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Exercise 18

Prove Lemma 1.31, i.e. show that every divisible totally ordered residuated lattice is a
Bl-algebra.

Exercise 19

Show that the binary relation on £7 defined by

llr <Wlriff THe =4
is well-defined and antisymmetric, i.e. prove that for all formulas ¢, ¢, 1, ¢’ it holds that
a) if [o]lr =[¢]r, [W]r=[¢]rand THp = then TEH ¢ — ¢/, and
b) if [p]r < [¢]7 and [Y]r < [¢]7 then [p]7 = [¢]7.

Exercise 20

Consider the residuated lattice from Exercise 16 a) for n = 3:
{{0,1}3,<, A, —,000, 111}
where A and — denote the usual boolean operators taken pointwise and where we define
a<biffa—b=111
foralla,b € {0,1}°.
a) How many filters does this residuated lattice have?

b) List the prime filters of this residuated lattice.

c) Give all the equivalence classes of ~f for the filter F = {111, 011}.



Exercise 21

Let F and F, be two filters on a linearly ordered Bl-algebra L. Prove or disprove the
following properties.

a) {hoh|f € F,fHheF)isafiter
b) {finfy |y € Fy, € F}isafilter.
o) {AVvh|fehr, fheck)isafiter

Exercise 22
Let L be a countable Bl-algebra and F a filter on L. Let z € L be an element. Show that
F:={u|3veF:3neN:ve2z"<u}

is the least filter containing F and z.



