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Abstract

We provide elementary algorithms for two preservation theo-
rems for first-order sentences with modulo m counting quanti-
fiers (FO+MOD,,,) on the class €4 of all finite structures of de-
gree at most d: For each FO+MOD,,,-sentence that is preserved
under extensions (homomorphisms) on €4, a €4-equivalent ex-
istential (existential-positive) FO-sentence can be constructed in
6-fold (4-fold) exponential time. For FO-sentences, the algorithm
has 5-fold (4-fold) exponential time complexity. This is comple-
mented by lower bounds showing that for FO-sentences a 3-fold
exponential blow-up of the computed existential (existential-posi-
tive) sentence is unavoidable.

Furthermore, we show that for an input FO-formula, a €4-equiv-
alent Feferman-Vaught decomposition can be computed in 3-fold
exponential time. We also provide a matching lower bound.

Categories and Subject Descriptors F.4.1 [Mathematical Logic
and Formal Languages]: Mathematical Logic—Computational
Logic, Model Theory

General Terms Theory, Algorithms

Keywords computational logic, first-order logic, modulo count-
ing quantifiers, structures of bounded degree, Hanf locality, el-
ementary algorithms, preservation theorems, existential preserva-
tion, homomorphism preservation, £.os-Tarski, Feferman-Vaught

1. Introduction

Classical preservation theorems studied in model theory relate
syntactic restrictions of formulas with structural properties of the
classes of structures defined. For example, the Los-Tarski theorem
states that a first-order sentence is preserved under extensions on
the class of all structures if, and only if, it is equivalent, on this
class, to an existential first-order sentence. The homomorphism
preservation theorem states that a first-order sentence is preserved
under homomorphisms on the class of all structures if, and only if,
it is equivalent, on this class, to an existential-positive first-order
sentence.
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In the last decade, variants of both theorems have been obtained,
where the class of all structures is replaced by restricted classes that
meet certain requirements. For example, [2, 6, 14] obtained that the
homomorphism preservation theorem holds for the class of all finite
structures, as well as for the classes of all finite structures of degree
at most d or of treewidth at most k, and, in general, for quasi-
wide classes of structures that are closed under taking substructures
and disjoint unions (this includes classes of bounded expansion and
classes that locally exclude minors). While the Los-Tarski theorem
is known to fail on the class of all finite structures, in [3] it was
shown to hold for various classes of structures, including the class
of all finite structures of degree at most d, the class of all finite
structures of treewidth at most k, and all wide classes of structures
that are closed under taking substructures and disjoint unions.

For most of these results it is known that the equivalent existen-
tial or existential-positive sentence may be non-elementarily larger
than the corresponding first-order sentence [7]. A notable exception
affects the Los-Tarski theorem for the class of acyclic finite struc-
tures of degree at most d, for which [7] obtained a 5-fold exponen-
tial upper bound on the size of the equivalent existential first-order
sentence.

The present paper’s first main result (Theorem 3.1) generalises
the latter in three ways: (1) We show that the 5-fold exponential
upper bound for the Los$-Tarski theorem holds for every class € of
structures of degree at most d that is closed under taking induced
substructures and disjoint unions (this includes, e.g., the class of
all finite structures of degree at most d). (2) We provide an algo-
rithmic version of the theorem, showing that for a given first-order
sentence, the existential sentence can be constructed in 5-fold ex-
ponential time. (3) Our algorithm also works for input sentences
of the extension FO+MOD,,, of first-order logic with modulo m
counting quantifiers (for these, it requires 6-fold exponential time).
The main ingredient of our proof is a new, technically challenging
upper bound on the size of minimal models of sentences that are
preserved under extensions on € (Theorem 3.7).

Our second main result (Theorem 3.2) provides an algorithmic
version of a homomorphism preservation theorem, stating that for
any class € of structures of bounded degree that is closed under
taking induced substructures and disjoint unions and that is decid-
able in 1-fold exponential time (e.g., the class of all finite struc-
tures of degree at most d), for a given FO+MOD,,,-sentence that
is preserved under homomorphisms on €, an equivalent existential-
positive first-order sentence can be constructed in 4-fold exponen-
tial time. The proof, again, relies on a new upper bound on the size
of minimal models (Theorem 3.9).

We complement our preservation theorems by (non-matching)
lower bounds (Theorem 3.4 and Theorem 3.3), providing a se-
quence of first-order sentences that are preserved under extensions
(homomorphisms) for which the smallest equivalent existential (re-



spectively, existential-positive) sentences are 3-fold exponentially
larger. Both lower bound proofs use particular encodings of num-
bers by binary trees introduced in [10].

Our third main result deals with Feferman-Vaught decomposi-
tions of first-order formulas. The classical Feferman-Vaught the-
orem states that for certain forms of compositions of structures,
the theory of a structure composed from simpler structures is de-
termined by the theories of the simpler structures. This applies,
for example, for disjoint unions of structures, as well as for carte-
sian products. Algorithmic versions of such decomposition theo-
rems are typically of the following form (cf., [9, 12]): A given first-
order sentence ¢ that shall be evaluated in the disjoint union or
the cartesian product A of s structures A1, ..., .As, can be trans-
formed into a finite set A of formulas and a propositional formula
B whose propositions are tests of the form “the i-th structure A;
satisfies the j-th formula in A”, such that A is a model of ¢ iff
[ is true. Our third main result (Theorem 4.1 and Corollary 4.6)
shows that for any class € of structures of degree at most d, such
Feferman-Vaught decompositions for disjoint unions and cartesian
products can be computed in 3-fold exponential time. This is com-
plemented by a matching lower bound (Theorem 4.4). Our lower
bound, again, relies on encodings of numbers by binary trees, now
along with a method of [9]. Our algorithm produces a set A of so-
called Hanf-formulas and relies on a result of [4] that transforms
the given sentence ¢ into Hanf normal form.

The rest of this paper is structured as follows: Section 2 fixes
the basic notations. Section 3 presents our algorithms and lower
bounds concerning preservation theorems. Section 4 presents our
results concerning Feferman-Vaught decompositions. Due to space
limitations, some technical details of our proofs are deferred to the
full version of this paper.

2. Preliminaries

We write Z to denote the set of integers and we write N to denote
the set of non-negative integers. Moreover, we let N>, := N\ {0}.
For all m,n € N with m < n, the expression [m, n| denotes the
set {m,...,n}.

The set of non-negative real numbers is denoted by R-,. For
r > 0, log(r) denotes the logarithm of r with respect to base 2. If
f is a function from N to R, then poly(f(n)) denotes the class of
all functions g: N — R, for which there exists a number ¢ > 0
such that for all sufficiently large n € N we have g(n) < (f(n))°.

For an n € N, we write T to denote the tuple (z1,...,%n).
Sometimes we treat tuples as if they were sets; e.g., a € T means
a € {x1,...,x,}. Forafunction f: A — BandatupleT € A"
we write f(Z) to denote the tuple (f(x1),..., f(xn)).

2.1 Structures and formulas

A signature o is a finite set of relation and constant symbols.
Associated with every relation symbol R is a positive integer ar(R)
called the arity of R. The size || o of o is the number of its constant
symbols plus the sum of the arities of its relation symbols. The
signature o is called relational if it does not contain any constant
symbol.

A o-structure A consists of a non-empty set A called the uni-
verse of A, a relation R* C A*U) for each relation symbol
R € o, and an element ¢* € A for each constant symbol ¢ € o.
The size |A| of A is the size of a reasonable representation of A
as a binary string (cf., e.g., [8, 11]); in particular, |.A| < |A]l7l.

For any relational signature o and o-structures .A and B, B is
a substructure of Aif B C Aand R® C RA foreach R € o.
B is an induced substructure of A if B is a substructure of A

and R® := R* N B for each R € 0. We say that B is the
substructure of A induced by the set B.

