Lehrstuhl für Automatentheorie Institut für Theoretische Informatik, TU Dresden Prof. Dr. F. Baader

Nthnitzer Str. 46, 01187 Dresden Tel.: 0351/463–38237 Tel.: 0351/463–39171

4. Exercises for the Course ”Automata and Logic“

Exercise 16:

Let Σ be an alphabet, L ⊆ Σ^∗ a regular language, M_L the syntactic monoid of L, and Q_L the set of states of a minimal automaton accepting L.

(a) Show that |M_L| ≥ |Q_L|.

(b) Let V := {(M, ∘, 1) | (M, ∘, 1) is a monoid with |M| = 2} be the class of all monoids with two elements. For Σ := {a}, determine the class L(V )_Σ of regular languages such that M_L ∈ V .

(c) Determine the alphabets Σ for which the following equivalence holds: for all regular languages L ⊆ Σ^∗, we have |M_L| = 2 iff |Q_L| = 2

Exercise 17:

Show that the class of all finite groups is an M-variety by proving that this class is closed under building submonoids, binary direct products, and homomorphic images.

Exercise 18:

Let V be an M-variety. Show that L(V )_Σ is closed under union without using Theorem 1.22 from the lecture.

Exercise 19:

Let Σ be an alphabet. Prove or refute the following claims:

(a) Every regular language L ⊆ Σ^∗ is accepted by its syntactic monoid. (b) If L ⊆ Σ^∗ is accepted by a finite group, then the syntactic monoid of L is a finite group. (c) For every regular language L ⊆ Σ^∗, the syntactic monoid M_L is the smallest monoid accepting L, i.e. for all monoids M accepting L we have |M_L| ≤ |M|.

(d) Let ←−w denote the mirror image of the word w, i.e. for w = a_1 . . . a_n we have ←−w := a_n . . . a_1. Moreover, for a language L ⊆ Σ^∗, we define ←− L := {←−w | w ∈ L}. Claim: if the minimal automaton for L has n states, then the minimal automaton for ←− L has n states.