homomorphism problems for graph classes

ALB —

Let G,#H be computably enumerable classes of graphs. In this
subsection we show that the associated homomorphism problems
p-HOM(G*) and p-HOM(H™*) are = jqp-equivalent if the graph
classes G and H are =-equivalent:

THEOREM 4.9. p-HOM(G*) <yfap p-HOM(H*), if G < H.

Proof. Choose w such that graphs in G have H-deconstructions
of width at most w. Using that H is computably enumerable, it
is not hard to see that there is an algorithm that computes given
G € G a graph H € H and an H-deconstruction (Bp)ren of G
of width at most w. Given an instance (B, "G*") of p-Hom(G*)
with G € G and B similar to G* the reduction outputs (B’, "H*")
where H € H is as above and B’ is defined as follows. Assume
first that all bags By, h € H, are nonempty.
For £ € N let PH(G™*, B, £) denote the set of pairs

(g1~~~gg,b1-~~be)€GZ><B£

such that {(g1,b1), ..., (ge,be)} is a partial homomorphism from
G* to B. For each h € H choose a tuple " := g --- gl e GV
that lists the elements of By,. Note that PH(G™*, B, £) is empty only
if (B, "G™") is a “no”-instance of p-HoM(G*). If PH(G™*, B, {)
is non-empty it carries a structure B’ defined as follows:

B := PH(G* B,w),

E® = {((3,b),(d.V)) € PH(G* B, w)? |
(gg’,bb") € PH(G*,B,2w)},
cP = {(g,b)e PH(G* B,w)|g=g"}, forheH.

We claim that
G*LB «— H*LB.



If f is a homomorphism from G* to B, then h — (3", ("))
is a homomorphism from H* to B’. Conversely, suppose that f’ is
a homomorphism from H* to B'. If f' maps h € H to (§,b) € B,
let " be the map {(g1,b1), ..., (gw, bw)}. Note that dom(f") =
By, because f’ preserves the colours C,. Any two such maps f"
and f " are compatible in the sense that they agree on arguments on
which they are both defined: indeed, if a € dom(f") N dom(fh/)
then a € By, and a € By, so there is a path in H from h to h';
if f*(a) # fh/(a) then there exists neighbors ho, h1 on this path
such that f"0(a) # f"(a); then f"0 U f" is not a function,
and in particular (f'(ho), f'(h1)) ¢ E®'; as (ho,h1) € E™ this
contradicts f’ being a homomorphism. Therefore and since every
g € G appears in some By, f = J,cq f" is a function from G
to B. To verify it is a homomorphism we show that it preserves F;
that is preserves the colours Cy can be seen similary. So, given an
edge (g,9') € EC we have to show (f(g), f(¢')) € EB. Choose
(h, 1) € refl(E™) such that {g, g’} € B, U By Then f* U f"
is a partial homomorphism from G* to B: this is clear if h = h';
otherwise (h, k') € EX, so (f'(h), f'(h)) € E® and it follows
by definition of E® that ffuf "isa partial homomorphism. But
£ U #" is defined on g, ¢, so f* U f* and hence f maps (g, ¢)
to an edge in EB.

We are left to show that there is a quantifier-free interpreta-
tion producing B’ from (G, B) for some structure G computable
from G*. For G we take the expansion of G* that interprets for
every h € H a w-ary relation symbol By, by {gh}. For w-tuples of
variables T = x1 -+ - x and § = y1 - - - Yo, consider the formula

phe(z,y) = /\ie[w] Pix; A /\ie[w] Py,
A /\(i,i’)e[w]2(‘ri =Ty = Yi = Yi)
A /\(i,i’)e[uz]Z (Bxizy — Eyiyi)
A /\ie[w] /\gEG(CQxi = Cqyi).

Let ph** be similarly defined for 2w-tuples. Then define

eu (zy) ph*(z,79)
0=(@7,7'7) = N (@i =75 A yi = yi)
ep(2y,7'y) = ph”(zz,57)
vc, (Ty) = Bz, for h € H.