For every non-empty set B such that AN B # (), we write ANB
to denote the substructure of A induced by A N B. Furthermore, if
A\ B # ( then A\ B is the substructure AN(A\ B) of A obtained
by deleting all elements from B.

We use the standard notation concerning first-order logic and
extensions thereof, cf. [8, 11]. By qr(¢) we denote the quantifier
rank of ¢, i.e., the maximum nesting depth of quantifiers occurring
in a formula ¢. By free(¢) we denote the set of all free variables of
©. A sentence is a formula ¢ with free(¢) = 0. A o-structure A is
called a model of a sentence ¢ if ¢ is satisfied in A.

We write p(T), for T = (z1,...,2,) with n > 0, to indicate
that free(p) C {z1,...,2,}. If Aisao-structure anda € A", we
write A |= p[a] to indicate that the formula ¢(Z) is satisfied in A
when interpreting the free occurrences of the variables x1,...,zn,
with the elements a1, ..., a,. We write ©(.A) to denote the set
of all tuples @ € A" such that A = ¢[a]. For a class € of
structures, two formulas ¢(T) and ¢ (Z) of signature o are called
equivalent on € (or, €-equivalent) if for all o-structures A € € we
have ¢(A) = ¥(A).

By FO(o) we denote the class of all first-order formulas of sig-
nature o. The extension of FO(o") by modulo counting quantifiers
is defined as follows: Let m be an integer such that m > 2. We
write 329 to denote the modulo m counting quantifier. A for-
mula of the form 3°™™y 4)(T, y) is satisfied by a o-structure A
and an interpretation @ of the variables 7 if, and only if, the num-
ber of elements b € A such that A = [a, b] is a multiple of m.
For a fixed number m we write FO+MOD,,, (o) to denote the ex-
tension of FO(¢’) with the modulo m counting quantifier. Note that
the quantifier rank qr(p) of an FO+MOD,,-formula ¢ is defined
as the maximum nesting depth of all quantifiers (i.e., first-order
quantifiers and modulo counting quantifiers).

The size |¢| of an FO+MOD,,, (¢)-formula ¢ is its length when
viewed as a word over the alphabet cU{=}U{3°™™ 3 v = A,
V, =, 4>, (,)}U{, } U Var, where Var is a countable set of variable
symbols.

2.2 Gaifman graph

For a o-structure A, we write G 4 to denote the Gaifman graph
of A, i.e., the undirected, loop-free graph with vertex set A and
an edge between two distinct vertices a,b € A iff there exists
an R € o and a tuple (ai,...,aa(r)) € R* such that a,b €
{al, ey aar(R)}.

The distance distA(a, b) between two elements a,b € A in a
o-structure A is the minimal length (i.e., the number of edges) of a
path from a to b in the Gaifman graph G 4.

For r > 0 and a € A, the r-neighbourhood of a in A is the
set N2 (a) = {b € A : dist*(a,b) < r}. The r-neighbourhood
of aset W C A is the set NA(W) = Usew NA(a). If @ =
(a1,...,an), we write N*(a@) instead of N;*({a1,...,an}).

2.3 Bounded structures

The degree of a o-structure A is the degree of its Gaifman graph
Ga.Letv: N — N be a function. A o-structure A is v-bounded
if INA(a)] < v(r) forall r € Nand a € A. Clearly, if A is
v-bounded, then it has degree < v(1)—1. On the other hand, if
A has degree < d, then A is v4-bounded for v4: N — N with
va(r) = 1+d- 373 (d — 1)". Thus, A has degree < d iff it is
v4-bounded. Note that v4 is at most 1-fold exponential.

We will restrict attention to at most 1-fold exponential func-
tions v: N — N that are strictly increasing. This is reasonable,
since then (r+1)-neighbourhoods may contain more elements than
r-neighbourhoods, and it excludes pathological cases where v-



boundedness of a structure implies that the structure is a disjoint
union of finite structures whose size is bounded by a constant de-
pending on v.

Let o be a relational signature, let .4 be a o-structure, letn > 1,
and let @ € A". Let c¢i1,...,c, be distinct constant symbols.
For r > 1, the r-sphere around @ is the o U {cu, .. ., cp }-struc-
ture NA(@) = (AN N (@), @), where the constant symbols
ci,...,Cn are interpreted by the elements a1, . .., an.

An r-sphere with n centres is a o U {c1, ..., cy }-structure
7= (B,b) withb € B™ and B = NP (b). We say that 7 is realised
by @ in A iff NA(@) is isomorphic to 7. By 7(.A) we denote the
setof all@ € A™ that realise 7 in A.

Note that a v-bounded r-sphere 7 with n centres contains at
most n-v(r) elements. Thus, there is an FO(o)-formula sph_(T)
of size poly(nv(r)) such that for all o-structures A we have
sph_(A) = 7(A).

Unless otherwise indicated, we assume an r-sphere to have only
one centre. Note that, up to isomorphism, the number of possi-
ble r-spheres (with one centre), that are realisable in v-bounded
o-structures, can easily be seen to be bounded by 2P (*(")_where
the degree of the polynomial is linear in the size of .

2.4 Disjoint unions

For a relational signature o, the disjoint union A = A1 U--- U A,
of o-structures A1, ..., .As (for s € Nx,) is defined (up to isomor-
phism) as follows: Let A be a set of size |A1| + - - - + |As| and let,
foreach s € [1,s], fi: A; — A be an injective function such that
fi(A1), ..., fs(As) is a partition of A. Now, A is the o-structure
with universe A and R* = |JS_,{f:(@): @ € R*}, for each
R € 0. The mapping of A s the function m: A — (A1 U---UA)
with w(a) = biff there is an ¢ € [1, s] such that f;(b) = a.

If the universes of A;i,..., A, are pairwise disjoint, we let
A= A; U---U Ag, and hence we let f; be the identity on A;
(for each ¢ € [1, s]) and 7 the identity on A.

3. Preservation theorems

A o-structure B is an extension of a o-structure A if A is an in-
duced substructure of B. A sentence  is preserved under exten-
sions on € if for each model A € € of ¢ and every extension 5 € €
of A, Bis also a model of . An existential FO(c)-formula has the
form Jz; ... Jx, ¢, where @ is quantifier-free. It is straightforward
to see that every existential FO(o)-sentence is preserved under ex-
tensions on the class of all o-structures.

A homomorphism of o-structures A and B is a mapping
h: A — B such that for each relation R € o with r =
ar(R) and all (a1,...,a,) € A", if (a1,...,ar) € R* then
(h(a1),...,h(ar)) € RP. A sentence ¢ is preserved under homo-
morphisms on € if for each model A € € of ¢ and each structure
B € € for which a homomorphism h from A to B exists, B is also
a model of . An existential-positive FO(c)-formula is an existen-
tial FO(o)-formula that does not contain any of the symbols —, —,
<. For convenience, we will say that also false is an existential-
positive FO(o)-sentence (that is not satisfied by any o-structure).
It is straightforward to see that every existential-positive FO(o)-
sentence is preserved under homomorphisms on the class of all
o-structures.

Throughout this section, let o be a fixed finite relational signa-
ture and let v: N — N be a fixed time-constructible strictly in-
creasing function that is at most 1-fold exponential.

In this section, we explore the complexity of constructing exis-
tential (existential-positive) FO(o)-sentences for FO+MOD,,, (o )-
sentences that are preserved under extensions (homomorphisms)
on a class of v-bounded o-structures that is closed under disjoint

unions and closed under induced substructures (closed under dis-
joint unions, closed under induced substructures, and decidable in
1-fold exponential time). It is straightforward to see that the class
¢4 of all finite o-structures of degree at most d, for any fixed d € N,
meets all these requirements. Similarly, as we assume that v is time-
constructible and at most 1-fold exponential, also the class of all
v-bounded structures is easily seen to be decidable in 1-fold expo-
nential time, as well as closed under taking induced substructures
and disjoint unions.

