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Abstract

Two graphs are Hanf-equivalent with respect to radius 7 if there is
a bijection between their vertex sets which preserves the isomor-
phism types of the vertices’ neighbourhoods of radius r. For r = 1
this means that the graphs have the same degree sequence.

In this paper we relate Hanf-equivalence to the graph-theoretical
concept of subgraph equivalence. To make this concept applicable
to graphs that are not necessarily connected, we first generalise the
notion of the radius of a connected graph to general graphs in a
suitable way, which we call the generalised radius. We say that two
graphs G and H are subgraph-equivalent up to generalised radius
r if for all graphs S of generalised radius r, the number of induced
subgraphs isomorphic to S is the same in G and H. We prove that
Hanf-equivalence with respect to radius r is equivalent to subgraph-
equivalence up to generalised radius 7, thereby relating the purely
logical and the graph-theoretical concepts in a very strong way.

The notion of subgraph-equivalence up to order s is defined ac-
cordingly, where all graphs .S of order at most s are taken into ac-
count. As a corollary we obtain that Hanf-equivalence with respect
to radius r implies subgraph-equivalence up to order s, provided
that » > 3s/4. In particular, this implies that two graphs which
are Hanf-equivalent with respect to radius 3s/4 satisfy exactly the
same unions of conjunctive queries of quantifier rank at most s.

Categories and Subject Descriptors F.4.1 [Mathematical Logic
and Formal Languages]: Mathematical Logic—Computational
Logic, Model Theory

General Terms Theory, Algorithms

Keywords finite model theory, graph theory, Hanf-locality, degree
sequences

1. Introduction

A degree sequence of a graph G with vertex set {v1, ..., v, } is the
sequence (d1, . ..,d,) listing the degrees d; := deg®(v;) of the
vertices v; in G. As the order of the vertices is not important in this
context, degree sequences are arranged in non-decreasing order so
that isomorphic graphs have identical degree sequences.
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Degree sequences have been studied intensively in graph the-
ory with many results on classifying the sequences of non-negative
integers which can occur as degree sequences of graphs or multi-
graphs and algorithms constructing graphs realising a given degree
sequence. See for instance [3, 4, 7, 10, 12, 19, 21, 22].

Degree sequences are also related to colour refinement algo-
rithms for the graph isomorphism problem such as the Weisfeiler-
Lehman algorithm (see e.g. [1, 23, 24]) which, in its first step, es-
sentially computes and compares the degree sequence of the two
input graphs. More precisely, the algorithm, given two graphs as
input, first labels each vertex in both graphs by its degree and com-
pares the number of vertices in both graphs of every possible de-
gree. In its next steps the algorithm then refines this labelling by
computing for each vertex the number of neighbours of any given
label and so on until the process becomes stable. With respect to
degree sequences, therefore, the first step is to compare the degree
sequence of both graphs and then to compare the 1-neighbourhoods
of vertices with respect to the labels occurring in them and so forth.

Degree sequences can be generalised in many ways. For in-
stance, instead of simply counting for each vertex the number
of its neighbours one can determine the isomorphism type of
its 1-neighbourhood and count the number of vertices whose 1-
neighbourhood have a given type. This idea can be extended to r-
neighbourhoods for any fixed radius r, leading to the concept of a
Hanf sequence of a graph (or, more generally, a relational structure)
which lists the isomorphism types of r-neighbourhoods occurring
in the graph and for each such type the number of vertices whose
r-neighbourhoods are of this type. This concept has been studied
intensively in logic, especially in finite model theory. Two graphs
H and G are called Hanf-equivalent with respect to radius r, de-
noted by H ~H @, if for every possible isomorphism type of
r-neighbourhoods the number of vertices in the two graphs whose
r-neighbourhoods are of this type is the same. A classical result is
Hanf’s theorem [11], stating that for every quantifier rank r there
is a radius R such that any two graphs which are Hanf-equivalent
with respect to radius R satisfy the same first-order formulas of
quantifier rank 7. This result has found numerous applications for
instance in showing that certain properties are not first-order defin-
able (see e.g. [13, 18]) or in evaluation algorithms for first-order
logic, such as in [20]. It is known that R can be chosen as or—t
and this is essentially optimal (see [15, 16]).

A different way of generalising degree sequences of graphs is
used in the s-dimensional version of the Weisfeiler-Lehman algo-
rithm [8] (the following description of the algorithm is basically
taken from [9]). In its first step, the algorithm labels, in each graph,
each s-tuple ¥ of vertices of the graph by the isomorphism type
of the subgraph induced by the vertices in ¥ (viewed as a labeled
graph where each vertex is labeled by the positions in the tuple
where it occurs). In its next steps the algorithm then refines this la-



belling by taking into account the colours of all neighbours of ¥ in
the Hamming metric.

This has led us to consider the concept of subgraph-equiva-
lence of graphs. We say that two graphs G and H are subgraph-
equivalent up to order s if for all graphs S of order at most s
(i.e., S is a graph on at most s vertices), the number of induced
subgraphs of G isomorphic to .S is the same as the number of such
subgraphs of H. Of course, instead of the order s of the graphs
S, also other graph invariants could be considered. The one that
is of particular interest for the present paper is a new notion of a
generalised radius of a graph S, which is defined as the sum of
the radii of the connected components of S plus half the number
of connected components of .S. The motivation for this definition is
that if we have a graph S with & components and we want to add
edges to S to obtain a connected graph S’, then it is easily seen
that the worst diameter of S’ we may end up with is at most two
times the generalised radius. In fact, we will prove below that the
generalised radius of S is an upper bound for the radius of S’.

We write H %;‘:Ir’,’;’;zp " G to indicate that G and H are sub-
graph equivalent with respect to generalised radius 7. The main
result of this paper is to bring the concepts of Hanf-equivalence
and subgraph-equivalence together. More precisely, we prove the
following theorem.

Theorem. For all graphs G, H and all v > 0,
G =M [ if and only if, G &= I

genrad T

Note that Hanf’s theorem (in the form stated above), implies
that any two graphs which are Hanf-equivalent with respect to
radius R = 2"~ ! contain the same subgraphs of order at most
r, since the existence of such a subgraph can be described by a
(purely existential) first-order sentence of quantifier rank r. By
suitably modifying the standard proof of Hanf’s theorem (cf., e.g.,
[6, 18]), one can also obtain that Hanf-equivalence w.r.t. radius
R = 3°9M implies subgraph-equivalence up to order r. Using
this proof technique, however, it seems impossible to reduce the
required Hanf-equivalence radius R from 3°(") to a number that is
polynomially related to 7.

A connection between subgraph equivalence with respect to
generalised radius and Hanf-equivalence also follows from [17]. In
this paper, a logic LSO}, (C) is defined which captures exactly
the Hanf-local properties. This logic is an extension of infinitary
first-order logic by counting as well as restricted second-order
properties. For any fixed graph S, the property that a graph contains
a certain number of subgraphs isomorphic to S can be formalised
in this logic by a formula whose rank only depends on S and not
on the number of copies of S that we want to certify. Here, the
rank of a formula is the suitable concept of quantifier rank for this
logic. As every property definable in this logic is Hanf-local, the
main result of [17] implies that for any graph S there is a number R
such that any two structures which are Hanf-equivalent up to radius
R contain the same number of isomorphic copies of S. While
this already relates subgraph equivalence to Hanf-equivalence, the
radius R again depends exponentially on the generalised radius
of S. Hence, in this way we cannot get the exact correspondence
between Hanf-locality and subgraph equivalence with respect to
generalised radius established in our main result.

