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Basics

m Description logic: ££

m Concepts: C == T | A| C 11 C | 3r.C where A ranges over ¥¢ and r ranges over ¥g
m Conceptinclusions: C; C Cy

m TBox: finite set of concept inclusions

m Model-theoretic semantics
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Basics

m Description logic: ££

m Concepts: C == T | A| C 11 C | 3r.C where A ranges over ¥¢ and r ranges over ¥g
m Conceptinclusions: C; C Cy

m TBox: finite set of concept inclusions

m Model-theoretic semantics

Some notions:

m Sub(D) is the set of all subconcepts of D.

Example: SUb(Al Mndr. (Bl |_|BQ)) = {A1 Mndr. (Bl |_|BQ), Aq, dr. (Bl |_|Z32)7 BiMBy, By, Bg}
m Conj(D) is the set of all top-level conjuncts in D.

Example: Conj(A1 mndr. (Bl M Bg)) = {Al, dr. (Bl 1 Bg)}

m Atoms(D) is the set of all atoms occurring in D.
Example: Atoms(A; M 3r.(By M By)) = {A;, 3r.(B1 M Bs), By, Ba}
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Overview of our Approach

m Consider a TBox 7T that entails a concept inclusion C' = D (unwanted consequence).
m Goal: compute a repair, i.e., a TBox 7’ where 7 = 7" and T’ }£ C C D.
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Overview of our Approach

m Consider a TBox 7T that entails a concept inclusion C' = D (unwanted consequence).
m Goal: compute a repair, i.e., a TBox 7’ where 7 = 7" and T’ }£ C C D.
m We calculate a repair as follows.

Construct the canonical model Z¢ 1.
Transform Z¢ 7 to a countermodel 7 to C' C D.
Axiomatize the logical intersection of 7 and 7.
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Countermodels ®0ocoo

Countermodels

m Definition: A countermodel to C C D is an interpretation that does not satisfy C' = D.
m 7 is a countermodel to C' C D if and only if there is d € A such thatd € C and d ¢ D”.
m Thus: a countermodel to C' C D exists if and only if C' C D is no tautology.

m Goal: Construct a countermodel to the unwanted consequence C' C D of T that does not
invalidate too many other consequences of 7.
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Countermodels

m Definition: A countermodel to C C D is an interpretation that does not satisfy C' = D.
m 7 is a countermodel to C' C D if and only if there is d € A such thatd € C and d ¢ D”.
m Thus: a countermodel to C' C D exists if and only if C' C D is no tautology.

m Goal: Construct a countermodel to the unwanted consequence C' C D of T that does not
invalidate too many other consequences of 7.

m As starting point, we use the canonical model Z¢ 7:
ATeT = {dc} U{der | 3. O e Sub(C) U Sub(T) }
AleT ={dp | TEDLC A}
2.7 = {(dp,dp) | T = D C 3r.D' and 3r. D" € Sub(T) U Conj(D) }

m Recall that Zo 7 = 7 and d¢ € CTe7. Thus d¢e € D¥eT.
m Idea: We will modify Z¢ 7 such that d¢ stays an instance of C' but is no instance of D anymore.
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Countermodels
Underlying Idea

m We adopt our technique for repairing ABoxes that removes unwanted consequences in form
of concept assertions D(a).

Franz Baader, Francesco Kriegel, Adrian Nuradiansyah, and Rafael Pefialoza: Computing
Compliant Anonymisations of Quantified ABoxes w.r.t. EL Policies. In Proceedings of the 19th
International Semantic Web Conference (ISWC 2020).

m The construction of these ABox repairs is based on the negation of a recursive characterization
of the instance problem:

a is no instance of D w.r.t. Aif and only if there is an atom A or 3r. E in Conj(D) such that
A(a) & A or each r-successor of a is no instance of E w.r.t. A, respectively.

m Prior to removing assertions, we also create copies of objects in order to minimize the amount
of information loss.
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Countermodels
Example

m TBox 7T = {A C A, BC B |_|B2}
m Unwanted consequence C C D := AN 3r.BC Ay N 3r. (B M Ba)
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Countermodels
Example

m TBox 7T = {A C A, BC B |_|B2}
m Unwanted consequence C C D := AN 3r.BC Ay N 3r. (B M Ba)

Canonical
model Z¢ 1

A A
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Countermodels
Example

m TBox 7T = {A C A, BC B |_|B2}
m Unwanted consequence C C D := AN 3r.BC Ay N 3r. (B M Ba)

Canonical c del
model Ter ountermodel J
T r
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Countermodels
Example

m TBox 7T = {A C A, BC B |_|B2}
m Unwanted consequence C C D := AN 3r.BC Ay N 3r. (B M Ba)

Canonical c del

model Ter ountermodel J
A, Al A7 Al
[dC,{Hr. (BiMBa)} ]
T T
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Countermodels
Example

m TBox 7T = {A C A, BC B |_|B2}
m Unwanted consequence C C D := AN 3r.BC Ay N 3r. (B M Ba)