3.1 Summary of this section’s main results

Upper bounds Table 1 summarises the time complexity of our
algorithms (depending on the size of an input sentence) on the class
of all v-bounded structures. The summary differentiates between
functions v with either exponential or polynomial growth.

extensions homomorphisms
FO+MOD,, | FO FO+MOD,,
exponential v 6-exp 5-exp 4-exp
polynomial v 4-exp 3-exp 3-exp

Table 1. The time complexity of our algorithms. The class €4 of
all structures of degree < d for d > 3 is a case of “exponential /.

The precise statement of this section’s first main result reads as
follows; a proof is given in Subsection 3.2 below.

Theorem 3.1. Ler €, be a class of v-bounded o-structures that
is closed under disjoint unions and induced substructures. There is
an algorithm which, given an input FO+MOD,,, (o)-sentence ¢ of
quantifier rank q > 0, for an m > 2, constructs in time

L (2poly(v(39))

Jel - 22" ) M
an existential FO(o)-sentence 1) such that the following holds: If ¢
is preserved under extensions on &, then ¢ and 1 are equivalent
on€,.

If ¢ does not contain any modulo counting quantifier (i.e., @ is
an FO(o)-sentence), the algorithm uses only time

Il -2 @)

Furthermore, the degree of the polynomials in the expressions (1)
and (2) is linear in the size of the signature o.

v(2Pely (¥(31)))

Consequently, if the function v is exponential and ¢ is an
FO+MOD,,, (¢)-sentence, then the algorithm uses 6-fold exponen-
tial time — e.g, if v = v, for d > 3, it uses time

2d20(\ls0\|) 420l

gm-2 . and 5-fold exponential time 2 ,

for each FO(o)-sentence . If v is polynomial and ¢ is an

FO+MOD,,, (¢)-sentence, then the construction requires only 4-fold

exponential time
2m'2220(l\¥>l\)

for each FO(o)-sentence ¢.

Ollel)
and 3-fold exponential time 222

This section’s second main result reads as follows; a proof is
given in Subsection 3.3 below.

Theorem 3.2. Let &, be a class of v-bounded o-structures that is
closed under disjoint unions and induced substructures and decid-
able in time t(n) for some functiont : N — N. There is an algo-
rithm which, given an input FO+MOD,,, (0)-sentence ¢ of quanti-
fier rank q > 0, for an m > 2, constructs in time

#2117y 3)

5O(lp])-217 17



. . . . loll-v(39(@)
an existential-positive FO(o)-sentence 1 of size 22

such that the following holds: If o is preserved under homomor-
phisms on €, then p and 1) are €, -equivalent.

For example, let €, be the class of all v-bounded finite o-
structures. If v is exponential and ¢ is an FO+MOD, (o)-sentence,
then the construction can be carried out in 4-fold exponential time
—eg if v = yg ford > 3 (ie., €, is the class of all finite
structures of degree at most d), in time

L2200

2

If v is polynomial and ¢ is an FO+MOD,, (c)-sentence, then the
construction requires only 3-fold exponential time

220(Hw\|)

Lower bounds Our upper bounds are complemented by the fol-
lowing two lower bounds for certain classes of finite acyclic struc-
tures of degree 3 and first-order sentences that are preserved under
extensions (homomorphisms): We show that even under these re-
strictions, a 3-fold exponential blow-up in terms of the size of the
input sentence is unavoidable when constructing the equivalent ex-
istential (existential-positive) first-order sentence.

Theorem 3.3. Ler o := {So, S1, Vo, V1}, where So, S1 are binary
and Vo, Vi are unary relation symbols, and let € be the class of all
finite ordered binary forests F of signature o, where V5 and Vi~
may be arbitrary subsets of the universe. There is an € > 0 and a
sequence (pr)n>1 of FO(o)-sentences of increasing size such that
for each h > 1 the following holds:

(1) wn is preserved under extensions on €, and
(2) every existential FO(c)-sentence that is equivalent to @y on €
has size at least

ellenll
92 h

Theorem 3.4. Let o' := {So,S1} U {Vu M C {0,1}},
where So, S1 are binary and, for each M C {0,1}, Var is a
unary relation symbol. Let €' be the class of all finite ordered
binary forests F over o', where (V]ﬁ)Mgoyl} is a partition of the
universe. There is an € > 0 and a sequence (p},)n>1 of FO(0')-

sentences of increasing size such that for each h > 1 the following
holds:

(1) @}, is preserved under homomorphisms on €', and
(2) every existential-positive FO(o’)-sentence that is equivalent to
@, on € has size at least

’
ellep Il
92 h

In the previous theorems 3.3 and 3.4, an ordered binary forest
of signature o or ¢’ is a structure whose Gaifman graph is a forest
and where the binary relation symbols S and S are interpreted as
the left and right successor relation and every node is allowed to
have at most one left successor and at most one right successor.

The key idea for the proofs of Theorem 3.3 and Theorem 3.4,
which will be included in the full version of this paper, is an en-
coding of numbers by binary trees, introduced in [10]. The main
challenge here is to find sequences of sentences that not only have
large minimal models but are also preserved under extensions (ho-
momorphisms). Towards this end, the auxiliary unary relation sym-
bols in o and ¢’ are introduced to interpret binary tree encodings
in ordered binary forests.

3.2 Preservation under extensions: Proof of Theorem 3.1

This subsection is devoted to the proof of Theorem 3.1. Consider
a class € of o-structures and an FO+MOD,, (o)-sentence ¢. A
o-structure A is a €-minimal model of ¢ if A € €, A is a model of
, and there is no proper induced substructure B € € of A that is a
model of .

The main combinatorial part of the proofs of Theorem 3.1 and
Theorem 3.2 provides upper bounds on the size of €, -minimal
models for FO+MOD,,, (o)-sentences that are preserved under ex-
tensions (respectively, homomorphisms) on €., where €, is a class
of v-bounded o-structures that is closed under disjoint unions and
closed under induced substructures.

In both cases, the following generalisation of Hanf’s theo-
rem (see e.g. [8, 11]) by Nurmonen [13] to sentences with mod-
ulo counting quantifiers is used. Two o-structures .4 and B are
(m, q)-equivalent (A =%, B, for short) if they satisfy the same
FO+MOD,,, (0)-sentences of quantifier rank at most q.

Theorem 3.5 (Theorem 3.4 in [13]). Let A, B be o-structures.
Letm > 2 and q > 0. Suppose that for some e > 0 each 39-
neighbourhood of an element in A or B has less than e elements
and that for each 3%-sphere T (with one centre), |T(A)| and |T(B)|
are congruent modulo m and either

lT(Al=1rB)l  or |7(A)| =>tand|7(B)| > 1,
wheret :=q-e+ 1. Then A =}, B.

A set of elements B in a o-structure A is r-scattered, for an
r > 0, if for all distinct elements a,b € B we have Ni*(a) N
NA(b) = (0. We will make use of the following easy fact.

Lemma 3.6. Let A be a v-bounded o-structure and let m,r > 0.
If |A] > (m—1) - v(2r) then there exists an r-scattered subset of
A of cardinality m.

Proof. We show that if there is no r-scattered subset of cardinality
min A then |[A] < (m—1) - v(2r).