In this paper we follow a different proof technique which al-
lows us to obtain a precise characterisation, stating that Hanf-
equivalence with respect to radius r coincides with subgraph-
equivalence up to generalised radius r. While this result is not
overly complicated to see for connected subgraphs S, it becomes
significantly more complex in case that the subgraphs S are not
connected, as Hanf-equivalence only speaks about neighbour-
hoods, and hence connected subgraphs.

Our theorem also provides an easy way of checking whether
a graph S occurs in a graph G the same number of times as in
a graph H. For, checking whether G and H are Hanf-equivalent
with respect to radius r can be much easier than comparing the
number of times S occurs as a subgraph. For instance, if G is
the directed cycle C2, on 2n vertices and H is the disjoint union
of two directed cycles on n vertices each, then it is trivially seen
that G and H are r-Hanf-equivalent if, and only if, 2r + 1 < n.
However, even determining whether the graph 75 consisting of 5
disjoint directed edges occurs in both graphs the same number of
times as subgraph requires a little thought. And if instead of 75 we
choose a more complicated graph, the subgraph analysis can get
quite complicated. Using our main result immediately implies that
T5, which has generalised radius 7, is contained in GG and H for the
same number of times as subgraph if n > 2r 4+ 1 forany r > 7.

As a corollary of our main result, we also obtain that Hanf-
equivalence with respect to radius 7 implies subgraph-equivalence
up to order s, provided that r is of size at least | 3s/4]. In particular,
this implies that two graphs which are Hanf-equivalent with respect
to radius r > | 3s/4] satisfy the same unions of conjunctive queries
of quantifier rank at most s.

Let us note that all our results easily generalise from finite
graphs to finite relational structures.

The rest of the paper is organised as follows. The basic nota-
tion is fixed in Section 2. In Section 3, we formally introduce the
concept of Hanf-equivalence and illustrate it by an example. In Sec-
tion 4, we define the generalised radius of a graph and the concept
of subgraph-equivalence up to generalised radius r. We then prove
the main theorem of our paper, showing that Hanf-equivalence and
subgraph-equivalence with respect to radius r coincide. The corol-
lary concerning subgraph-equivalence up to the order of the in-
duced subgraphs is presented in Section 5. We conclude in Sec-
tion 6 where we also state the implication of our results to unions
of conjunctive queries. A detailed example is given in the appendix.

2. Preliminaries

This section fixes basic notation used throughout the paper. We
assume that the reader is familiar with basic notions from graph
theory (cf., e.g., [2, 5]).

We write N to denote the set of non-negative integers, and we
let N5, := N\{0}. Forn € Ny, welet[n] :={1,...,n} ={i €
N : 1 < ¢ < n}. Letters ¢, j, k,m,n,r, s, R will always denote
non-negative integers, and we will write » > 0 or » > 1 instead
ofr € Norr € Nx,. Foraset V we write (3) = {X CV :
| X | = 2} to denote the set of all 2-element subsets of V.

All graphs considered in this paper are simple and have a finite
and non-empty vertex set. An undirected graph G = (V, E) has
edge set £ C (\2/), a directed graph G = (V, E) has edge set
E C V xV.Given a graph G, we write V (G) and E(G) to denote
its vertex set and edge set, respectively. The order of a graph G is
the cardinality of its vertex set, i.e., order(G) = |V (G)].

In the following, we will often speak of graphs without spec-
ifying whether they are directed or undirected. In particular, this
paper’s main result holds for undirected graphs as well as for di-
rected graphs.

The subgraph of a graph of G induced by a set W C V(G),
denoted G[W], is the graph with vertex set W and whose edge set
consists of all edges ¢ € E(G) such that both endpoints of e belong
to W. Let G be a graph and u, v € V(G). A path of length k in G
from w to v is a sequence P := (uo=u, u1,...,ur=uv) of vertices
such that there is an edge from w; to u;+1 for all ¢ < k. We allow
k = 0 in which case u = v. The path is simple if u; # u; for all
1 # j. An undirected graph G is connected if for any pair u, v of
vertices, G contains a path from u to v. A connected component of



an undirected graph G is a maximal connected induced subgraph
of G, i.e., a subgraph of G induced by a set W C V(QG) such that
G[W] is connected, and there is no W’ with W ¢ W’ C V(G)
such that G[W'] is connected.

For a directed graph G, we write U(G) to denote the undirected
version of G, i.e., the undirected graph with vertex set V(G) and
edge set {{u,v} : (u,v) € E, u # v}. A directed graph G
is called connected if its undirected version U(G) is connected.
The connected components of G are defined to be the connected
components of U(G).

For two graphs G and H we write 7 : G = H to indicate
that 7 is an isomorphism from G to H, i.e., a bijective mapping
from V(G) to V(H) such that for all nodes u,v € V(G) there
is an edge from w to v in E(G) iff there is an edge from 7(u)
to w(v) in E(H). For & = (u1,...,ux) € V(G)* and 5 =
(v1,...,v) € V(H)* we write 7 : (G, @) = (H, ) to indicate
that 7 is an isomorphism from G to H such that 7(u;) = v; for all
1e{l,...,k}.

A homomorphism from a graph G to a graph H is a mapping h :
V(G) — V(H) such that if {u,v} € E(G) then {h(u),h(v)} €
E(H), for all u,v € V(G). For directed graphs, the definition is
analogous, preserving directed edges.

The distance dist® (u,v) between two vertices u and v in an
undirected graph G is the minimal length of a path between u and
v in G (in particular, it is 0 if u = v, and it is oo if there is no path
between v and v). For a directed graph G we let distG(u, v) =
distV (@) (u, v).

The greatest distance between any two vertices of a graph G is
the diameter of G, denoted by diam(G). Le.

diam(G) = max _ dist®(z,y).

z,y€V(G)
The radius of a graph G, denoted rad(G), is defined as

d(G) = mi dist (z, y).
WD = i B 9970
A vertex u € V(G) which achieves this minimum, i.e. for which
max,cv (e dist?(u,y) = rad(G), is called central. Clearly, G is
connected iff rad(G) < oo iff diam(G) < oo. It is straightforward
to see that rad(G) < diam(G) < 2 rad(G).

3. Hanf-Equivalence: a Generalisation of the
Degree Sequence of Graphs

For a (directed or undirected) graph G, a vertex v of G and a
number r > 0, the r-neighbourhood of u is the set

NE () = {v e V(G) : dist®(u,v) < r}.

We write N (u) to denote the subgraph of G induced by N (u).
Clearly, if G is of radius rad(G) < 7 and u is a central vertex of G,
then N (u) = V(G) and N.€ (u) = G.

Definition 3.1 (neighbourhood types) An r-neighbourhood type
o0 (with one centre) is specified by a tuple (F,w), where F' is a
graph and w is a vertex of F' such that N/ (w) = V(F). A vertex
u of a graph G has r-neighbourhood type o iff (./\/TG (u),u) =
(F,w). We write #,(G) to denote the number of vertices u €
V(QG) of r-neighbourhood type o.

