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Abstract. We show how one can formalise quantifiers in the categorical compositional distributional model
of meaning. Our model is based on the generalised quantifier theory of Barwise and Cooper. We develop an
abstract compact closed semantics and instantiate it in vector spaces and in relations. The former is an example
for the distributional corpus-based models of language and the latter for the truth-theoretic ones.

1 Introduction

Vector space models of natural language are based on Firth’s hypothesis that meanings of words can
be deduced from the contexts in which they often occur [7]. One then fixes a context window, of for
instance 5 words, and computes frequencies of how many times a words has occurred in this window
with other words. These frequencies are often normalised to be better representatives of rare and very
common words. These models have been applied to various language processing tasks, for instance the-
sauri construction [6]. Compositional distributional models of meaning extend the vector space models
from words to sentences. The categorical such models [4, 1] do so by taking into account the grammati-
cal structure of sentences and the vectors of the words in there. These models have proven successful in
practical natural language tasks such as disambiguation, term/definition classification and phrase simi-
larity, for example see [8, 9]. Nevertheless, it has been an open problem how to deal with meanings of
logical words such as quantifiers and conjunctives. In this paper, we present preliminary work which
aims to show how quantifiers can be deal with using the generalised quantifier theory of Barwise and
Cooper [2].

According to generalised quantifier theory, the meaning of a sentence with a natural language quan-
tifier Q such as ‘Q Sbj Verb’ is determined by first taking the intersection of the denotation of Sbj with
the denotation of subjects of the Verb, then checking if the denotation of (Q(Sbj) is an element of this set.
The denotation of () is specified separately, for example, for () = 3, it is the set of non-empty subsets
of the universe, for () = 2 it is the set of subsets of the universe that have exactly two elements and so
on. As a result, and for example, the meaning of a sentence “some men sleep” becomes true if the set of
men who sleep is non empty.

In what follows, we work in the categorical compositional distributional model of [4]. We first
present a brief preliminary account of compact closed categories and Frobenius algebras over them
and review how vector spaces and relations provide instances. Then, we develop a compact closed
categorical semantic for quantifiers, in terms of diagrams and morphisms of compact closed categories.
We present two concrete interpretations for this abstract setting: relations and vector spaces. The former
is the basis for a truth-theoretic model and the latter works for a corpus-base model of language.

Our future work includes formalising this rather low-level treatment in the setting of categorical
logic, where quantifiers are proven to be adjoints to substitution. Lack of much structure in vector
spaces (and compact closed categories in general) and in particular lack of existence of pull-backs will
be obvious obstacles. We also aim to experiment with this model on corpus-based datasets and tasks.



2 Preliminaries

This section briefly reviews compact closed categories and Frobenius algebras. For a formal presenta-
tion, see [10, 11]. A compact closed category, C, has objects A, B; morphisms f: A — B; a monoidal
tensor A ® B that has a unit I; and for each object A two objects A” and A’ together with the following
morphisms:
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These morphisms satisfy the following equalities, sometimes referred to as the yanking equalities, where
1 4 is the identity morphism on object A:

(la®ey)o(ny®1a) =14 (€4 ®1a)o(1a®@ny) =14
(y®@1a)o(lu®@nhy) =1y (lar®@ey) oMy @1ar) =1ar

These express the fact the A' and A" are the left and right adjoints, respectively, of A in the 1-object
bicategory whose 1-cells are objects of C.

A Frobenius algebra in a monoidal category (C,®,I) is a tuple (X,d,¢, u, () where, for X an
object of C, the triple (X, 4, ¢) is an internal comonoid; i.e. the following are coassociative and counital
morphisms of C:

0: X —>XRX t: X =1

Moreover (X, i, ) is an internal monoid,; i.e. the following are associative and unital morphisms:
XX =X C:I—-X

And finally the § and p morphisms satisty the following Frobenius condition:
(H®1lx)o(lx®d) = dop = (Ix ®p)o(d®1x)

Informally, the comultiplication § dispatches the information contained in one object into two objects,
and the multiplication p unifies the information of two objects into one.