Choose a number n < m such that there is an 7-scattered
subset S of cardinality n in A, but no r-scattered subset of
cardinality > mn. Every element a of A has to be contained
in the 2r-neighbourhood of S (for otherwise, S U {a} would
be an r-scattered subset of A of cardinality n+1). Therefore,
A = INA(S)] < (m—1) - (2r). O

The main combinatorial contribution of this subsection is pro-
vided by the following theorem:

Theorem 3.7. Let &, be a class of v-bounded o-structures that is
closed under disjoint unions and induced substructures. Let m > 2
and let ¢ be an FO+MOD,, (0)-sentence of quantifier rank q > 0
that is preserved under extensions on €. There is a number

N(v,m,q) € m .2/

such that every €, -minimal model of ¢ has size < N (v, m, q).

Proof. Let r := 37 and let s be the number of non-isomorphic
r-spheres (with one centre) in structures in €,,. Let R := 2sr and
let S be the number of non-isomorphic R-spheres (with one centre)
in structures in €,,. Finally, let ¢ := g-(v(r)+1)+1 be the threshold
from Theorem 3.5 for v-bounded o-structures and for quantifier
rank q.

Let A be a €, -minimal model of . Towards a contradiction,
assume that |A| > (2Stm—1)-v(2R). By Lemma 3.6, there exists
an R-scattered subset of A of cardinality 25tm. Because there are
at most S different R-spheres realised in .4, there is an R-scattered
set X’ of 2tm elements in A that realise the same R-sphere.
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Figure 1. The first six elements of the sequence (C;)i>o0. Note that
for all even 4, C; is a disjoint extension of A with an induced
substructure of A while for each odd ¢, C; is a proper induced
substructure of .A.

An r-sphere T is frequent in a structure A if |7(A)| > t. Oth-
erwise, it is rare. Note that each r-sphere realised by an element
from the (R—r)-neighbourhood of X is frequent in A, because it
occurs at least 2¢tm > t times in A.

Let X be a subset of X' of cardinality ¢m. Since

Nig(a) = N (b) forallae Xandbe X'\ X  (4)

the following holds for each r-sphere 7: If |7 (A) NNF_.(X)| > t,
also |7(A \ N{_,.(X))| > t. That is, every r-sphere 7 that is
realised by at least ¢ elements of the (R—r)-neighbourhood of X
is still frequent in the substructure of A induced by deleting the
(R—r)-neighbourhood of X .

Consider the following sequences (C;)i>o0 and (D2;)i>o of
structures in €. Let Co := A and C; := A\ X. For each even
i > 1,let D; := C;—1 N N3{;_4,(X). Note that for odd i, D; is
neither defined nor required. For each ¢ > 2, let

o AUD; if  is even,
L (A\ N5t 1), (X)) UDiy ifdis odd,

where D;, is a structure isomorphic to D; whose universe is disjoint
with A. For all even 4, C; is a disjoint extension of A, and for all
odd ¢, C; is a proper induced substructure of A.

Let 7 be an r-sphere. Recall that |X| = tm and that the
R-spheres around the elements of X are disjoint and isomorphic.
This implies that, for each 1 < i < s, there is a number k € Z
such that |7(A \ N{EFUT(X)M = |7(A)| + ktm and therefore
[T(A\ N{EFUT(X)N = |7(A)| mod m. Furthermore, since
|X| = 0 mod m, it is straightforward to see that |7(Dj)| =
|7(D;)] =0 mod m for all even ¢ < s. This immediately proves
the following:

Claim 1. Foralli < s and every r-sphere T,
are congruent modulo m.

T(Cl)| and |T(Ci+1)|

Below, we will prove the following:
Claim 2. The following holds for all i < s and every r-sphere T:

(a) If T is frequent in C;, it is also frequent in C;y1.
(b) If T is rare in C; and rare in Ciy1, then |7(C;)| = |7(Cit1)].

Whereas every r-sphere that is frequent in C; is also frequent in
Ci+1, the opposite is not true: There may be r-spheres that are rare
in C; but that occur frequently in C;41.

However, since there are only s non-isomorphic r-spheres in
structures from €,, and Cy already contains frequent r-spheres,
Claim 2 (a) implies that there has to be an ¢ < s such that all
frequent r-spheres of C; 11 are frequent already in C;. Thus, for this
particular ¢ we know that any r-sphere is either frequent in C;41
and in C; or it is rare in C; 41 and in C;.

Hence, with Claim 2 (b) it follows that for every r-sphere T,
either |7(C;)| = |7(Ci41)] or 7 is frequent in C; and C;1.

Together with Claim 1, we can conclude from Theorem 3.5
that C; =%, Ci41. Therefore, by using Claim 2, the proof of
Theorem 3.7 can be completed as follows:

In case that i is even, we let B := C; and A’ := C;11; and
in case that 4 is odd, we let B := C;y1 and A" := C;. Since
B is a disjoint extension of .4 with an induced substructure of A
(and hence belongs to €,,, since €, is closed under disjoint unions
and induced substructures), A = ¢, and ¢ is preserved under
extensions on €,, we obtain that B = . Because A’ =%, B
and ¢ has quantifier rank g, we know that A" = ¢. Since A’ is
a proper induced substructure of .4 and €, is closed under induced
substructures, we have A’ € ¢,. However, this is a contradiction
to the assumption that A is a €, -minimal model of (.

Therefore, |A| < (25tm—1) - v(2R). Recall from Section 2.3
that S € 2P°¥((B) Using estimates for R and t, it follows that

oly (v(39
N(v,m,q) == (25tm—1)-v(2R) € m-2"* vEEI)
All that remains to be done to finish the proof of Theorem 3.7 is to
prove Claim 2.

Proof of Claim 2: Observe that, for all 7, 7 < s,

CiN(A\NE 5. (X)) = ¢N(A\NE (X)), 5
Let ¢ < s. For the proof of Claim 2 (b) let 7 be an r-sphere that
is rare in C; and C;+1. Since X is an R-scattered set of size > ¢,
the rareness of 7 implies that 7(C;) and 7(C;+1) are subsets of
A\ N#_,.(X). Hence, (5) implies that |7(C;)| = |7(Ci+1)]. This
proves Claim 2 (b).

For the proof of Claim 2 (a), we distinguish between even and
odd i.

Even i: Recall that Co = A and for each even i > 2,
C; = AUD;. Let 7 be an r-sphere that is frequent in C;.

If 7 is realised in C; by an element in N _,.(X) then, since
X is R-scattered and |X| > t, |7(A) N N&_,.(X)| > t. By
observation (4) we obtain that also |7(A) N Nj_.(X'\ X)| > t.
Since X C X', X' is R-scattered, and 2ir < R, we obtain that
|7(A\ N3t(X))| > t. Thus, 7 is also frequent in Ci1.

If 7 is realised in C; by an element in D; (for i > 2), then,
since D} = D;, 7 is realised in C;;1 also by an element in
D; C Nﬁ‘_r(X). Thus, 7 is also frequent in C;41.

Otherwise, we know that |7(A) \ N%_,.(X)| > t. Then it
follows from (5) that 7 is also frequent in C;41.

Odd i: Recall that C; = A\ X and that, for each odd i > 3,
Ci = (A\ N3l 1), (X)) UDi_1. Let 7 be an r-sphere that is
frequent in C;.

If 7 is realised in C; by an element in N;(\i—l)r-kr(X) then,
since X is R-scattered and | X | > ¢, T(Ci)ﬁNQ"(‘ifl)Hr(Xﬂ >t
From D41 = C; ﬂN{EFl>T+2T(X) we obtain that |7(D;y1)| > ¢.
Since Dj; 1 & D; 41, we have |7(Djy1)| > t. Consequently, since
Cit1 = AUDj, 4, also |7(Ci41)| > t. Thus, 7 is frequent in Ci11.