Canonical c del
model Ter ountermodel J
A, Al A7 Al
[dC,{Hr. (BiMBa2)} ]
T T
B’Bl’BQ B7Bl7jxi\
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Countermodels
Example

m TBox 7T = {A C A, BC B |_|B2}
m Unwanted consequence C C D := AN 3r.BC Ay N 3r. (B M Ba)

Canonical c del
model Ter ountermodel J
A, Al A7 Al

[ dc (3r.(BiMB,)} ]
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Countermodels
Example

m TBox 7T = {A C A, BC B |_|B2}
m Unwanted consequence C C D := AN 3r.BC Ay N 3r. (B M Ba)

Canonical c del
model Ter ountermodel J
A, Ay A, Ay A, >kk A Ay A, A

dc@ dc {Al} dc {3r.(BiNB2)} dc {A1,3r.(BiNBy)}

BaBlaBQ BaBlvBQ B,,b% BQ B Bl, B,bﬂ,b@

Q. = Q.
w Q
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Countermodels
Example

m TBox 7T = {A C A, BC B |_|B2}
m Unwanted consequence C C D := AN 3r.BC Ay N 3r. (B M Ba)

Canonical c del

model Ter ountermodel J
A, Ay A, Ay A, >k| A Ay A, K
[ dcg ] do {Al} dc el (Bll‘lBg)} dc {A1,3r.(BiNB2)} ]
.

B, By, B B, By, By B, B, 32 B, Bly,,b&z B BB
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Countermodels
Example

m TBox 7T = {A C A, BC B |_|B2}
m Unwanted consequence C C D := AN 3r.BC Ay N 3r. (B M Ba)

Canonical c del
model Ter ountermodel J
A, Al A Al

dc {3r.(BiNBz)} ]

B, By, By B B{ By B, Bl,jx;j B, B B¢
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Countermodels
A Transduction based on ABox Repairs

m We use transductions as formalism for describing the transformation of Z¢ - to a
countermodel.
m Definition: A transduction 7 is a binary relation on interpretations.

€L TBoxes by Means of Countermodels eke, Francesco i adiansyah (TU Dresden) DL 2021, 22 September 2021



Countermodels coceo

Countermodels
A Transduction based on ABox Repairs

m We use transductions as formalism for describing the transformation of Z¢ - to a
countermodel.

m Definition: A transduction 7 is a binary relation on interpretations.

m Based on our ABox repair technique, the functional transduction 7repair,» Maps each
interpretation 7 to the following interpretation:

ATrepair,D(I) — {dlC

ATrepair,D(I) — {d]c ‘ de AI and A ¢ IC}

reparn (D) (i ec) (d,e) € r* and for each 3r.Q € K with e € Q7,
- Trepair, — ,6 )
o oL thereis F' € LsuchthatQ Cy F

de AT, K C Atoms(D), d € F% foreach F € K,
and K does not contain Cy-comparable atoms

m Proposition: Tiepair, p(Zc,7) is a countermodel to C' C D and is computable in
exponential time.
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Countermodels
A Transduction that Extracts a Small Countermodel

m We have seen in the example that Trepair, p(Zc,7) contains several countermodels to C' & D as
subinterpretations.

m In order to extract these, we apply a second transduction Tyeach tO Trepair,p(Zc,7)-
m This transduction Treach is described by a monadic second-order definition scheme:

precondition formula ~ x(W) := C¥(v) A ~D¥ (v)

domain formula W, z) = reach(v, x)

concept formulae HA(W x) = A(x) foreach A € ¢
role formulae W, z,y) = r(x,y) foreach r € ¥g

where v is a first-order parameter in W
and reach(z,y) =VX: 2 € X N(Vz,y: 2 € X AV, ey r(z,y) 2y €X) 2 yeX

B Proposition: Tyeach (Trepair,n (Zc,7)) is a set of countermodels to C' T D and is computable in
exponential time.
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Logical Intersection @00

Logical Intersection

m Let 7 be a TBox and let 7 be a countermodel to the unwanted consequence C C D.
m Idea: Construct a repair from the logical intersection of 7 and 7.
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Logical Intersection

Let 7 be a TBox and let 7 be a countermodel to the unwanted consequence C' C D.
Idea: Construct a repair from the logical intersection of 7 and 7.

Definition: The /ogical intersection T A J of T and J consists of all concept inclusions that
both are entailed by 7 and are satisfied by 7.

By definition, each concept inclusion in 7 A J is entailed by 7.
Since 7 does not satisfy C' C D, no subset of 7 A 7 can entail C' = D.
One might now think that 7 A J is a repair, but . ..
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Logical Intersection @00

Logical Intersection

m Let 7 be a TBox and let 7 be a countermodel to the unwanted consequence C C D.
Idea: Construct a repair from the logical intersection of 7 and 7.

Definition: The /ogical intersection T A J of T and J consists of all concept inclusions that
both are entailed by 7 and are satisfied by 7.

By definition, each concept inclusion in 7 A J is entailed by 7.

Since 7 does not satisfy C' C D, no subset of 7 A 7 can entail C' = D.

One might now think that 7 A J is a repair, but . ..