Finite Dimensional Vector Spaces. These structures together with linear maps form a compact closed
category, which we refer to as F'dVect. Finite dimensional vector spaces V, W are objects of this cate-
gory; linear maps f: V — W are its morphisms with composition being the composition of linear maps.
The tensor product V' ® W is the linear algebraic tensor product, whose unit is the scalar field of vector
spaces; in our case this is the field of reals R. Here, there is a naturual isomorphism V@ W =W ® V.
As aresult of the symmetry of the tensor, the two adjoints reduce to one and we obtain the isomorphism
Vi = VT = V* where V* is the dual space of V. When the basis vectors of the vector spaces are fixed,
it is further the case that we have V* = V.

Given a basis {r;}; for a vector space V, the epsilon maps are given by the inner product extended
by linearity; i.e. we have:

d=: VoV =R givenby > cijti®¢; Y el d))
ij ij
Similarly, eta maps are defined as follows:

n"=n":R->VaV gvenby 1 Zn@n
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Any vector space V' with a fixed basis {UZ}Z has a Frobenius algebra over it, explicitly given as follows,
where 0;; is the Kronecker delta.

0:V—=>V®V givenby E>»—>E>®E>

p:VeVv =V gvenby U @ 60
t: V=R given by FZ»—)I

(:R—V givenby 1~ > 7
)

Relations. Another important example of a compact closed category is Rel, the cateogry of sets and
relations. Here, ® is cartesian product with the singleton set as its unit / = {%}, and * is identity on
objects. Closure reduces to the fact that a relation between sets A x B and C' is equivalently a relation
between A and B x C'. Given a set S with elements s;, s; € S, the epsilon and eta maps are given as
follows:

= :Sx S — {x} givenby {((si,s;),%)]|si,8; €S, s =s;}

nt=n":{x} =S xS givenby {(x,(si,s;))]|8si,s; €S, =s;}

Every object in Rel has a Frobenius algebra over it given by the diagonal and codiagonal relations,
as described below:

: S = S xS givenby {(ss,(sj,5k)) | 8i,85,5% €S,8i = 5; = 5k}
: S xS — 8 givenby {(si,55),5k) | 5i,85, 55 €S,8i =5 = sk}
: S — {x} givenby {(s;,*)|s; €S}
¢:{x}— S givenby {(%,s;)|si €S}

-~ T &

For the details of verifying that for each of the two examples above, the corresponding conditions
hold see [3].

3 String Diagrams

The framework of compact closed categories and Frobenius algebras comes with a complete diagram-
matic calculus that visualises derivations, and which also simplifies the categorical and vector space
computations. Morphisms are depicted by boxes and objects by lines, representing their identity mor-
phisms. For instance a morphism f: A — B, and an object A with the identity arrow 14: A — A, are
depicted as follows:

The tensor products of the objects and morphisms are depicted by juxtaposing their diagrams side
by side, whereas compositions of morphisms are depicted by putting one on top of the other; for instance
the object A ® B, and the morphisms f ® g and f o h,for f: A — B,g: C — D,and h: B — C, are
depicted as follows:



e
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The € maps are depicted by cups, n maps by caps, and yanking by their composition and straighten-
ing of the strings. For instance, the diagrams fore/: A'/@ A — I,n: I - A® Aland (¢ ®14)0 (14 ®
n') = 14 are as follows:

|

N A A \_J

As for Frobenius algebras, the diagrams for the monoid and comonoid morphisms are as follows:

R, a0 ™ |

with the Frobenius condition being depicted as:

AT,

The defining axioms guarantee that any picture depicting a Frobenius computation can be reduced to a
normal form that only depends on the number of input and output strings of the nodes, independent of
the topology. These normal forms can be simplified to so-called ‘spiders’:

In the category FdVect, apart from spaces V, W, which are objects of the category, we also have
vectors 7, . These are depicted by their representing morphisms and as triangles with a number of
strings emanating from them. The number of strings of a triangle denote the tensor rank of the vector;

%
for instance, the diagrams for v € V, v/ € V@ W,and v" € V @ W @ Z are as follows:

! || 1]
14 VW VW Z



4 Diagrammatic Compact Closed Semantics

Following the terminology and notation of [2], given a phrase containing a quantifier followed by a
noun, that is ‘Q noun’, we call ‘Q’ a determiner and the phrase ‘Q noun’ a quantified phrase.Hence, a
quantified phrase is a noun phrase which is created by the application of a determiner to a noun phrase.
We suggest the following diagrammatic semantics for a determiner Det:

—

NN

W

N N

It corresponds to the following compact closed categorical morphism:

(In®dén)o(INn®Det@pn)o(Iy @y ® 1ny) onn

The meaning of the sentence with a quantified phrase in a subject position and its normalised form are
as follows:

d Sbj  Verb Obj

N N 1 1 I T I
“o’ Sbj  Verb  Obj NoONSN N
NN e NN
N N N N
N N N NS

- T

N N N
N

The symbolic representation of the normal form diagram is as follows:

AT A=
(GN &® 15) o (Det R UN ® 15) o ((5]\[ & 1N®5)(Sb_] ® Verb ® Ob_])

The intuitive justification is that the determiner first makes a copy of the subject (via the Frobenius §
map), so now we have two copies of the subject. One of these is being unified with the subject argument
of the verb (via the Frobenius 1 map). In set-theoretic terms this is the intersection of the interpretations
of subject and subjects-of-verb. The other copy is being inputted to the determiner map Det and will
produce a modified noun based on the meaning of the determiner. The last step is the application of the
unification to the output of Det. Set theoretically, this step will decide whether the intersection of the
subject-of-verb and the noun belongs to the interpretation of the quantified noun.

The diagrams, morphisms, and intuitions for a quantified phrase in an object position are identical.



S Vector Space Interpretation

In a concrete vector space model built from a corpus using distributional methods, we assume that Vector
meamng of the subjectis ), C;7; € N and the linear map corresponding to the verb is » . ik Cik n )
$r € N®S. For 7, abasis vector of N, we define the map Det as follows:

Det(7;) = d{W € N | d(7;, @) = o} (1)
where we have:

— ¢ is a linear average function such as the arithmetic or weighted mean.
— « indicates how close W is to the 77; and depends on the quantifier expressed by Det.

The intuitive reading of the above is that Det of a word 7, is a linear combination, e. g. average, of all
the words that are a-close to ﬁ)i. In other words, the average of all the words whose distance from ﬁ)i
is a. For instance, if Det is ‘few’, then « is a small number (closer to 0 than to 1), indicating that we are
taking the average of vectors that are not so close to ﬁi. If Det is ‘most’, then o will be a large number
(closer to 1 than to 0), indicating that we are taking the average of vectors that are close to 7. The
distance « can be learnt from a corpus using a relevant task. This will extend to any other (non-basis)
word by linearity.

The underlying idea here is that the quantitative way of quantifying in set-theoretic models, which
depends on the cardinality of the quantified sets, is now transformed into a geometric way of quantifying
where the meaning of the quantified phrase depends on its geometric distance with other words. Hence,
a quantified phrase such as ‘few cats’ returns a representative noun (obtained by taking the average of
all such nouns) that is far from vector of ‘cat’ in the semantic space. This representative noun shares
‘few’ properties with ‘cat’. A quantified phrase such as ‘most cats’ returns a representative noun that is
close the the vector of ‘cat’ and stands for a noun that shares ‘most’ of the properties of ‘cat’.

With this instantiation, the meaning of “Q Sbj Verb” is obtained by computing the following:

—  —
<€N ® 15) o (Det R UN & 13) o (5]\[ & 1N®5’) (Sbj & Verb)

In the first step of computation we have:

(0N ® Ings) (ZC nz®ZC]kn ® Sk) (Zciﬁi@)ﬁi)@(zcjkﬁj@?k)
Jk

ik %

In the second step we obtain:

(Det @ py @ 1g) ((Z Ciri@n) e () Ciptl; @ ?k)> = CiCiDet( ;) @ p(7; ® ;) @ 5
: ‘ ik
= Z CiCjkDet(ﬁi) & (5ijﬁ>i & ?k
ik

The final step is as follows:

(EN X 15) ( Z CZCJkDet(Wz) &® (5z]ﬁz X ?k) = Z CZC]k<D€t(Wz) | (Sz]ﬁﬂ?k;
ijk ijk



Example. As a distributional example, take /V to be the two dimensional space with the basis {ﬁ)l, Wg}
and S be the two dimensional space with the basis {?1, ?2} Suppose the linear expansion of Sbj in
this space is Cy 71 + O35 and the linear expansion of Verb is C’ll(ﬁl ® ?1) + C’lg(ﬁl ® ?2) +
Coy (72 ® ?1) +Cog (ﬁg ® ?2). Suppose further the following for the interpretation of the determiner:

Det(Sbj) = Det(Ci 1 + Cai2) = Det(C11) + Det(Caia) = Cl it + Chs ()
Then the result of the first step of the computation of a meaning vector for the sentence ‘Q Sbj Verb’ is:

(C171+CoT2) @ (CliTl1 @ 8§14+ CroM1 @ T2+ Coi o ® 51+ Coa 2@ )
In the second step of computation we obtain:
C1C1 Det(M 1) W 105 1+C1C1aDet (1) T 1978 94+CoCo1 Det (T 2) T o® 8 1+CaCosDet (11 2) 2@ S 2
Since Det is a linear map, the above is equal to the following:

Det(C1 1) (C11 71 ®@ 1+ ClaT1 ® Fa) + Det(CoT2)(Con o @ 51+ Coo o @ Fa)

According to the expansion of the assumption in equation 2, the above is equivalent to the following:

(C/T)(CT1® F1+CrT1® 59) 4+ (CoT2)(Coan o ® 51+ Coa Mo ® 59)
Substituting this in the last step of the computation provide us with the following vector in S

CiC11 81+ C[C125 2 + ChC91 8 2 + C4C0 5 2 (3)

Small Corpus-Based Witness. A large scale experimentation for this model constitutes work in progress.
For the sake of providing intuitions for the above symbolic constructions, we provide a couple of corpus-
based witnesses here. In the distributional models, the most natural instantiation of the distance d in
equation 1 is the co-occurrence distance. For a noun ‘n’ and determiners ‘few’ and ‘most’, we define
these as follows:

few(n) = Avg{nouns that co-occurred with n few times}
most(n) = Avg{nouns that co-occurred with n most times }

In this case, a sample query from the online Reuter News Corpus, with at most 100 outputs per query,
provides the following instantiations:

few(dogs) = Avg{bike, drum, snails}
most(dogs) = Avg{cats, pets,birds, puppies }
few(cats) = Avg{fluid, needle, care}
most(cats) = Avg{dogs, birds, rats, feces}

A cosine-based similarity measure over this corpus results in the fact that any of the words in the
‘most(n)’ set are more similar to ‘n’ than any of the words in the ‘few(n)’ set. This is indeed because the
words in the former set are geometrically closer to ‘n’ than the words in the latter set, since they have
co-occurred with them more. This is the first advantage of our model over a distributional model, where
words such as ‘few’ and ‘most’ are treated as noise and hence meanings of phrase such as ‘few cats’,
‘most cats’, and ‘cats’ become identical (and similarly for any other noun). Moreover, in our setting we
can establish that ‘most cats’ and ‘most dogs’ have similar meanings, because of the over lap of their



determiner sets. A larger corpus and a more thorough statistical analysis will let us achieve more, that
for instance, ‘few cats’ and ‘few dogs’ also have similar meanings.

At the level of sentence meanings, compositional distributional models do not interpret determiners
(e.g. see the model of [12]). As a result, meanings of sentences such as ‘cats sleep’, ‘most cats sleep’
and ‘few cats sleep’ will become identical; meanings of sentences ‘most cats sleep’ and ‘few dogs
snooze’ become very close, since ‘cats’ and ‘dogs’ often occur in the same context and so do ‘sleep’
and ‘snooze’. In our setting, equation 3 tells us that these sentences have different meanings, since
their quantified subjects have different meanings. To see this, take caTs =C 171 + C’gﬁ)g, where as
few(cats) = C} 71 + Cyy and most(cats) = CV771 + CJ7». Instantiating these in equation 3
provides us with the following three different vectors:

_
cats sleep = 10, 1 + C1C12 89 + C9Ca1 89 + CoCoa 8o

—
few cats sleep = C{C11 51 + C([C12 52 + ChC1 5 2 + C5C205 2
_—
most cats sleep = C’l 011?1 + Cl 012 C’ C'21 sa+ C ng s 9
On the other hand, we have that ‘most cats sleep’ and ‘most dogs snooze’ have close meanings, one
which is close to ‘pets sleep’. This is because, their quantified subjects and their verbs have similar
meanings, that is we have:

most(dogs) ~ most((ﬁg) ~ ;R

$n00z& ~ sleep

At the same time, ‘few cats sleep’ and ‘most dogs snooze’ have a less-close meaning, since their quan-
tified subjects have different meanings, that is:

= most cats sleep ~ most dogs snooze ~ pets sleep

l

—
most(dogs) few(cT>ts) = most dogs snooze + few cats sleep

6 Truth Theoretic Interpretation

For this part, we work in the category Rel of sets and relations. We take IV to be the set of all subsets of
individuals from a universal reference set. A common noun is then the set of all subsets of its individuals.
For example, the set {{m}, {ma}, {m1, ma}, 0} denotes the common noun ‘men’, for my, mg two
male individuals and the set {{c; }, 0} denotes the common noun ‘cat’, with one individual c¢;. We take
S to be the one dimensional space free over the singleton 1 The origin represents false and number one
represents truth. A verb is the set of all non-empty subsets of a relation (corresponding to its predicate).
For an intransitive verb, this relation is on the set N x S, where each relation corresponds to a subset of
N, since we have N xS = N. For a transitive verb, it is a relation on the set N x Sx N = N x N. Hence,
an intransitive verb is the powerset of all individuals to which the verb applies. As an example, suppose
the verb ‘sneeze’ applies to individuals m; and ¢, hence it is represented by {{m1}, {c1}, {m1,c1}}.

The map Det sends a subset of individuals to a set of its subsets exactly in the same way as defined
by [2]. For example, for Det = ‘two’, the output is the set of subsets of individuals whose elements have
cardinality exactly two; for Det = ‘some’, the output is the set of non-empty subsets of individuals and
so on. In our example, two(men) = {{m1, ma}}, whereas some(men) = {{m1}, {ma}, {mi,ma}}.

Following previous work [4], we represent the set of individuals as vector spaces free over (or
spanned by) its elements, which in this setting are represented by basis vectors. Common nouns become
sums of their elements in this space. The truth-theoretic meaning of the sentence “Det Sbj Verb” can
then be obtained by computing the morphism developed in section 4. In the first step of the computation,
we obtain the following:



(on © Lvas) (St] @ Verb) = i) e (37,0 1) = (o w0 (3 7))

J
In the second step, we obtain the following (note that we are dropping the .S morphisms because the S
is now the unit of tensor):

(Det ® /LN)(ZHZ R () ﬁj) Det Z Zow

J

The final step provides us with the following:

(e )(Det ZZ: Z 0'” ) (Det( Z Z O'U

If the result is non-zero, the meaning of the sentence is true, else it is false. As an example, consider the
meaning of ‘some men sneeze’. Here the meaning of the quantifiers phrase ‘some men’ is as follows

some(rTCﬁ) = {{m1},{ma}, {mi,ma}}

Hence the meaning of the whole sentence becomes as follows:

({H{ma}, {ma}, {ma, ma}} | {{ma}, {er}, {ma, e1},0}) =

For ‘one cat sneezes’, we have:
one(cat) = {{e1}}

Hence the meaning of the whole sentence becomes as follows:

({Hed} [ {H{ma} {er}, {ma, 1}, 0}) = 1

Similarly, for ‘two cats sneeze’ we have two(cats) = {{c1,c}} and hence the meaning of the whole
sentence becomes as follows:

{{er,ad} [ {{mad {a}, {mi,a},0}) =0

We have not done the necessary expositions here, but as shown in [5, 3], the Frobenius u map
is the analog of set-theoretic intersection and the compact closed epsilon map is the analog of set-
theoretic application. Using these it is not hard to show that this truth-theoretic interpretation of the
compact closed semantics of quantified sentences provides us with the same meaning as their generalised
quantifier semantics.
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