Otherwise, we know that |7(C;) N (A4 \ N{EFI)TJFT(X)N >t
Since for every element a € A \ Né?iﬂ)r (X)) the r-spheres of




ain A\ Ng‘(‘i_l)r(X) and A are isomorphic, 7 is also frequent
in Ci41 = AUD;j,,. This concludes the proof Claim 2 and
Theorem 3.7. O

The following lemma is a slight generalisation of Lemma 8.4
in [7] to sentences with modulo counting quantifiers.

Lemma 3.8. Let € be a class of o-structures that is closed under
induced substructures. There is an algorithm which, given a num-
ber N > 0 and an FO+MOD,, (o)-sentence ¢ of quantifier rank
q = 0, foran m = 2, constructs in time Hgo" .20W-9) ay existential
FO(o)-sentence 1 such that the following holds: If y is preserved
under extensions on € and every €-minimal model of p has at most
N elements, then 1) is C-equivalent to .

Furthermore, if p does not contain any modulo counting quan-
tifier, the construction only takes time O(|¢|-N7).

Proof. Let m > 2 and let ¢ be an FO+MOD,, (c)-sentence that
is preserved under extensions on € and assume that, for a number
N > 0, each €-minimal model of ¢ has at most IV elements.

Let x1,...,xk be, for a k > 1, an enumeration of all variables
that appear in ¢ and suppose, without loss of generality, that every
variable in ¢ is only bound in one place. Let y1,...,yn be a
collection of N new variables distinct from z1, ..., .

We construct from the sentence ¢ a new quantifier-free formula
with free variables y1, . . ., yn. To this end, for each formula v with
free variables among z1, ...,z and each function s: [1,k] —
[1, N], a formula (¢), is defined inductively as follows:

e If 4/ is atomic then (%)), is the formula obtained by replacing
all occurrences of variables x; in ¥ by y, ;).

e If 1) = =)’ then (¢))s := —(¢)")s. For each Boolean connective
* €NV, = 0k (U * Y7 i= (@) x ()5

o If ¢p = Jz; ¢’ then (¢),s = \/j.vzl(w')s[iﬁj] where s[i—j]
is the function s’ that agrees with s on all values except i and
s'(1) = 3.

o If ) = Va; ¢ then (v)s i= NI, (¥)aimj)-

o If oy = F0m™ g, o then (vh)s :=

\/ ( N —vi=ux Af\lv%),

MC[1,N], j,keM,
|[M|=0modm  Jj#k

where, for each j € M, VJM = (¢")s[i—;) and, for each
JELNI\NM, %" i= = )sfimj).

Now, let ¢’ be the sentence Jyi ... Iyn (¢)s where, since ¢
does not have any free variable, s can be an arbitrary function from
[1,k] to [1, N]. It is easily seen that a o-structure A € € satisfies
' iff A contains an induced substructure A" with < N elements
which satisfies ¢. It is not difficult to show that A = ¢’ iff A = ¢:

For the direction “=" assume that A = ¢’. Thus, A contains
an induced substructure A’ with A’ |= ¢. Since A € € and € is
closed under induced substructures, also A" € €. As A" = ¢, and
 is preserved under extensions on €, we obtain that also A |= .

For the direction “<=" assume that A = ¢. Let A’ be a
minimal induced substructure of A such that A’ € € and A’ = .
Le., A’ is a €-minimal model of . By assumption, .A’ has at most
N elements. By construction of ¢’ we obtain that A = ¢'.

For a bound on the size of ¢’, note that the only size increasing
steps in the inductive translation are the ones for the quantifiers,
which increase the size of the formula by a factor of NV, for first-
order quantifiers, and by a factor in 20N for modulo counting
quantifiers. It follows that |¢'| € |¢| - 2°V9, where q is the
quantifier rank of ¢. If ¢ does not contain any modulo counting

quantifier, [¢'| € O(|l¢| - N?). It is easy to see that the inductive
translation can be also carried out in time O(||¢']). O

Theorem 3.1 is now obtained by a straightforward combination
of Lemma 3.8 and Theorem 3.7.

Proof of Theorem 3.1. Let m > 2 and let ¢ be an FO+MOD,, (0)-
sentence of quantifier rank ¢ > 0 that is preserved under extensions
on¢,.Let N = N(v,m,q) be the upper bound on the size of €, -
minimal models of ¢, obtained from Theorem 3.7.
By Lemma 3.8 there is an algorithm that constructs an existen-
tial FO(o’)-sentence that is €, -equivalent to ¢ in time
poly(1(3)))

. ov(2
lel -2°79 C g -2 ;

and, for each FO(o)-sentence ¢, in time

v(2Poly (¥ (31))y

O(lel - N?) € el -2
This concludes the proof of Theorem 3.1. O

3.3 Preservation under homomorphisms: Proof of
Theorem 3.2

The combinatorial essence of the proof of Theorem 3.2 is contained
in the following theorem.

Theorem 3.9. Let &, be a class of v-bounded o-structures that is
closed under disjoint unions and induced substructures. Let m > 2
and let ¢ be an FO+MOD,, (o)-sentence of quantifier rank q > 0
that is preserved under homomorphisms on €. There is a number

N(v,q) € 9 (3
such that every €, -minimal model of ¢ has size < N (v, q).

Proof. The proof is similar to the proof of Lemma 7.1 in [1]. How-
ever, it does not rely on Gaifman’s theorem but uses Nurmonen’s
generalisation of Hanf’s theorem, stated in Theorem 3.5. Towards
applying Theorem 3.5, we let r := 39, let t := ¢ - (v(r)+1) + 1,
and let s be the number of non-isomorphic 2r-spheres (with one
centre) in structures in €,,.

Let A be a €, -minimal model of ¢. Towards a contradiction, as-
sume that | A| > s-v(4r). By Lemma 3.6, A contains a 2r-scattered
set of size s+1. Thus, since there are at most s non-isomorphic
2r-spheres realised in .4, there must be two elements a1,a2 € A
with disjoint and isomorphic 2r-neighbourhoods.

Let A := A\ {a1}. Clearly, the r-spheres of elements in
A\ N{(a1) are the same in A and in A’. But the r-sphere of
an element in N;*(a;) might change when moving from A to
A’. However, by our choice of a; and az we know that every
r-sphere that is realised in A is also realised in A’ (for elements
outside the r-neighbourhood of a; this is obvious; and for elements
a} € NZ(a1), the r-sphere of a} in A is realised in A’ by the
corresponding element a5 in the r-neighbourhood of az).

Now let B’ be the disjoint union of t-m copies of A’, and let B
be the disjoint union of B’ and of ¢-m copies of A.

By construction, every r-sphere that is realised in B is also re-
alised in BB’, and vice versa. Furthermore, the number of realisations
of any r-sphere in B or B’ is a multiple of ¢-m. In particular, 13 and
B’ satisfy the assumption of Theorem 3.5, and therefore we have
B =% B.Thus, B ¢iff B | .

Furthermore, since €, is closed under taking induced substruc-
tures and disjoint unions, we know that B” and 3 belong to €,,. Ob-
viously, there is a homomorphism that maps .4 to one of the copies
of A in B. Since ¢ is preserved under homomorphisms on €, and
A E ¢, we thus have B = ¢, and hence also B’ |= .



Recall that B’ is a disjoint union of copies of .A’. By mapping
each element of each copy of A’ to the corresponding element in
A’, we obtain a homomorphism from B’ to A’. Hence, since ¢ is
preserved under homomorphisms and B’ = ¢, we obtain that also
A’ = . This, however, contradicts our assumption that A is a €, -
minimal model of ¢. Therefore, |A| < s - v(4r). Recalling from
Section 2.3 that s € 2P°Y(“(2")) one obtains that

N(v,q) := s-v(4r) € 237,
This concludes the proof of Theorem 3.9. O

The following lemma provides a construction of existential-
positive FO(co)-sentences for FO+MOD,,, (c)-sentences that are
preserved under homomorphisms. The proof is an algorithmic ver-
sion of the proof of Theorem 3.1 in [2].