Example 3.2 For all n > 1 let C,, be a directed cycle on n nodes.
Le., Cy, has vertex set {0, ...,n—1} and edge set {(i,i+1) : i €
{0,...,n—1}}, where addition is modulo n.

Let v > 0 and let u be an arbitrary node of Cy,. Then, the r-
neighbourhood NE™ () consists of node u, all nodes reachable
Sfrom u by a path of length at most r, and all nodes from which v is
reachable by a path of length at most r.

Thus, if 2r4+1 < n, then the r-neighbourhood type o of u in C,,
is specified by the tuple (Pari1, Wmia) where Pary1 is a directed
path on 2r+1 nodes and wpiq is the node in the middle of this
path. On the other hand, if 2r+1 > n, then the r-neighbourhood
type ¢ of u in Cy, is specified by the tuple (Cy,,w) where w is an
arbitrary node of Cy,. In both cases, all nodes of Cy, have the same
r-neighbourhood type o, and #,(C) = n.

Definition 3.3 (Hanf-equivalence) Let > 0. Two graphs G and
H are Hanf-equivalent w.r.t. radius r, in symbols:

H
e %Tanf H

if #,(G) = #,(H) for all r-neighbourhood types o (with one
centre).

Clearly, G ~f/ H if, and only if, there is a bijection § :
V(G) — V(H) such that for all vertices u of G we have

(WE(w),u) = (N (B(w)), Blu).

Using this, it is straightforward to see (cf., e.g., the textbook [18])
that G~ H implies that G z’:f’"f H for all v’ < r, and thus
#,(G) = #, (H) for all r’'-neighbourhood types ¢’ (with one
centre).

Example 3.4 Recall from Example 3.2 that Cy, is the directed cycle
on n nodes. Furthermore, let Dy, ,, be the graph consisting of two
disjoint copies of C,.

Now let r > 0 with 2r4+1 < n. As noted in Example 3.2, all
nodes of Dy n have the same r-neighbourhood type o, and this
r-neighbourhood type is specified by (Par+1, Wmia). In particular,
#0(Dn,n) = 2n. Furthermore, since 2r+1 < n < 2n, Exam-
ple 3.2 also tells us that all nodes of Cay have r-neighbourhood
type o and thus #,(Cay) = 2n. Therefore, Cay, ~a D

On the other hand, for r > 0 with 2r+1 > n, we know that
all nodes of Dy, have r-neighbourhood type o := (Cy,w) for
an arbitrary node w of Cy,. Furthermore, no node of Ca,, has this
r-neighbourhood type. Thus, #,(Dn.n) = 2n # 0 = #,(Can).
Therefore, Ca, aéf‘"'f Dy, . In summary, we thus obtain for all
n > 1andr > 0 that

Con ~' D, = 2r42 < n. )

4. Subgraph-equivalence with respect to the
generalised radius of the considered subgraphs

Definition 4.1 (embeddings) An embedding of a graph S in a
graph G is an injective mapping 7 : V' (S) — V(G) such that 7 is
an isomorphism from S to the subgraph G[{n(v) : v € V(9)}]
of G induced by the image of V'(.S) under . We write

e embs(G) to denote the set of all embeddings of S in G and
¢ #5(@) to denote the number of all embeddings of S in G, i.e.,
#s(G) = |embs(G)|.

If S is a graph with vertex set [s] = {1,..., s} (for some s > 1),
it will be convenient to identify an embedding 7 of S in a graph G
with the tuple (n(1),...,n(s)). Thus, we will identify embs(G)
with the set of all tuples T = (z1,...,%s) of s pairwise distinct
vertices of G such that for all 4, j € [s] there is an edge from z; to
x; in G iff there is an edge from 4 to j in S.

Fork > 1and 7 = (r1,...,7) € N¥ we let

F) = (Dom) + 5]

i=1



We define the generalised radius genrad(S) of a graph S as fol-
lows: Let k > 1, let S1,..., Sk be the connected components of
S, and let r1, ..., 7 be the radii of these connected components.
Then,

genrad(S) = f((r1,...,mx)) = (Z“) + 5]

To give some intuition for the definition of the generalised radius,
suppose we want to connect the k components St, ..., Sk of S by
k—1 edges to form a connected graph. Then it is easily seen that the
diameter of the resulting graph S’ is at most twice its generalised
radius. In fact, we show in Lemma 4.5 that the radius of S’ is at
most genrad(S).

Definition 4.2 (Subgraph-equivalence w.r.t. gen. radius) Letr >

0. Two graphs G and H are subgraph-equivalent w.r.t. generalised
radius r, in symbols:

e wagmph H

genrad T ’
if #5(G) = #s(H) for all graphs .S with genrad(S) < r

Example 4.3 Let us revisit the graphs D, », and Cay,. As shown in
Example 3.4, Dy, », and C3y, are Hanf-equivalent w.r.t. radius r if,
and only if, 2r+2 < n.

But for which graphs S do we have #5(Dn.n) = #35(Can)?
For example, for the graph Ts consisting of 5 disjoint directed
edges, is #1,(Dn,n) = #15(Can)? And for which numbers r are
the graphs Dy, , and Cs, subgraph-equivalent w.r.t. generalised
radius r?

Our following Theorem 4.4 gives an answer to this question:
Dy.n %;i}:,f;f]pﬁ Con <= Dnn %I:anf Con <= 2r+2 < n.
In particular, for n > 2r+2 and r > genrad(T5) = 7 we have
#T5 (Dnm) = #T5 (OZn)-

The main result of this paper states that Hanf-equivalence

w.r.t. radius r and subgraph-equivalence w.r.t. generalised radius
r coincide, i.e.:

Theorem 4.4 For all graphs G, H and all r > 0,
G =~ [ if and only if, G =25 " H.

genrad T

The remainder of this section is devoted to the proof of Theo-
rem 4.4. For the proof, the following generalisation of r-neighbour-
hood types (with one centre) to #-neighbourhood types with k cen-
tres is essential.

Letk > 1,let7 = (r1,...,71%) € N*. For a graph G and a
k-tuple @ = (u1,...,ur) € V(G)*, the F-neighbourhood of @ is

the set
U NT (us).

We write NV () to denote the subgraph of G induced by N¥ ().
An 7-neighbourhood type T (with k centres) is specified by
a tuple (F,w) where F' is a graph and @ € V(F)* such that
NE(w) = V(F). A k-tuple @ of vertices of a graph G has 7-
neighbourhood type T iff (./\/;G(ﬁ),ﬂ) & (F,w). We write
e type€ (4) to denote the 7-neighbourhood type of the k-tuple
€ V(Q)*,
e set. (@) to denote the set of all k-tuples @ € V(G)* of 7-
neighbourhood type 7, and

e #.(G) to denote the number of k-tuples @ € V(G)* of -
neighbourhood type 7, i.e., #-(G) = |set- (G)].

In the following, whenever we write 7 = (F, @), we actually mean
that 7 is specified by (F, w).

Lemmad.5 Letk > 1, let7 = (r1,...,7,) € N*, and let T be an
7-neighbourhood type with k centres, specified by a tuple (F,w).
If F' is connected, then rad(F) < f(7).

Proof. Let T be an 7-neighbourhood type with k centres specified
by (F,w) with @ = (w1,..., wy) such that F is connected. In
particular, V/(F) = N/ (w1) U -+ U N} (wg). Our goal is to
show that rad(F") < f(7).

