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Exercise 4

(A7) Case 2 (V(ϕ) ≤ V(ψ)): Non-decreasingness implies

V(χ)⊗ V(χ)⊗ V(χ)⊗ V(ϕ) ≤ V(ψ).

Three consecutive applications of Lemma 2.2 yield

V(χ) ≤
((
V(ψ)⇒ V(ϕ)

)
⇒ V(χ)

)
⇒ V(χ).

The claim follows from the above and the intermediate result that has been shown in
the tutorial.

Exercise 5

a) BL ` ϕ→ (ψ → ϕ) (Lemma 2.14 (1))
BL `

(
ϕ→ (ψ → ϕ)

)
→

(
ψ → (ϕ→ ϕ)

)
(Lemma 2.14 (2))

BL ` ψ → (ϕ→ ϕ) (modus ponens)
BL `

(
(ϕ&ψ)→ ϕ

)
→ (ϕ→ ϕ) (substituting e. g. (χ&δ)→ χ for ψ)

BL ` (χ&δ)→ χ (A2)
BL ` ϕ→ ϕ (modus ponens)

b) BL `
(
ϕ&(ψ&χ)

)
→

(
ϕ&(ψ&χ)

)
(Exercise 5 a))

BL `
((
ϕ&(ψ&χ)

)
→

(
ϕ&(ψ&χ)

))
→

(
ϕ→

(
(ψ&χ)→

(
ϕ&(ψ&χ)

)))
(A6)

BL ` ϕ→
(
(ψ&χ)→

(
ϕ&(ψ&χ)

))
(modus ponens)

BL `
(
(ψ&χ)→

(
ϕ&(ψ&χ)

))
→

(
ψ →

(
χ→

(
ϕ&(ψ&χ)

)))
(A6)

BL ` ϕ→
(
ψ →

(
χ→

(
ϕ&(ψ&χ)

)))
((A1) + modus ponens)

BL ` (ϕ&ψ)→
(
χ→

(
ϕ&(ψ&χ)

))
((A5) + modus ponens)

BL `
(
(ϕ&ψ)&χ

)
→

(
ϕ&(ψ&χ)

)
((A5) + modus ponens)
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