Lemma 3.10. Let € be a class of o-structures that is decidable in
time t(n) for some function t : N — N. There is an algorithm that,
on input of a number N > 0 and an FO+MOD,,, (c)-sentence ¢ of
quantifier rank g > 0, for an m > 2, constructs in time

gowlely (NIeI-0UeD 4 ¢(lely)

an existential-positive FO(o)-sentence v of size 207D Such
that the following holds: If ¢ is preserved under homomorphisms
on € and every €-minimal model of p has at most N elements, then
Y is C-equivalent to .

Proof. For each finite o-structure A let .4 be the canonical con-
Jjunctive query associated with A. Le., y4 = Jz1--- 31404
where x1, ..., x| 4 are variables representing the elements a1, . . .,
a4 of A’s universe A, and 6 4 is the conjunction of all atoms of
the form R(x;,,...,z;.) where R € o, r = ar(R), i1,...,ir €
{1,...,|A|},and (ai,, ..., a:) € R*. The well-known Chandra-
Merlin theorem [5] states that for any o-structure B, there is a
homomorphism from A to B if, and only if, B | ~y4. Clearly,
given A, the sentence y4 can be constructed in time O(|A|) =
O(\A|”"”),
On input of ¢ and NV, the lemma’s algorithm

1. computes the set M that consists all models of ¢

with universe {1, ...,n}, forn < N, that belong to €,
2. if M = (), it outputs the formula ) := false,
3.if M # @, it outputs the formula 3 :=\/ o1, 74

Clearly, the size of % is in

o(M|- Nlely ¢ 20!7h,
where 2% s an upper bound on the number of all o-structures
with universe {1, ...,n} forn < N.Obviously, ¢ is an existential-
positive FO(o)-sentence.

Before giving details on the algorithm’s step 1 and its running
time, let us first show that v is €-equivalent to ¢, provided that ¢ is
preserved under homomorphisms on ¢ and that every €-minimal
model of ¢ has at most NV elements. To this end, let B be an
arbitrary o-structure in €.

If B |= %, then there is an A € M such that B }= 7.4. Due
to the Chandra-Merlin theorem, there is a homomorphism from A
to B. As A € € and A = ¢, and since ¢ is preserved under
homomorphisms on €, we obtain that B |= .

On the other hand, if B = ¢, then let A be a minimal induced
substructure of B such that 4 € € and A = ¢. Le.,, Ais a €-
minimal model of ¢. By assumption, N is an upper bound on
the size of the universe of A. Thus, by our choice of M, the set
M contains a structure A’ that is isomorphic to A. Since A is a

substructure of I3, the particular choice of the formula ~y 4, implies
that B = /. Since A’ € M, we obtain that also B = . In
summary, this shows that ) is €-equivalent to .

Let us now turn to the algorithm’s step 1 and the analysis of
its time complexity. To compute M, the algorithm enumerates all
o-structures A with A = {1,...,n} and n < N, and checks for
each such A whether A = ¢ and A € €.

By assumption, the question whether A € € can be answered
within time ¢(|A|) < t(N!°). Using the naive model checking
algorithm for FO+MOD,,,, the question whether A |= ¢ can be
answered within time | 4| ©U#D € NloI-0U#D) Since there are at

ol . .
most 20V g_structures with universe {1,...,n}andn < N,

the entire computation of M takes time at most
golely (NI=1-0Ueh 4 ¢(Nlly).
O

Theorem 3.2 is now obtained by a straightforward combination
of Lemma 3.10 and Theorem 3.9 (in the analogous way as Theo-
rem 3.1 was obtained by combining Lemma 3.8 with Theorem 3.7).

4. Feferman-Vaught decompositions

Throughout this section let o be a fixed finite relational signature,
let v: N — N be a fixed time-constructible strictly increasing
function, and let €, be an arbitrary class of v-bounded o-structures.

Let (P;);>1 be a sequence of unary relation symbols which
are not already contained in o. For every s > 1, o, denotes the
signature c U {P1,..., Ps}.

Recall that a disjoint union B = A; U- - - U A, of o-structures
A1, ..., As involves injective functions f;: A; — B for each
i € [1,s] such that fi(A1),..., fs(As) is a partition of B. The
disjoint sum A1 & --- ® As of A1, ..., As is a o-structure A that
expands the disjoint union of A,,...,.As by the unary relations
PA = fi(Ay), for all i € [1,s]. Clearly, P*,..., P is a
partition of A, and for all @ € PAandb e Pf‘ with i,7 € [1, g
and ¢ # j, there is no edge between a and b in the Gaifman graph
of A.

This section provides an algorithm that computes, for every
s > 1 and each FO(os)-formula ¢, a Feferman-Vaught decompo-
sition, i.e., a decomposition into a Boolean combination of FO(o)-
formulas that is equivalent to ¢ on each disjoint sum of s structures
in €,. For functions v of exponential growth, this algorithm has
3-fold exponential time complexity in terms of the input formula;
for polynomial v, the time complexity is 2-fold exponential.

We also show that the algorithm’s time complexity is basically
optimal: For structures of degree 3, a 3-fold exponential blow-up
of the decomposition in terms of the size of the input formula is
unavoidable, and for structures of degree 2 there is still a 2-fold
exponential blow-up.

4.1 Disjoint decompositions

Before stating this section’s main results, we give a precise defi-
nition of the decompositions constructed by our algorithm. These
decompositions are a special case of so-called reduction sequences
[12]. They give conditions for the validity of an FO(c,)-formula in
a disjoint sum of structures in terms of a Boolean combination of
FO(o)-formulas that speak about the component structures of the
disjoint sum.

Let s > 1 and let = be a tuple of n > 0 variables. For
each i € [1,s], let A; be a finite set of FO(o)-formulas ¢ with
free(d) C T and let 8 be a propositional formula with vari-
ables from the set Xp :={X;s: i € [1,s],d € A;}. The tuple



D = (A4,...,As,B) is an s-reduction sequence over T (for
short: reduction sequence). The size |D| of D is defined as
18] + >y ZéeAi |6], where |B] is the size of the propo-
sitional formula S when viewed as a word over the alphabet
{_‘7 AV, =60, (s )} UXp.

Let A4, ..., As be o-structures and let @ be a tuple (a1, . . ., an)
of (Ui_; A:)". We say that (A1, ..., As,a) is a model of the re-
duction sequence D, in symbols: (A1,..., As,a) = D,iff u = 3,
where p: Xp — {0, 1} is the truth assignment such that for each
1€ [l,s]and § € A,

{1, if free(d) C 7 and (A:, @) = 6(F:),

Xi = .
(i) 0, otherwise.

Here, a; is the subsequence of @ induced by all a; € aN A; and T;
is the subsequence of = induced by all z; such that a; € a N A;.

Let € be a class of o-structures and let ¢(Z) be an FO(o)-
formula. An s-reduction sequence D over T is an s-disjoint de-
composition for o(T) on € (for short: disjoint decomposition for
(7)) if for every s-disjoint sum A = A; & - - - @ A of structures
Ai,...,As € Cand all tuplesa € A",

(A,a) E p(@) iff (Ai,...,As,7m(@) = D.

Here, 7 is the mapping of the disjoint sum A, i.e., the mapping of
the underlying disjoint union of .A’s component structures.