Let G be the weighted undirected graph with vertex set V(G) :=
{w1,...,w} such thatfor all w;, w; € V(G) withw; # w; there
is an edge between w; and wj if, and only if, the subgraph H of F’
induced by N/ (w;) U Nf;. (wjy) is connected. The weight of this
edge is dist” (w;, w;). Clearly, dist™ (w;, w;) <7 + 14 7.

Since F’ is connected, we know that also G is connected. Let T
be a spanning tree of G. In particular, T has vertex set V (Tp) =
{w1,...,wr}. The length of a path in T} is defined to be the sum
of the weights of the edges traversed by the path, and the distance
dist™ (w;, w;) between two nodes w; and w; of Ty is defined as
the length of the (unique) simple path (w;, we, , . .., we, , w;) from
w; to w; in Tp. Clearly,

dist™® (wh u)j)
s—1

ritltre + > (re,+ltre,,,) + re,+14r;
v=1

N

+ (1) + Y 2r,.

v=1

= T+

Furthermore, as the vertices w;, we, , . . .
tinct, s+2 < k and

diStTO (wi,wj) < i+t (k—l) + Z 2r,.  (2)
ve{l,...k}\{i,j}

Now let T be the tree obtained from 7 as follows: For each
i € {1,...,k} and each vertex v € Ni(wi) with v # w; let
t(i,v) be a new node of T3 that is attached to node w; by an edge
of weight dist” (w;, v). Clearly, T} is a tree. Using Equation (2), it
is straightforward to see that the distance between any two nodes
u,u’ of Ty is

, Wy, , W; are pairwise dis-

dist™ (u,u') < (k=1) + > 2rs. 3)

Now let 75 be the unweighted tree obtained from 7' by replacing
every edge of weight ¢ € N by a path of length c. Using Equa-
tion (3), it is straightforward to see that

k
diam(T3) < (k—1) + > 2r. 4)
i=1

It is well-known (and easy to see) that rad(7") < % for any
(unweighted, undirected) tree 7T'. . Together with Equation (4) we
therefore obtain that

rad(T) < [&] + Z“ = f(. 5)

All that remains to do is to show that rad(F) < rad(7z).
Towards this aim, we construct a surjective homomorphism h :
V(T2) — V(F) as follows. For any pair w;, w; such that e; ; :=
{ws,w;} € E(T1) choose a path P; ; in U(F') between w; and
w; of length d; ;, where d; ; is the weight of the edge e; ;. This
path exists by construction of 71. Analogously, for any ¢(i, v) and
w; choose a path Py(; ,y between v and w; in U(F) of length d
where d is the weight of the edge between ¢(i,v) and w; in T5.
Now define h : V(T3) — V(F) such that



o h(w;) =w;, foralli € {1,...,k},
® h(t(i,v)) =v,foralli € {1,...,k} andallv € V(F) and

e h maps the vertices of the simple path between w; and w; in
T to the vertices of P; ; and the vertices of the simple path
between t(i,v) and w; in Ty to Py(; ., so that for all nodes
u,u’ € V(Ty), if there is an edge between u and v’ in T then
there is an edge between h(u) and h(u') in U(F).

By construction, h is a surjective homomorphism from 7% to U(F).
In particular, this implies that

dist™ (u,u’) > distF(h(u),h(u/)) 6)

for all nodes u, u’ of T5.

Now let u. € V(1) be a central vertex for T%. Let v := h(u.)
be the corresponding vertex in F'. Now let v be an arbitrary vertex
of F. Since h is surjective, there exists an u € V(7%) such that
h(u) = wv. Using Equation (6), we obtain that dist” (v,v.) <
dist™ (u, uc) < rad(Tz). Thus, rad(F) < rad(T%). This completes
the proof of Lemma 4.5. O

We now turn towards the proof of Theorem 4.4. To this end,
we first show that if two graphs are Hanf-equivalent with respect
to radius R then every neighbourhood type (F,w) of generalised
radius at most R occurs in both graphs for the same number of
times. This will be the main technical tool to show that Hanf-
equivalence implies subgraph-equivalence for suitable radii. We
first prove this intermediate step for connected types (F,w), see
Lemma 4.6, which forms the base step for the general case in
Lemma 4.7.

Lemmad.6 Let k > 1, let 7 = (r1,...,7%) € N* and let
7 = (F,w) be an T-neighbourhood type with k centres such that
F is connected. If G and H are graphs with G =% H for some
R > f(7), then #.(G) = #(H).

Proof. Let G and H be graphs such that G %ﬁa"f H for some
R > f(7). Clearly, as zf{’"f is symmetric, it suffices to show
that #.(G) > #.(H), i.e. to exhibit a surjective mapping from
set-(G) to set.(H).

As G =M [ there is a bijection 8 : V(G) — V(H) such
that for all vertices u of G there exists an isomorphism

Ty (/\/’g(u),u) = (Ng(ﬂ(u)),ﬂ(u))

In particular, 7, (u) = B(u). Furthermore, for every tuple u
(u1,...,ur) € set-(G) let us fix an isomorphism ag : (F, @)
(NE (@), w). Analogously, for every & = (v1, ..., vy) € set.(H)
we fix an isomorphism o : (F, %) 2 (N (3), ).

Let w = (wi,...,wg). Since F is connected, Lemma 4.5
implies that rad(F') < f(7) < R. Let wo be a central vertex of F.
Clearly, since rad(F) < R, we have N§ (wo) = V(F) = N (w).

We now define a mapping v : set. (G) — V(H)" as follows:
for every k-tuple & = (u1,...,ux) € set-(G) we let ug :=
ag(wo) and 7 := my, and choose

'y((u1, o ,uk)) = (TF(U1), ooy m(ug) )
We claim that -y is a surjective map from set, (G) — set.(H), i.e.

(1) ~ is well-defined and ~y(u) € set.(H) for all u € set,(G) and

(2) for every v € set.(H) there is a 4 € set,(G) such that

v = ~(a).

Towards (1), let @ = (u1,...,ux) € set,(G). By construction,
g is an isomorphism from F' to N (@) which maps w; to u;, for
all i € {1,...,k}. Furthermore, N (%) = V(F) = NF (wo).
This implies for wuo := ag (wo) that N& (@) € N§ (uo).

By assumption, 7 := 7, is an isomorphism from NS (uo) to
NEH (B(uo)) with w(uo) = B(uo). As N& (a) C N§ (uo), 7 is
defined on w1, . . . u, and therefore ~y is well-defined.

Furthermore, the restriction of  to the set N& (@) is an isomor-
phism from N (@) to N (m(u1), . .., 7(ux)) and thus witnesses
that type (y(@)) = 7, i.e., v(a) € set-(H).

Towards (2) let o = (v1,...,vk) € set-(H). By construction,
g is an isomorphism from F' to V7 (%) which maps w; to v;, for
alli € {1,...,k}. Furthermore, NZ (w) = V(F) = N§ (wo).
This implies for vg := a(wo) that N2 (T) C N (vo).

Letting uo := S~ '(vo) and 7 := 7y, 7 is an isomorphism
from N (uo) to NF (vo) with 7(uo) = wvo. In particular, since
v1,...,0x € NH(vo), we can choose u; := 7 '(v;) for all
1€ {1,...,k}. Clearly, for @ := (uu,. .., ux), the restriction of 7
to N¥ (@) is an isomorphism from N (@) to N () which maps
ui tovg, foralli € {1,...,k}. Thus, rypeS (@) = 7 and (@) = 7.
In summary, we obtain that ~y is a surjective mapping from sez, (G)
to set- (H). This completes the proof of Lemma 4.6. O

In the next lemma we generalise the previous lemma to the case
that F' is not connected.