This is a quantifier-free interpretation I of dimension 2w such that
I({G,B)) is defined and equals ¢ if PH(G*,B,w) = ¢, and
otherwise equals B’. This finishes the proof for the case that the
bags By, h € H, are nonempty.

In the general case we can assume that any Bj is nonempty
whenever there exists ' € H in the connected component of h
in H such that By, # (. Thus we can assume H is the disjoint
union of Hyg and H; such that By, # J for all h € Hy and
B, = g forall h € Hy. As seen above we get a B’ such that
either B’ = J and (B, "G*") is a “no”-instance of p-Hom(G*),
or B is a structure such that

G*LB «— HILB.
Define B” as follows using a new vertex b” ¢ B’:
B" = B u{d"},
B = B¥ o),

C " — C}?/ 5 h € H() .

h . {b//} 7h c H1 )
in case B’ = ¥ we understand here that the sets B, EB C’,]?/ are
empty.

It is straightforward to check that B” can be defined by a
quantifier-free interpretation as above: e.g. as formula ¢ (Zg) one
may now take

ph*(Z,9) v Nicpw)(Caomi A i = yi A Prai),
for some fixed vertex go € G. Furthermore, it is easy to see that
Hf 5B <« H*LB,
if B # & if B = ¢, then H¥ % B” fails. Therefore
(G*,B) — (H* B") is a reduction from p-Hom(G*) to
p-HOM(H*) as desired. O

4.4 Homomorphism problems for arbitrary classes of
structures

Let A be a computably enumerable class of structures.

THEOREM 4.10. Suppose A has bounded arity. Let G denote the
class of graphs from the hierarchy (%) having the property that
G = graph(core(A)). Then p-HOM(A) =4fqp p-HOM(G*).

Thus, the complexity of p-HOM(.A) is determined in a strong
sense by the level graph(core(.A)) takes in our hierarchy. For
example, because the reductions are weaker than fpt-reductions it
is the level graph(core(.A)) takes in our hierarchy what determines
whether p-HOM(.A) is W[1]-complete or fixed-parameter tractable
(cf. [23]), and because it is weaker than pl-reductions this level
determines whether p-HOM(.A) is in para-L or PATH or TREE
(ct. [10]).

We devide the proof into a sequence of lemmas.

LEMMA 4.11. p-HOM(A™) <yfqp p-HOM(A), if A is a class of
cores.

LEMMA 4.12. p-HoM(graph(A)*) <gpep p-HOM(A¥).
These two lemmas are based on reductions from [10].
COROLLARY 4.13. p-HOM(A) =4 p-HoM(core(A)*).

We show a partial converse to Lemma 4.12. This is the techni-
cally most involved step in the proof of Theorem 4.10.

LEMMA 4.14. Suppose A has bounded arity. Then
p-HOM(A™) <qpap p-HOM(graph(A)*).

Proof. (Sketch) Case I: Suppose graph(A) has unbounded
treewidth. Then £ < graph(A) by the Hierarchy Theorem. By
Theorem 4.9 we get p-HOM(L*) <gpp p-HoM(graph(A)*).
Since trivially p-HOM(H™) <gpap p-HOM(L™) for every class of
graphs H it suffices to show p-HOM(A*) < yfqp p-HOM(H™) for
some class of graphs 7. In fact, we show that for every A with
bounded arity (not necessarily of the form .A*) there exists a class
of graphs H such that p-HOM(A) < gfap p-HOM(H*).