Intuitively, an s-disjoint decomposition for an FO(o ', )-formula
¢(T) is a Boolean combination of FO(c)-formulas from sets A,
i € [1, s]. This Boolean combination is equivalent to ¢ on every
s-disjoint sum A4; @- - - @A and, foreach i € [1, s], every FO(o)-
formula from A; is only interpreted over the component A; and
with its free variables assigned to elements from A;.

4.2 An upper bound

This section’s main result provides a 3-fold exponential algorithm
that computes a disjoint decomposition D = (Aq,..., A, 3) for
an input FO(o,; )-formula (Z) on €, . The formulas in A; are of a
particular form called Hanf-formulas, defined as follows.

A Hanf-formula with n > 0 free variables T is a formula of the
form 3%%y sph._(Z,y) where 7 is the isomorphism type of a finite
r-sphere (for an » € N) with n+1 centres.

Here, for a number & > 1 and a formula o (T, y) we write

Fry (@, y)

as a shorthand for the formula
Jy -+ g ( N ~vi=u; Ay (\ v=yi — ¢(, y)))-

1<i<j<k 1<i<k

Note that, given k, y and ¢, this formula can be constructed in time
2
Ok + [ol). , | o
We are now ready to give a precise statement of this section’s
main result:

Theorem 4.1. Let s > 1. There is an algorithm which, given an
input FO(o s )-formula o(T) of quantifier rank q > 0, constructs in
time

s - groly(lel-v(49) (©6)

a disjoint decomposition (A1, . .., N, B) for p(T) on €,

Furthermore, the sets A1, . .., As contain only Hanf-formulas
over o, and the degree of the polynomial in the expression (6) is
linear in ||o||+s.

Thus, if the function v is exponential, then ¢ can be decom-
posed in 3-fold exponential time — e.g., if v = v4 for d > 3, then
 can be decomposed in time

20(llel)
.9

If v is polynomial, then the transformation requires only 2-fold
exponential time, i.e. time
O(llel)
52270,

The remainder of this subsection is devoted to the proof of
Theorem 4.1.

The first step of the algorithm employs an algorithm by Bol-
lig and Kuske [4] to transform an FO(o)-formula ¢ into a &,-
equivalent formula @™ in Hanf normal form, i.e., a Boolean com-
bination of Hanf-formulas. While [4] provided a 3-fold exponential
algorithm that transforms a given FO(o)-formula ¢ into a formula
in Hanf normal form that is equivalent to 1) on all o-structures of
degree at most d (for d > 1), in the slightly more general setting of
v-bounded structures, their proof yields the following (a proof can
be found in the full version of [10]).

Theorem 4.2 ([4, 10]). There is an algorithm which transforms an
input FO(o)-formula ¢ of quantifier rank q > 0 in time

2POIY( lel-v(4)) D

into a €, -equivalent formula ¢ in Hanf normal form.

Moreover, each Hanf-formula occurring in @™ is of the form
37ky sph_(, y), where k < || - (q+1) - v(49), T is a v-bounded
r-sphere of radius r < 49, and |T| < |free(p)|.

Furthermore, the degree of the polynomial in the expression (7)
is linear in the size of the signature o.

For the second step of our algorithm, the following lemma
provides an algorithm which constructs, given a Hanf-formula, a
disjoint decomposition for it; not only on v-bounded o-structures
but on all o-structures.

Lemma 4.3. Let s > 1. There is an algorithm which, given an
input Hanf-formula (%) = 37 ¢y sph_(T, Tpy1) withn > 0
free variables, where k > 1 and, for an v > 0, T is an r-sphere
with n+1 centres over the signature s, constructs in time

O(s + 141)
, As, B) for ¢(T) on the class of

a disjoint decomposition (Aq, . ..
all o-structures.
Furthermore, the sets A1, ..., As contain only Hanf-formulas

over o, and each A; consists of at most one formula.

Proof. Let n,r > 0, k > 1,let T = (z1,...,2Zn), and let
7 = (T,¢) be an r-sphere with n+1 centres ¢ = (c1,...,Cn+1),
i.e., T is a os-structure whose elements have distance at most r to
C.

Recall that 7 is an induced substructure of an s-disjoint sum iff

(1) every element in the universe of 7 is contained in exactly one
of the sets P ,..., P7, and

(2) if there is an edge between two nodes a, b in the Gaifman graph
of T, then there is an ¢ € [1, s] such that a,b € P}’ .

We distinguish whether 7 is an induced substructure of an s-disjoint
sum or not.

Case 1: T is not an induced substructure of an s-disjoint sum.
Then, there is no s-disjoint sum A and @ € A"*! such that

NA(@) = 7. Therefore, the algorithm can output an arbitrary
unsatisfiable s-disjoint decomposition.

Case 2: 7T is an induced substructure of an s-disjoint sum.
In the following, we first describe the construction of an s-disjoint
decomposition for ¥ (T). Afterwards we show the correctness of
this construction and give an analysis of its running time.

Since 7 is an induced substructure of an s-disjoint sum, for
each ¢ € [1,n+1], there is a j € [1, s such that ¢; as well as all



elements in N, (c;) belong to P]. For each i € [1,s], let ¢; be
the subsequence of ¢ induced by all ¢; € €N P, and let Z; be the
subsequence of = induced by all z; such that c; € €N P7 . Wlo.g.,
T
Cn+41 S Ps .
The algorithm decomposes () into a disjoint decomposition
D :=(A1,...,As, 8) which is defined as follows:

e Foreachi € [1,s] whereen P =0, A; :=0.

e Foreachi € [1,s] whereeN P # 0, A; := {6:(F:)},
where the FO(o)-formula §; will be defined later on.

e [ is the propositional formula

A Xi.s,.

i€[1,s], en P #0

It remains to define the formulas &;(Z;). Let 7; := N, (¢;) and
let 7; be the r-sphere (7;,¢;). Let T} := (’7:) o be the o-reduct of
7T:, and let 7/ be the r-sphere (77, ;).

Recall that we assume w.l.o.g. that ¢,,+1 € PST. For 1=s we let

5s(fs) = 3>k.1‘n+1 SphTé(fs,$n+1).

Foreach i € [1,s—1], i.e., for each i where c,,+1 € P}, we define
the formula §;(z;) by

61(51) = 3>1In+1 sph<7—i/@c)(fi,zn+1),

where c is an arbitrary element from the tuple ;. Note that §;(T;)
is a Hanf-formula of signature ¢ and equivalent to the formula

sphT., (fl)

Claim 1. (A4,..., Ay, B) is a disjoint decomposition for 1 (T) on
the class of all o-structures.

Proof of Claim 1: Let A = A1 @ --- @ A, be the disjoint
sum of o-structures Ay, ..., As, let 7 be the mapping of A, and
leta = (a1,...,an) € A™. Forevery ¢ € [1,s], let G; be the
subsequence of @ induced by all a; € @ N PA. By definition of a
disjoint decomposition, we have to show that

(Aa) = Freun sphir (@, Tnt1) (= ¥(T))

iff (A,a) is a model of (Ai,...,As, (). That is, iff for all
i€ [L,s]withen P] # (, (a) and (b) hold, where

(a) Each free variable of d; is interpreted by an element from P}
i.e., by definition of &;, for each j € [1,7n], N2 (a;) C P iff
cj € PZ-T.

(b) A; | di[n(a;)].

“=="": Suppose that (A, @) satisfies ¢(Z) and let ¢ € [1, s] such
that e N P, # (. Thus, for every j € [1,n], N (a;) = N (¢).
Since 7 is an induced substructure of a disjoint sum, this implies
(a). Furthermore, there are at least k£ elements a € A such that
NA(a) =2 N (cnt1). Since ¢t € PJ it follows that N2 (a) is
a subset of P,

Recall that 7 is the o-reduct of 7; and that N (@) is iso-
morphic to N4 (m(a;)). Hence, (b) holds as .A; satisfies d;[r (@;)]
by definition of the corresponding formula ;(Z; ).