Lemma 4.7 Let R > 0 and let G and H be graphs such that
G %g‘mf H. Forallk > landall T = (r1,...,71%) € N* with
f(7) < Rwe have #.(G) = #,(H), for all F-neighbourhood
types T with k centres.

Proof. The proof proceeds by induction on the number c of con-
nected components of 7.

Induction base: ¢ = 1. The case where 7 = (F,w) is an 7-
neighbourhood type with k centres such that F' is connected was
already established in Lemma 4.6.

Induction step: ¢ — c+1. We can assume the following

Induction hypothesis: #.,.(G) = #,/(H), forall k' > 1,
all # = (ry,...,r) € N¥ with f(#') < Rand all #-
neighbourhood types 7/ = (F',@’) with k' centres such
that I has at most ¢ connected components.

Letk > land 7 = (r1,...,7%) € N* with f(7) < R. Let
7 = (F,w) be an 7-neighbourhood type with k centres such that
F consists of c+1 connected components. Our goal is to show that
#r (G) =#: (H)

Let w = (w1,...,ws). Let F1 be the connected component of
F that contains vertex wi, and let F> be the graph obtained from
F by removing F. Then

e [ is the disjoint union of F and Fb,
e F7 is connected and
e F5 consists of ¢ connected components.
ForasetI C {1,...,k} and a k-tuple @ = (a1, ..., ar) we write

ar to denote the tuple of length |I| obtained from a by deleting all
components that do not belong to I. Let

I = {ie{1,...,k} : vertex w; belongs to F },
L = {1,...,k}\ i
= {ie{l,...,k} : vertex w; belongs to F>},



and consider the neighbourhood types 71 := (Fi,wr,) and
To 1= (F2,1D12). Clearly,

#:(G) = [{ue V(G)" : npef (a) = 7} |
typeS (@) = T and o)
= |[{aeV(G): typeml (@r,) = 71 and
typer12 (u12) = T2
and
#-(H) = [{ve V(H)" : npefl () =7} |
type () = 7 and ®)
= o ev(H) : vper, (or,) =7 and
typer, (U1,) =7

Note that, for ¢ € {1,2}, 7; is an 7,-neighbourhood type with
ki := |L;| centres and f(7;;) < f(F) < R. Since F; has at
most ¢ connected components, by induction hypothesis, #, (G) =
#.,(H) for each ¢ € {1,2}. Since #-,(G) = |set;,(G)| and

#.,(H) = |set;,(H)|, we obtain
e U = and
aevicy P ) =
typerl ( 2) =T2

= |setr, (G) X set-, (G) |
| setr, (H) X setr,(H) |
{@e V(H) type?;l(_ n)=m and H

el (o1,) = 72

(C))

Now let T be the set of all 7-neighbourhood types 7" = (F’,w")
with & centres such that:

(1) typey, (w7,) =71,
) typefll2 (@7,) = T2, and

(3) F’ consists of at most ¢ connected components.

It is straightforward to see that

typeFGI1 (tr,) =71 and
u € V(G)k typeglz (7112) =T and
typed (@) # 7 (10)
= U {ae V(G : typel(u) =7
T'eT
and
ypeH (0r,) =71 and
5 € V(H)* : nype %(w—m and
typef (v) # T (11)
= [J {oeV(H)" : tpef (v) = 7'},
T'eT

where “(J” indicates that this is a union of pairwise disjoint sets.
By the induction hypothesis, #,/(G) = #,(H) forall 7' € T.
Hence, for every 7’ € T,

[{aeV(G)*
= #.,./(H) =

s oyper (W) =7} = #.(G)

12
B e VD : pel @) =7}].

The equations (10), (11), and (12) imply that

type?l (@r,) =7 and
a € V(@) : typef; (@r,) = T2 and
type;. ( )FT
(13)
typeﬂ1 (01,) =71 and
= Woevu® : opel (o1,) = and
npe (0) # 7
The equations (13) and (9) imply that
lypegl1 (@r,) =71 and
a € V(G : typegl2 (ir,) = 72 and
typel (u) =T
(14)
typefz71 (0r,) =71 and
= veV(H)" : typef12 (U1,) = T2 and
npef (V) =T
From the equations (14), (7), and (8) we obtain that #,(G) =
#.(H). This completes the proof of Lemma 4.7. O

Next, we will transfer the result of Lemma 4.7 to the notion of
subgraph-equivalence w.r.t. generalised radius r.

Lemma 4.8 Let R > 0 and let G and H be graphs such that
G =" H. Let S be a graph. If genrad(S) < R then #35(G) =
#s(H).

Proof. W.lo.g. we assume that V(S) = [s] for some s > 1.
Let kK > 1 be the number of connected components of S and let
S1,...,Sk be the connected components of S of radii 71, ..., rg.
Foreachi € {1,...,k} let¢; € V(S) be a central vertex for .S;
— these vertices c1, . . ., ¢, Will be fixed throughout the remainder
of this proof. Let 7 = (r1,...,7r%) and € = (cy,. .., ck). Clearly,
NZ (@) = V(9).

An 7-neighbourhood type 7 = (F,w) with k centres is called
compatible with (S, ) if there is an embedding Z = (z1,...,2s) C
V(F)® of Sin F such that z., = w; forall¢ € {1,...,k}. Recall
that we represent embeddings of S by s-tuples of elements in F',
see the remark after Definition 4.1.

We let T be the set of all 7-types with k centres which are
compatible with (S, ¢). Clearly, f(7) = genrad(S) < R. Hence,
we obtain from Lemma 4.7 that #,(G) = #,(H), forall T € T.
Le., for each 7 € T, there is a bijection v : set.(G) — set-(H).
Thus, for each 7 € T and each @ € set,(G) and for ¥ := ~,(a)
we know that fypeS (@) = 7 and type () = 7, and hence there
is an isomorphism 7z : (N¥ (@), @) = (N (v),0) — this
isomorphism 7y will be fixed throughout the remainder of this
proof.

Our goal is to show that #5(G) = #s(H). Note that, by
symmetry (since G %Ié“"f Hiff H zz“”f @), it suffices to show
that #s(G) > #s(H).

We define a mapping S : embs(G) — V(H)?® as follows: For
every T = (z1,...,2s) € embs(G) we let

,Uk) = (‘rclv"'vmck)v

and we let 7 = rypeS (@) be the 7-neighbourhood type (with k
centres) of @ in G. Since T € embgs(G), we know that 7 is
compatible with (S, €), and thus 7 € T'. Therefore, we can choose
m = Ty and let

= (u1,...

B(x) = (m(z1),...,7(ws)).
To conclude the proof, it suffices to show that 3 is a surjective
mapping from embs(G) to embs(H), i.e. that



(1) B is well-defined, 3(Z) € embs(H) for all T € embs(G), and

(2) for every § € embg(H) there is a T € embs(G) such that

y = B().

Concerning (1) let T = (x1,...,2s) € embs(G) and let
@ = (Tey,y...,Te,) be its centres. Let 7 := typeS () and let
T = 7gz. We know that 7 is an isomorphism witnessing that
(NE (a),a) =2 (N (0),0) for v := - (a).