T A J isinfinite in general, and so 7 A J cannot directly be used as a repair.
Idea: Compute a finite axiomatization of 7 A J.
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Logical Intersection
Axiomatization

m To axiomatize 7 A J, we utilize the approach described in:
Francesco Kriegel: Constructing and Extending Description Logic Ontologies using Methods of
Formal Concept Analysis. Doctoral Thesis, Technische Universitat Dresden, 2019.
In a nutshell:
m A closure operator (clop) ¢ maps each concept E to a concept E¥ such that
EY Cy E,
E Ty Fimplies E¥ Ty F?,
and (E¥)¥ =y E¥.
m A conceptinclusion E C Fis valid for ¢ if E¥ Ty F, written p = E C F.
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Logical Intersection
Axiomatization

m To axiomatize 7 A J, we utilize the approach described in:
Francesco Kriegel: Constructing and Extending Description Logic Ontologies using Methods of
Formal Concept Analysis. Doctoral Thesis, Technische Universitat Dresden, 2019.
In a nutshell:
m A closure operator (clop) ¢ maps each concept E to a concept E¥ such that
EY Cy E,
E Ty Fimplies E¥ Ty F?,
and (E¥)¥ =y E¥.
m A conceptinclusion E C Fis valid for ¢ if E¥ Ty F, written p = E C F.
m The TBox 7 induces a clop ¢ suchthat 7 = E C Fifandonlyif oy = EC F.
m The countermodel 7 induces a clop ¢ 7 suchthat 7 = E C Fifandonlyif o7 = E C F.
m The infimum @7 A p7 where E¥T227 = lcs(E¥T, E¥7) has the following important property:
orAhpgsEECFifandonlyifor EEC Fandpy = EC F.
m The canonical base of o1 A 7 is an axiomatization of 7 A J.
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Logical Intersection
Example

m TBox 7 =
{AEAl, BEBlﬂBg}

m Unwanted consequence C'C D =
AnNdr.BC Ay ndr. (B1 M Bg)

m Countermodel J:

A A

[ dc (3r.(BiMBs)} ]

SN
(oo ] (dogm | [do )

B, B, B, B B
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Logical Intersection coe

Logical Intersection

Example
B TBox 7T = Axiomatization of T A J:
{AC A, BC BiMNBy} HAC A

m Unwanted consequence C'C D =
AnNdr.BC Ay ndr. (B1 M Bg)

m Countermodel J:

A A

[ dc (3r.(BiMBs)} ]

SN
(oo ] (dogm | [do )

B, B, B, B B
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Logical Intersection coe

Logical Intersection

Example
B TBox 7T = Axiomatization of T A J:
{AC A, BC BiMNBy} HAC A

m Unwanted consequence C C D = BMEC B.MNB,

AN3r.BE A N3r. (BN By) m where F € X¢ \ {B, By, B2}
m Countermodel J: mor E=3s.Tfors e Xr

A A

[ dc (3r.(BiMBs)} ]

SN
(oo ] (dogm | [do )

B, B, B, B B
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Logical Intersection

Example
B TBox 7T = Axiomatization of T A J:
{AC A, BC BiMNBy} HAC A

m Unwanted consequence C C D = BMEC B.MNB,

AN3r.BE A N3r. (BN By) m where F € X¢ \ {B, By, B2}
m Countermodel J: mor E=3s.Tfors e Xr

A, A Jr.BC 3r. (BN By) N 3r.(BM By)

[ dc (3r.(BiMBs)} ]

SN
(oo ] (dogm | [do )

B, B, B, B B
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Logical Intersection

Example
B TBox 7T = Axiomatization of T A J:
{AC A, BC BiMNBy} HAC A

m Unwanted consequence C C D = BMEC B.MNB,

AN3r.BE A N3r. (BN By) m where F € X¢ \ {B, By, B2}
m Countermodel J: mor E=3s.Tfors e Xr

A, A Jr.BC 3r. (BN By) N 3r.(BM By)
ds.B C Js.(BM By MBz)wheres € ¥g \ {r}

[ dc (3r.(BiMBs)} ]

SN
(oo ] (dogm | [do )

B, B, B, B B
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Logical Intersection

Example
B TBox 7T = Axiomatization of T A J:
{AC A, BC BiMNBy} HAC A

m Unwanted consequence C C D = BMEC B.MNB,
AHET.BEAlﬂg?”.(BlﬂBg) - WhereEeEc\{B,Bl,Bg}

m Countermodel 7: morE=73sTforsec g
A, A Jr.BC 3r. (BN By) N 3r.(BM By)
P ds.B C Js.(BM By MBz)wheres € ¥g \ {r}
[ oar 31”32)}] Ir.(BNBy)N3r.(BNB:)NE C 3r. (BN B, M By)
/ l \ m where E € ¥c \ {4, A1, B}
mor E=3dr. Ffor F € 3c\{A4, B, Bi, B2}
E=4dr.(BiMNB
(o) () (o) SSEZX0B

B, B, B, B B s
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That's it for now!

Do you have questions or comments?
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