Let o be a vocabulary and A be a o-structure. We define the
following graph in(A) = (L(A)UR(A), E™®™)), reminiscent of
the incidence graph. Its universe has “left” vertices

L(A) := {(R,a,i) | Re o,ae R i€ [ar(R)]}

together with “right” vertices R(A) := A; for notational simplic-
ity we assume that L(A) n R(A) = . Its edges E™®) are also
devided into two kinds, namely we have edges “on the left” be-
tween (R, a,4) € L(A) and (R,a,i’) € L(A) for i # i’ together
with “left to right” edges between (R, a1 - - - Gar(r), %) € L(A) and
a; € R(A)

Given A € A and a structure B, say both of vocabulary o,
define the following structure B'. It expands in(B) to a structure



interpreting the language of in(A)*. Namely, for (R, a,i) € L(A)
we set

C’(B;,,—m) = {(R,l_),i) | Re o,be RB,i 1S [ar(R)]},

a subset of L(B), and for a € R(A) we set cB = R(B) = B.
It can be shown that (A,B) — (in(A)*,B’) is a reduction as
desired.

Case 2: Suppose graph(.A) has bounded treewidth. Then
graph(A) < T and by the Hierarchy Theorem there exists a class
of forests # such that graph(.A) = H. Theorem 4.9 implies that
p-HoM(graph(A)*) =5, p-HOM(H™), so it suffices to show
p-HOM(A™®) <yap p-HOM(H™). The proof of this is similar to
the proof of Theorem 4.9. O

Proof. (Theorem 4.10) Note that with A also core(.A) is com-
putably enumerable. We thus get

p-HOM(A) =g p-HOM(core(A)™)
=,ap p-HOM(graph(core(A))*)

by Corollary 4.13 and Lemmas 4.14, 4.12. Now apply Theorem 4.9.
O

5. Pebble games

Following the motivation given in the introduction we turn to peb-
ble games which solve the homomorphism problems associated
with the lower levels of the hierarchy (Theorem 3.14). We con-
sider pebble games (cf. [16, Section 3.3]) played by two players,
Spoiler and Duplicator on two similar structures A, B. Let us call
v = (p1,...,pr) € N" forr = 1 a game vector with r rounds and
> ic[r] Pi pebbles.

Informally speaking, the game has r rounds; in the ith round,
Spoiler places < p; many pebbles on elements of A and Duplicator
responds placing equally many pebbles on B; Duplicator wins if in
the end the correspondence between pebbled elements is a partial
homomorphism from A to B.

Formally, we define a Duplicator winning strategy for the v-
game on (A, B) to be a sequence (W1, ..., W;) of sets of partial
homomorphisms from A to B such that:

e For all S © A with |S| < p1, the set Wi contains a mapping
with domain S.

e Foralli € [r — 1], g € W; and supersets S of dom(g) with
|S\dom(g)| < pi+1, there is an extension g’ € W41 of g with
domain S.

We write A > B to indicate that such a strategy exists.

In this extended abstract we confine ourselves to stating the
main results.

Our first main theorem is a decidable characterization of the
homomorphism problems (arising from a single structure) solved
by the v-game. We say that the v-game solves p-HOM(.A) if for
any instance (A, B) thereof, the existence of a Duplicator winning
strategy for the v-game (on the instance) implies that there is a
homomorphism from A to B.

Letv = (p1,...,pr) be a game vector. A v-decomposition of a
graph G is an H-decomposition (B}, )ren such that:

e H is arooted forest of height < r,

® |By| < p1 for all nodes h of H at level 1,

e B, € By and |Bj,/\Bp| < pit1 for all nodes h, h' of H at
levels 4 and 7 + 1, respectively, with (h, h') € E™.

The level of a node h in H is the number of vertices in the unique
path from the root (of h’s component) to h. So, roots are considered
to be at level 1.

THEOREM 5.1. Let A be a structure, and v be a game vector. The

following are equivalent.

1. The v-game solves p-HOM(A)).
2. The graph graph(core(A)) has a v-decomposition.

We next analyze two natural measures associated with our peb-
ble games: number of pebbles and number of rounds. We show that
these two measures correspond exactly (£1) to tree depth and stack
depth, as made precise in the following.