Since 7 is an embedding of S in G, V(S) = NZ(¢), and
(Teys .-, Tey) = 1, weknow that {z1,..., x5} C N (). Thus,
7 is defined on x1, . . ., zs, and hence (3 is well-defined.

Furthermore, since 7 is an isomorphism from N (@) to
N (%), forall i,5 € {1,...,s} there is an edge from x; to x; in
G if, and only if, there is an edge from 7(z;) to w(x;) in H. Thus,
since Z is an embedding of S in G, also § = (7(z1),...,7(xs))
is an embedding of S in H, i.e.,§ € embs(H).

Concerning 2) let § = (y1,...,ys) € embs(H). Let v :=
(Yers---3Yey,) and let 7 = typeg (¥) be the 7-neighbourhood type
(with k centres) of ¥ in H. Since § € embgs(H), we know that 7
is compatible with (.5, ¢), and hence 7 € T and {y1,...,ys} C
N (%). We choose @ = (u1, . .., ux) := 77 (7). Welet 7w := 74
and choose # = (z1,...,%s) with z; = 7 '(y;) for every
1 € {1,...,s}. Clearly, 3(Z) = @. This concludes the proof of
Lemma 4.8. O

Now we are ready for the proof of Theorem 4.4.

Proof of Theorem 4.4.
For the “only if” direction let G ~%“/ H. Our goal is to show that
G ~_Subgraph H

~genrad T .

To this end, let S be a graph on vertex set V(S) = [s] for
s > 1, such that genrad(S) < r. From Lemma 4.8 we obtain that

#5(G) = #5(H). This shows that G ~"*""" H

genrad v

For the “if” direction let G z;ﬁ:‘ﬁzp " H. Our goal is to show that

G~ [, ie. that # () (G) = #(rw)(H) for all neighbour-
hood types (F, w) with one centre and radius < 7. W.L.o.g. we will
always assume that V(F) = {1,...,|V(F)|} and w = 1.

Let T" be a set of all such r-neighbourhood types which for
each isomorphism type only contains one copy, i.e. such that for
all p = (F,1) € Tand o' = (F',1) € T,if (F,1) = (F', 1),
then F = F’. Our goal is to show that #,(G) = #,(H) for all
oeT.

For each ¢ = (F,1) € T we know that V/(F) = N5 (1), and
hence rad(F') < r. Furthermore, as F' is connected, genrad(F') =
rad(F) < r. Thus, G~ H implies that # ¢ (G) = #r (H).
Note that this does not immediately imply that #,(G) = #,(H)
for all neighbourhood types ¢ = (F,w) of radius at most r as
neighbourhood types have a distinguished element w. We therefore
proceed as follows.

The size of o = (F,1) is defined to be |V (F)|. Let o =
(F,1) € T be of size s. We say that an r-neighbourhood type
o = (F',1) € T is compatible with g if there exists at least one
embedding (z1,...,2s) € V(F')° of Fin F’ with 21 = 1 (i.e.,
the embedding associates the centre node 1 of F' with the centre
node 1 of F). Clearly, the following is true:

If o' = (F',1) € T is compatible with o = (F,1) €
T, then either (F’,1) = (F,1) (and thus o' = p,
according to our choice of T') or the size of ¢’ is strictly
larger than the size of p.

15)

For o € T we write comp(p) to denote the set of all o’ € T which
are compatible with g.
For o = (F,1) € T and ¢ = (F',1) € T we let set,(0') be

the set of all embeddings (z1,...,2s) € V(F’')® of F in F’ with

z1 = 1, where s is the size of o.

Claim 1 For every ¢ = (F,1) € T and every graph G the
following is true:

#(@) = Y #4(G) #uld).

o’ €comp (o)

Proof of the claim.
Let s be the size of p. By definition, we know that

#r(G) = [{z=(21,...,25) € V(G)’ : T € embr(G)}|.

We let U be the set of all w € V(G) for which there exists an
embedding (z1,...,2s) € embr(G) such that x1 = w. For every
u € U we let X, be the set of all (z1,...,zs) € embr(G) with
z1 = u. Clearly,

#r(G) = D |Xul|-
uelU
Let T” be the set of all o' € T for which there exists an u € U
whose T-neighbourhood type in G is ¢'. It is straightforward to see
that the following is true for each o' € T":

e o' is compatible with o.
e For each v € V/(G) of r-neighbourhood type o we have
velU.
e For each u € U of r-neighbourhood type o’ we have | X,| =
#o(0)-
Thus,
#r(G) = YucvXul = Lper Xvevio) #o(c)
of type o
= Yper #o(G) - #o(d)
We already know that 7" C comp(p). On the other hand, for all
o = (F',1) € comp(o) with #,(G) # 0, there must be a
v € V(G) of r-neighbourhood type ¢'. Since o’ is compatible with
0, we obtain that there is an embedding (z1,...,z;) € V(G)® of
F in G with 1 = v. Thus, v € U and ¢ € T’. Therefore, we
obtain that #, (G) = 0 for all o' € comp(o) \ T'. In summary,
this leads to
#r(G) = X yer #eo (G) #o(0')
Zg’ecomp(g) #Q’ (G) : #Q(Ql)'

This completes the proof of the claim. n

Recall that we already know that #7(G) = #r(H) for all p =
(F,1) € T.Our aim is to show that #,(G) = #,(H ). We proceed
by backward induction on the size of g.

Induction base:

Let Smax be the maximum size of an r-neighbourhood type o (with
one centre) with #,(G) > 1 or #,(H) > 1. Hence, forall p € T
of size § > Smax We have #,(G) = #,(H) = 0.

Induction step: s+1 — s

By the induction hypothesis we know that #,/ (G) = #, (H) for
all o' € T of size at least s+1.

Now let o = (F,1) € T be of size s. Our goal is to show that
#0(G) = #,(H). By the claim above we know that

#5(G) =2y coomp(o) #eo' (G) - #o(0')  and
#r(H) = 32y ccomp(o) #or (H) - #0(0)-

Furthermore, from (15) we know that all ¢’ € comp(p) with ¢’ # o
have size at least s+1. Hence, the induction hypothesis tells us that



#o/(G) = #, (H) for all o' € comp(o) \ {o}-

In summary, we thus have

#0(G) - #0(0) #r(G) — Z

o' €comp(e)\{e}

#r(H) — Y
o’ €comp(e)\{e}
= #Q(H) ) #Q(@)'

Since #,(p) > 1, we obtain that #,(G) = #,(H).
This completes the proof of Theorem 4.4. a

#e (G) - #o(0)

#Q’(H) : #9’(9)

5. Subgraph-equivalence with respect to the
order of the considered subgraphs

In the previous section we have established a tight relation be-
tween Hanf-equivalence and subgraph-equivalence with respect to
the generalised radius. Instead of using the generalised radius,
subgraph-equivalence can also naturally be defined with respect to
the order (i.e. the number of vertices) of the subgraphs. This con-
cept is the object of study in this section and again we show that
Hanf-equivalence implies subgraph-equivalence with respect to the
order. We first formally define this alternative notion of subgraph-
equivalence.

Definition 5.1 Let s > 1. Two graphs G and H are subgraph-
equivalent w.r.t. order s, in symbols:
G Nmbgmph H

order s

if for all graphs S of order at most s we have #s(G) = #s(H).

