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Exercise 6

Prove that the language L := {a"b" | n > 0} is not regular using Nerode's Theorem.

Exercise 7

Let M := {1, m} with 1 # m. Determine all operations o such that (M, o, 1) is a monoid.

Exercise 8

Consider the monoid (Z, 4, 0) and the following relations on Z, where 3 | z denotes that z is
divided by 3 without remainder.

e Zj R122 iff 3 | (21 —22);
o z21Ryz IﬁS‘Z] andS\zz, or3J(z1 and3+zz.

For each z € Z, [z]; denotes the equivalence class of z w.r.t. the relation R;. \WWe now define
the monoids (M;, o, 1;) for i € {1, 2} as follows:

o M;:={[z]; | z € Z}
e [z]ioi [Z]i :=[z+ 2]
e 1;:=10];
Prove the following:
a) Ry and R, are both equivalence relations.
b) Ry is a congruence relation, but R, is not.

c) (Mq,01,17) is well-defined, but (M,, 02, 1) is not.

Exercise 9

Let A= (Q, X, qo, 9, F) be a deterministic finite automaton. In the lecture, we defined the
relations ~ 4, ~g, ~1, ... € Q@ x Q as follows:

o q~uq iff L(Ag) = L(Ag):;
e g~ q iff{qg.d} CFor{q.qd}nF =0
e g~ q iff g~;q and d(q,a) ~; 6(q’,a) foralla e X.



Prove that there exists an n € N such that ~, = ~ 4.

Exercise 10

Consider the monoids M; := ({1, a, b}, 0j, 1), for i € {1, 2}, where o4 is given by the following
table:

1
1
a
b

and x oy y :=yoq x forall x,y € {1, a, b}.

For each i € {1, 2}, find a regular language L; C {a, b}* such that M; is the syntactic monoid of
L;, or prove that no such language exists.

Exercise 11

Let X be an alphabet and (M, o, 1) a monoid. Prove that every function f : ¥ — M can be
uniquely extended to a (monoid) homomorphism & : X* — M.