THEOREM 5.2. (Correspondence between number of pebbles and
tree depth)

Let A be a class of structures, let G denote graph(core(A)),
and let n = 1. The following are equivalent.

1. There exists a game vector v with n pebbles such that the v-
game solves p-HOM(A).
2. The (1,...,1)-game solves p-HOM(A).
—_—

n times

3. The class G has tree depth < n.

THEOREM 5.3. (Correspondence between number of rounds and
stack depth)

Let A be a class of structures, let G denote graph(core(A)),
and let r = 0. The following are equivalent.

1. There exists a game vector v with r + 1 rounds such that the
v-game solves p-HOM(A).

2. G < F.

3. The class G has bounded tree depth and stack depth < r.

6. The homomorphism problems in L

For a class of structures A consider the classical problem
HoM(A) := {(B,A) |Ac A& A 5 B}.
In this section we prove the following.

THEOREM 6.1. Assume that PATH # para-L and let A be a class
of structures with bounded arity. The following are equivalent.

1. A € L and graph(core(A)) has bounded tree depth.
2. HoM(A) e L.

This result characterizes the classical homomorphism problems
in logarithmic space. The characterization is conditional on the hy-
pothesis PATH # para-L, an hypothesis from parameterized com-
plexity theory. The class PATH has been discovered by Elberfeld et
al. [17] and is defined as follows.

DEFINITION 6.2. A parameterized problem @ < {0,1}* x N is
in PATH if and only if there are a computable f : N — N and
a nondeterministic Turing machine A that accepts @ and for all
inputs (z, k) and all runs on it uses space O(f(k) + log|z|) and
performs at most O( f(k) - log |z|) nondeterministic steps.

One can argue that PATH is a natural and important parameter-
ized class, e.g. there are some fundamental problems which turn
out to be complete for PATH under <,;. The above characteriza-
tion further underlines its importance. We refer to [10, 17] for more
information. Here, we just mention the following result.

PROPOSITION 6.3 ([10]). p-HOM(P*) is complete for PATH un-
der <.

LEMMA 6.4. For every game vector v, there exists a logarithmic
space algorithm that, given a pair (A,B) of similar structures,
decides whether A > B.



Proof. (Theorem 6.1) (1 = 2) Let d > 1 bound the tree depth

of graph(core(A)). By Theorem 5.2, the v-game solves HOM(.A)

where v := (1,...,1). It follows that HoM(A) = {(B,A) |
—_——

d times
A € A& A > B}. This problem is in L by Lemma 6.4 and the
assumption A € L.

(2 = 1) Clearly, (2) implies A € L. For contradiction, as-
sume graph(core(.A)) has unbounded tree depth. Then P <
graph(core(A)) by Lemma 3.16. By Theorems 4.9 and 4.10 (and
Lemma 4.8) we get p-HOM(P*) <,; p-HOM(A). But (2) im-
plies p-HOM(P*) € para-L, and this contradicts the assumption
PATH # para-L by Proposition 6.3. O

7. Model checking existential sentences

In this section we study the complexity of the parameterized model-
checking problems associated with sets of (first-order) sentences &,
namely

Pp-MC(®) :={(A,"¢") |pe P& A | ¢}

Here, "¢" is a natural number coding in some straightforward
sense the sentence ¢. An existential sentence is one in which the
quantifier V does not occur and negation symbols — appear only
in front of atoms. A primitive positive sentence is one built from
atoms by means of A and 3. For ¢, € N let X{[r] and PP?[r]
denote the sets of existential and, respectively, primitive positive
sentences of quantifier rank at most ¢ where all appearing relation
symbols have arity at most 7.
We establish the following theorem.

THEOREM 7.1. Let q,r € N,qg = 1,7 = 2. Then
p-MC(X{[r]) =¢pap p-MC(PP?[2]) =yfap p'HOM(F;—l)-
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