The goal of this section is to determine the relation between
Hanf-equivalence with respect to radius r and subgraph-equivalence
with respect to order s. We will do so by reducing this question to
the results of the previous section. As a first step towards our aim
we derive an upper bound for the generalised radius of a graph with
respect to its order. As we will show below (see Example 5.3), this
bound is tight.

Lemma 5.2 Let S be a graph of order s = |V (S)|. Then
genrad(S) < [3s/4].

Proof. Let k > 1 be the number of connected components of .S
and let 71 < - -+ < 7, be the radii of these connected components.
By definition we have genrad(S) = (Zf i)+ L |- Let
j =2 0besuchthatr; =0foralle < jandr; > 1foralls > j+1.

Observe that a connected graph of radius r; = 0 contains
exactly 1 node, and a connected graph of radius r; > 1 contains
at least 27; nodes. To see the latter, note that the worst case is a
graph consisting of a path on 27; nodes v1, . .. v2,;. Then, each of
the nodes v,,; and v,,+1 is a central node, and the radius of this
graph is exactly r;.

By this observation we know that |V (S;)| = 1 forall ¢ < j and
[V (S:)| = 2r; forall ¢ > j+1. Thus,

k
s = VSl = IVl = 5+ Z 2 = j+2 Zn,
i=1

i=j+1
and hence > | r; < |32 |. Furthermore, since r; > 1 for all
i > j+1, we have

k
S>j+z2n J+ZQ j+2k—17)
i=j+1 i=j+1

and hence k < LSH

(s+7)/2 ie. |5]
genrad(S) < |%5%] + |2
= [*7] < [%]

This completes the proof of Lemma 5.2. g

| . In summary,

4
2 < |5+

The following example shows that the bound achieved in Lemma 5.2
is optimal.

Example 5.3 For k > 1 let S be the graph consisting of k con-
nected components, each of which consists of a single edge. Then,
S is of order s = |V (S)| = 2k and

k
k:
(D) + L5]
i=1

If k=2K" fork' € N5, then genrad(S) =3k’ =

genrad(S k+ LgJ .

[3s/4].

Using Theorem 4.4 and Lemma 5.2, we immediately obtain the
following consequence.

Corollary 5.4 Let s > 1 and let v > |3s/4]. If G and H are
graphs with G =8 H | then G ~"?¢""" H.

order s

Proof. Let G and H be graphs with G~/ [ By Theorem 4.4,
G~ [ 1., for all graphs S with genrad(S) < r we have

~genrad T
#5(G) = #s(H).

Furthermore, by Lemma 5.2, genrad(S) < |3s/4] < r for all
graphs S of order at most s. Thus, #s(G) = #s(H) for all graphs
S of order at most s, i.e., G A2 ff, O
The next example shows that Corollary 5.4 cannot be strengthened
to any r < |3s/8].

Example 5.5 Recall from Example 3.2 and Example 3.4 that C,,
is a directed cycle of n nodes, and D, , is the graph consisting of
two disjoint unions of C,.

Recall that, for a graph G, a set E C E(Q) is an induced
matching if the subgraph of G induced by the (endpoints of the)
edges in E has no connected component containing more than one
edge. For example, for any n > 2,

E, = {(1,2),(4,5),(7,8),...}
= {(3i—2,3i—-1) : 1 <i< [n/3]}

is a maximal induced matching for C,,. Hence, the maximum size
of an induced matching in Cy, is |n/3].

For each k > 1 let Ty be the graph consisting of k con-
nected components, each of which consists of a single directed
edge. Clearly, for any graph G we have #r, (G) > 1 iff the maxi-
mum size of an induced matching in G is at least k.

Now let k = 2k'+1 for k' > 1, let n = 3k'+2, and let G
be the graph D, . Note that any induced matching E in G has
size < 2k', since E can contain at most k' edges of each of the
two connected components of G. Thus, since 2k’ < k we have
#1,(G) =0.

Furthermore, let H be the graph Cay, i.e., H is the directed
cycle on 2n = 2 - (3k’ + 2) = 3k + 1 nodes. Since |2n/3] = k,
we know that the maximum size of an induced matching of H is k,
and hence #r1, (H) > 1. Thus, #1, (G) # #1,(H), and hence
for s = |V (Tx)| = 2k we have G 324" H.

Recall that H = Cy, and G = Dy, , forn = 3k'+2. As noted
in Example 3.4, G =% H for r = |3K'/2). If k' = 2k" for
k" > 1, we have r = 3k" and s = 2k = 4k'4+2 = 8k"+2. Thus,
[3s/8] = [3k" + (3/4)| = 3k" =1

In summary, for r = |3s/8], G and H witness that G ~Hanf pr
but G ,/ierubgmph

order s



6. Conclusion

In this paper we proved a strong relation between the logical notion
of Hanf-equivalence and the graph-theoretical concept of subgraph-
equivalence, with respect to the generalised radius as well as the
order of subgraphs.

This result has implications to the equivalence of graphs un-
der purely existential formulas. For example, we immediately ob-
tain the following corollary, where, by union of conjunctive query
we mean a finite disjunction of first-order sentences of the form
3z1 - -z YP(21,. .., xs), where ¢ is a conjunction of atoms and
negated atoms.

Corollary 6.1 Let G, H be graphs, s > 1, and r > |3s/4].

If G =M H then G and H satisfy the same unions of conjunctive
queries of quantifier rank at most s.

Proof. By Corollary 5.4, as G~ H, we have G ~"""""" H.
Let ¢ be a union of conjunctive queries of quantifier rank at most
s. W.lo.g. we may assume that ¢ is of the form \/f:1 @i With @; =
dxq - - - x5 1s, where 1); is a maximal conjunction of literals, i.e.,
1; 1s a conjunction of atomic or negated atomic formulas so that
for all pairs x¢, z,, of variables either E(z¢, Zm) or 7 E(x¢, Tm)
and either xy=x,, or =x,=x,, occurs in ;.

It follows that each satisfiable ¢, defines, up to isomorphism, a
graph on at most s vertices. As the number of such graphs is the
same in G and H, it follows that the sentence (; is true in G if, and
only if, it is true in H. Thus, G |= ¢ if, and only if, H |= . O

In fact, the proof of the corollary shows that not only ¢; is true
in G if, and only if, it is true in H, but the number of witnesses is
the same in G and H. It is likely, therefore, that the previous result
can be generalised from unions of conjunctive queries to suitable
counting versions of existential first-order logic, for instance to the
very general counting logics studied in [13, 16]. Furthermore, ag-
gregate functions, as they are commonly used in relational database
querying, can be formalised in such counting logics [14]. Hence, it
could be possible to use our result for proving expressivity bounds
for fragments of languages with aggregation. We defer these gen-
eralisations to the full version of this paper.
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APPENDIX
A. AN EXAMPLE

In this appendix, we pick up the paper’s running example of con-
sidering the graph C's,, and D,, »,, where Ca,, is a directed cycle on
2n nodes and D, ,, is the disjoint union of two directed cycles on
n nodes (cf., Example 3.2 and Example 3.4).

For all ¢ > 1 let P, be the graph consisting of a single directed
path on ¢ nodes (i.e., the path has length /—1). It is not difficult to
see that P, has radius rad(P;) = [£/2].

