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Fig. 5.2. A winning strategy Player 1 in G.

with this game is as follows: given a game (ϕ,Γ1,Γ2), decide whether
Player 1 has a winning strategy, i.e., whether he can force a win no
matter what Player 2 does.

Before reducing FBGs to concept satisfiability in ALC, we give a
formal definition of winning strategies. Fix a game G = (ϕ,Γ1,Γ2),
and let n = |Γ1 ! Γ2|. We assume that Γ1 = {p1, p3, . . . , pn−1} and
Γ2 = {p2, p4, . . . , pn}. A configuration of G is a word t ∈ {0, 1}i, for
some i ≤ n. Intuitively, the k-th symbol in this word assigns a truth
value to the variable pk. Thus, if the current configuration is t, then
a truth value for p|t|+1 is selected in the next round. This is done by
Player 1 if |t| is even and by Player 2 if |t| is odd. The initial configu-
ration is the empty word ε. A winning strategy for Player 1 in G is a
finite node-labelled tree (V,E, ℓ) of depth n, where ℓ assigns to each node
v ∈ V a configuration ℓ(v). We say that a node v ∈ V is of depth i if v
is reachable from the root by traveling along i successor edges. Winning
strategies are required to satisfy the following conditions:

• the root is labelled with the initial configuration;

• if v is a node of depth i < n with i even and ℓ(v) = t, then v has one
successor v′ with ℓ(v′) ∈ {t0, t1};

• if v is a node of depth i < n with i odd and ℓ(v) = t, then v has two
successors v′ and v′′ with ℓ(v′) = t0 and ℓ(v′′) = t1;

• if v is a node of depth n and ℓ(v) = t, then t satisfies ϕ.
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Fig. 5.4. A model of the concept C.

ALCOI, this is easy:

C = {a} ⊓ ∃u.{a} ⊓ ∀u.∃r.∃u−.{a}.

This concept enforces an infinite r-chain as shown in Figure 5.4. PSpace
algorithms such as ALC-World cannot deal with such models since they
rely on polynomially depth-bounded models. A variation of the above
concept can be used for proving ExpTime-hardness.

Theorem 5.15. In ALCOI, concept satisfiability and subsumption
(without TBoxes) are ExpTime-hard.

Proof. We reduce satisfiability of ALC concepts w.r.t. general TBoxes.
Let C be an ALC concept and T a general ALC TBox. Let r0, . . . , rk−1

be all role names that occur in C and T and their inverses. Construct
an ALCOI concept

D = C ⊓ {a} ⊓ ∃u.{a} ⊓ ∀u.
(
⊓

C⊑D∈T
C → D

)
⊓ ∀u.

(
⊓
i<k
∀ri.∃u

−.{a}
)
,

where u is a fresh role name. Then C is satisfiable w.r.t. T iff D is
satisfiable.

“only if”. Let I be a model of C and T , and let d0 ∈ CI . Modify
I by setting aI = d0, and uI = ∆I × ∆I . It is easily seen that the
modified interpretation is a model of D.

“if”. Let I be a model of D, and d0 ∈ DI . Let ∆J be the restriction
of ∆I to those elements d such that d is reachable from d0 be travelling
an arbitrary number of steps along roles r0, . . . , rk−1, and let J be the
restriction of I to ∆J . To make sure that all nominals are mapped to
the restricted domain, put bJ = d0 for all individual names b (note that,
consequently, aJ = aI = d0). By induction on the structure of E, it is
possible to prove the following:

Claim. For all ALCOI concepts E that contain no nominals except {a}
and all d ∈ ∆J , we have d ∈ EI iff d ∈ EJ .
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