“<=": Suppose that (a) and (b) hold for all ¢ € [1,s] with
N P # (. Then, for each i € [1,5—1], (b) and the definition of
8; imply that N2 (7 (a@;)) = 7.

Furthermore, by (b) and the definition of d5, there are at least k
elements . € A, such that N;s (n(@sa)) = 72

Recall that A is the disjoint sum of A1, ..., As. Therefore, the
r-neighbourhoods of all tuples @; and a;, for distinct i, 5 € [1, s],

are disjoint and there are no edges in the Gaifman graph of A
between them.

Hence, for each tuple @ and each element a as chosen above,
A |= sph_[a, a], and consequently (A, @) satisfies ¢(T).

This completes the proof of Claim 1.

Claim 2. The disjoint decomposition (Aq, . ..
puted in time O(s + |¢|).

, As, B) can be com-

Proof of Claim 2: Let ¢(Z) := 3%z, sph_(T,xny1) be a
Hanf-formula of signature o, where K > 1, n > 0, 7 > 0, and
7 = (T,7¢) is an r-sphere with n+1 centres. On input of ¢)(Z) our
algorithm proceeds as follows:

(1) Decide if 7 is an induced substructure of an s-disjoint sum.
If yes, continue to step (2). Otherwise, return an unsatisfiable
s-disjoint decomposition.

(2) Construct the propositional formula 3.

(3) For each i € [1, s], construct &;(Z;).

For Step (1), note that the structure 7 can easily be recon-
structed from the formula sph_ in time O(|sph,|). The algorithm
performs two passes over the structure 7.

In the first pass it remembers occurrences of the elements of
the universe of 7 in the sets Py ey PT . This way it verifies that
every element of 7 is in exactly one of these sets.

If this is the case, the algorithm continues with a pass over the
other relations of 7~ and checks that no two elements from different
sets P, ... , PT occur in a tuple of these relations. Both passes
take time O(|71) C O(lsph. |).

Step (2) takes time O(s), since the mapping of the constants ¢ to
the sets P/ , ..., PJ is already known as a byproduct of Step (1).

In Step (3), the mapping of the elements of 7 to the sets Py,
..., PT gathered in Step (1), helps with constructing the formulas
sph,,, for each ¢ € [1,s], within a single pass over the formula
sph;. Therefore, the construction of all the formulas 6;(z;) takes
time O([4]).

Altogether, the algorithm takes time O(s+|+|). This completes
the proof of Claim 2 and Lemma 4.3. O

By using Theorem 4.2 and Lemma 4.3, we can now prove
Theorem 4.1.

Proof of Theorem 4.1. Given an input FO(os)-formula (%) of
quantifier rank ¢ > 0 and with n > 0 free variables, our algo-
rithm proceeds as follows:

(1) We employ Theorem 4.2 to transform () into a €, -equivalent
formula ¢ (Z) in Hanf normal form.
This takes time 2P°%(I#1'(4*) The Hanf-formulas occurring
in this formula are of the form 32*z,, 11 sph_(Z, Tn+1), where
k < |le|-(g+1)-v(49), and T is a v-bounded r-sphere of radius
r < 47 with at most n+1 centres. Since g+2 < ||, we have

k1 < ol - (g+1) - v(4") +1 < Jool® - v(47).

(2) For a suitable L > 1, let ¢1(T),...,¥r(T) be the Hanf-
formulas occurring in ©* (Z).
For each ¢ € [1,L], we employ Lemma 4.3 to compute a
disjoint decomposition (A1,e,...,As ¢, Be) for the the Hanf-
formula v,(Z). Note that, for each ¢ € [1,L] and each i €
[1,s], As is either empty or consists of just a single Hanf-
formula d; ¢.
For each Hanf-formula 3% 2,, 1 sph__ (T, n11) of o™ (Z), this
takes time

O(s + (K* + [sph.[)) = O(s) + poly (] - v(47)).




Since L < o™ | and || € 2poWU2lv(D) this step takes
time

L-(O(s) +poly(l] - v(47)) C s - 2peW el

(3) We output the disjoint decomposition D := (A, ..., As, B),
where A; = [JI_, A, for each i € [1,s], and the propo-
sitional formula $ is obtained from o™ (Z) by replacing each
Hanf-formula 1, (Z), for every ¢ € [1, L], by the propositional
formula 3.

Again, this takes time s - 2p°1y<””"'”(4q)),

which also bounds the total running time of the algorithm. It is
straightforward to verify that D is indeed a disjoint decomposition
for ¢(T) on €,, that is, for all structures A, ..., A; € &,, their
disjoint sum A = A1 & - - - § A, with mapping 7, and alla € A",
(A,a) = ¢(T) iff (A1,...,As,7(@)) E D. This completes the
proof of Theorem 4.1. O

4.3 A matching lower bound

The following two lower bounds show that, for structures of degree
3 or 2, the algorithm of Theorem 4.1 is basically optimal. Recall
that a binary forest is a disjoint union of directed trees of signature
{E}, where every node has at most 2 children.

Theorem 4.4. There is an ¢ > 0 and a sequence of FO(E)-
sentences (gph) r>1 of increasing size such that, for every h > 1,
every 2-disjoint decomposition for py, on finite binary forests has
size at least 22° ol

Let o' := {5, Lo, L1} be the signature consisting of a binary
relation symbol S and two unary relation symbols Lo and L;. A
labeled chain is a finite o’-structure C whose {S}-reduct is a chain
of finite length, i.e., a finite directed path, and where the sets LS
and LS are disjoint subsets of the universe of C. The class of all
o’ -structures that are disjoint unions of finitely many labeled chains
is denoted by 4(€. Note that all structures in ${¢ have degree at most
two.

Theorem 4.5. There is an € > 0 and a sequence of FO(c')-

sentences (), )n>1 of increasing size such that, for every h > 1,

every 2-disjoint decomposition for o}, on M€ has size at least
el I

2? :

Both theorems are corollaries to a generalisation of Proposi-
tion 23 in (the full version of) [9]. The proofs, which will be in-
cluded in the full version of this paper, employ encodings of num-
bers by binary trees, introduced in [10], and by labeled chains.

4.4 Generalised decompositions

By using the well-known notion of transductions (also known as
first-order interpretations, cf. [8]), it is not difficult to transfer the
algorithm from Theorem 4.1 to an algorithm producing more gen-
eral decompositions than just disjoint decompositions. This way,
we obtain the following result on cartesian products (also known
as tensor products) rather than disjoint sums.

Let s > 1. For o-structures A, ..., As, the cartesian product
Al ® -+ ® A, is the o-structure A = (A, (R*)reo), where
the universe A is the set A7 x --- x Ag, and for each relation
symbol R € o of arity r := ar(R), R* is the set of all tuples
((a1,1y---5a1,8)s---y(An,1,...,ars)) in A" such that, for each
i€ [L,s], (ari,... ar;) € R,

Corollary 4.6. Let s > 1. There is an algorithm which, given an
input FO(o)-formula ¢(T) of quantifier rank ¢ > 0 and withn > 0

free variables, constructs in time

gpoly(s-llell-v(479)) )
a reduction sequence D = (A1,...,As, B) over T, such that for
all Av,...,As € €y and all (@1,...,an)in (A1 X -+ X As)",
(M@ @A, @,...,an)) E @)
iff  (Ar,..., As,@1...Gn) = D.
Furthermore, the sets A1, ..., As consist of Hanf-formulas over

o, and the degree of the polynomial in the expression (8) is linear
in|o| + s.

A proof of Corollary 4.6 will be included in the full version of
this paper.
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