For all k£ > 1 let Sk ¢ be the graph consisting of a disjoint union
of k copies of P,. More precisely, Sk ¢ is the graph with vertex set
{1,...,kl}, and for all ¢ € {1,...,k}, the edges of the i-th path
of Si,¢ go from vertex (i—1)¢ + j to vertex (i—1)¢ 4 j+1, for all
j € {1,...,£—1}. In particular, Sy ¢ has size k¢ and generalised
radius

genrad(Ske) = k-|4/2] + |k/2]. (16)
The next two lemmas give an answer to the following question:

How often can the graph Si ¢ be embedded in C3, and D, .,
respectively?

Lemma A.1 Forall k,{,n > 1, the following is true.
0 ifn < k-({+1)
#Sk,e (Cn) =

ne (k=1 ()

b1 otherwise.

In particular, if n > k- ({+1), then #s, ,(Cn) =n- %.



Proof. 1t is straightforward to see that Sy ¢ can be embedded in C,,
if, and only if, n > k - (¢+1). Thus, for the remainder of the proof
it suffices to consider the case where n > k - (¢+1).

Now let Z = (z1,...,Zke¢) be an arbitrary embedding of Sk ¢
in C,,. Then, for each ¢ € [k], the starting point of the embedding
of the i-th path of Sk ¢ is the vertex y; := x(;_1)¢41.

We define the tuple d(z) = (v,m, (g1,...,gk)), which will
serve as a unique description of Z, as follows: v := x1 = y; is the
starting point of the embedding of the first path of Sy ¢, and 7 is the
permutation of {2,...,k} and (g1, .., gk) is the tuple of natural
numbers, such that the following is true (where addition is modulo
n) forv; ;== vand viy1 :==v; + €+ g1:

en= Zf=1(£ + i)
e Forall i € {2,...,k}, vertex v; is the starting point of the
embedding of the 7r( )-th path of Sy ¢, i.e., vi = Yr(i)-

® vy =vg + £+ gk

Since Z is an embedding of Si ¢ in C',, we know that g; > 1 for all
i € {1,...,k}. Furthermore, since n = 7, (£ 4 g;), we have
Zle gi = n — k. Therefore, for every & € embs, ,(Cy), the

description d(Z) belongs to the set D defined as follows:

D consists of all tuples (v, (g1, - ,gk)) such that
v € V(C,), w is a permutation of {2, ..., k},
and (g1,...,9r) € N&, with 3°F | g = n—ke.

It is straightforward to see that d(Z) # d(y) whenever T,y €
embs, ,(Cy) with Z # g. Furthermore, for every tuple ¢t € D,
there is an embedding Z € embs, ,(Cn) such that d(z) = t.
Thus, #s, ,(Cn) = |D|. Clearly, |D| =n-(k—1)!-~v(k,n—k£)
where, for all k,n > 1, v(k,n) = [{(g1,...,95) € N&, :
SF L gi=n} | is the number of compositions of n into an ordered
sum of k positive integers. It is well-known (and easy to see) that
v(k,n) = (}~]). In summary, we obtain that #5,.,(Cn) =

n- (k=1 ("5. O
Lemma A.2 Forall k,{,n > 1, the following is true:
k
#Skz Z #5]2 n) - #s)_ ]e( n)s
j=0

where we fix #s, ,(G) =1 for all graphs G.

Proof. For each I C {1,...,k} let X; be the set of all embed-
dings of Sk in D, , where, for each i+ € I, the i-th path of
Sk,e is embedded in the first cycle of D,, ,, and for each i’ €
{1,...,k} \ I, the i'-th path of Si, is embedded in the second
cycle of Dy, . Clearly, the set embs, ,(Dn,») is the disjoint union
of the sets X7 for all I C {1,...,k}. Le, #s, ,(Dn,n) =

2orcqi,... ky [ X1l It is straightforward to see that for every j €
{1,...,k—1} and foreach I C {1,...,k} of size j, we have
X1l = #s;,(Cn) - #sy_;,(Cn).

Furthermore, |Xg| = |X (1, xy] = #5,,,(Cn) = #s5,,(Cn) -
#5,.,(Cn) for #s,,(Crn) := 1. Tn summary, we obtain that

k
#ous(Dan) = D 3 #olCn): #5,54(Cn))

J=0  IC{L,...,

w.mm ]
"k
= > ( > - #5,,(Cn) - #s,,_;.,(Ch)-
j=0 J

This completes the proof of Lemma A.2. a

k | oUk) | g(Ux) | #(Cra) | #(Di2a2) | #(C24)
1 3 1 12 24 24
2 6 3 60 408 408
3 9 4 24 4,368 4,368
4 12 6 0 23,904 | 23,760
5 15 7 0 28,800 | 40,320
6 18 9 0 11,520 2,880
7 21 10 0 0 0
Table 1. Results concerning Example A.3: Let Uy := Sk 3 for

all k > 1; “o”, “g”, and “#” are abbreviations for order, genrad,
and #vy, . Using equation (16), Lemma A.1, and Lemma A.2, one
obtains the values indicated in the table.

k | oTk) | g(Tk) | #(Cs) | #(Dss) | #(Ci2)
1 2 1 6 12 12
2 4 3 6 84 84
3 6 4 0 216 240
4 8 6 0 216 72
5 10 7 0 0 0

Table 2. Results concerning Example A.4: Let T}, := Sk 2 for
all k > 1; “o”, “g”, and “#” are abbreviations for order, genrad,
and #7, . Usmg equation (16), Lemma A.1, and Lemma A.2, one
obtains the values indicated in the table.

Example A.3 Consider the graphs Cay, and Dy, p, forn = 12, i.e.,
the graphs Ca4 and D12 ,12. By equation (1) we know that

Coa ’&‘I;a"f Di2,12 and Cay aé’g“"f D12,12.
Theorem 4.4 thus tells us that

(i) #5(Cas) = #s(D12,12)

for all graphs S with genrad(S) < 5, and
(ii) #51(C2a) # #5/(Di2,12)

for some graph S’ with genrad(S’) = 6.

In fact, Table 1 shows that S’ can be chosen to be the graph
U4 = 54,3.

Letting Uy := Sis (for all k > 1), Table 1 shows that
#u, (Caa) = #uv,(Di2,12) for k € {1,2,3} and for k > 7,
whereas #u, (C24) # #uv, (D12,12) forall k € {4,5,6}.

Example A.4 Consider the graphs Cay, and D, », for n = 6, i.e.,
the graphs C12 and Dg ¢. By equation (1) we know that

Cia & Dg 6 and Cha 85 Dg . (17)
Theorem 4.4. thus tells us that

(i) #s(C12) = #s(Ds,s)

for all graphs S with genrad(S) < 2, and
(ii) #s/(C12) # #5'(De,s)

for some graph S’ with genrad(S") = 3.

It is straightforward to see that S’ can be chosen to be the graph
Ps, i.e., the directed path on 6 nodes, for which # p,(C12) = 12
and #P6 (DG,G) =0.

On the other hand, Table 2 shows that T> := Sk, 2 is a graph of
generalised radius 3 where still #1,(C12) = #1, (D).

Letting T, := Sk,2 (for all k > 1), Table 2 shows that
#1,.(Cr2) = #1,(Des) for k=1, k=2, and k > 5, whereas
3#7",C (012) ;é #Tk (Dg,a)for k,‘=3 and k’=4,



