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How to explain description logic entailments?

Proof tree for entailment P —
® ceCream EquivalentTo owl:Nothing

definition of equivalence Asserted Conclusion Shonenng
® iceCream SubClassOf owk:Nothing =]
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normalize
= hasTopping Domain Pizza 1 2 x Compaciess
@ iceCream and Pizza SubClassOf owl:Nothing ol el i .
normalize }
@ DisjointClasses: IceCream, Pizza, PizzaBase, PizzaTopping T e rposition Equivalent Classes Decomposition L]
@ IceCream SubClassOf hasTopping some FruitTopping
asserted 1 Senavr
@ FrutTapping and owtNothing SubClas sOf owNothing Sebacoousclan (G 3agenn Scretndytysi) (G 3agen.n Secetonbyy) G Holocnediand | |
subsumption weakening [re—r—
® owk:Nothing SubClassOf owkNothing et »
tautology [e— »
® owl:Nothing SubClassOf iceCream 1 -
tautology SebaceousGiand & HolocrineGland ontologySettings_ +
000 oSt

Evee Evonne
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Why is this useful?

hasPaperAt C contributesTo DL25Author C dhasWorkshopPaperAt.DL25
JeontributesTo.DL C DLCommunityMember DL25FullPaperAuthor = DL25Author
hasWorkshopPaperAt C hasPaperAt DL25 C DL

= DL25FullPaperAuthor C DLCommunityMember
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Why is this useful?

hasPaperAt C contributesTo DL25Author C FhasWorkshopPaperAt.DL25
JeontributesTo.DL C DLCommunityMember DL25FullPaperAuthor = DL25Author
hasWorkshopPaperAt C hasPaperAt DL25 C DL

= DL25FullPaperAuthor C DLCommunityMember

Description: DL25Author 2111 = =[x |l Object property hierar«2IMHmX
Class hierarchy: [l Equivalent To b =R Asserted

Asserted = owl:topObjectProperty
® owl:Thin SubClass Of = contributesTo
o bL 9 @) hasWorkshopPaperAt some DL25 = hasPaperAt
@ bL25

@ DL25Author General class axioms: L=I0ES)

) DL25FullPaperAuthor
) DLCommunityMember General class axioms
) contributesTo some DL SubClassOf DLCommunityMember
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Why is this useful?

hasPaperAt C contributesTo DL25Author C FhasWorkshopPaperAt.DL25
JeontributesTo.DL C DLCommunityMember DL25FullPaperAuthor = DL25Author
hasWorkshopPaperAt C hasPaperAt DL25 C DL

= DL25FullPaperAuthor C DLCommunityMember

SIS R R Qlles iaaaity hierar NS N X
A Expl tion for: DL25FullP: Author SubClassOf DLC tyMemb
Class h|erarchy: Xplanation for: ullPaperAuthor Su ass! ommunityMe mber Asserted
DL25FullPaperAuthor SubClassOf DL2 5Author
DL2 5Author SubClassOf hasWorkshopPaperAt some DL25 ;J;cetsr’;zperty
® ";"'g{‘ing hasWorkshopPaperAt SubPropertyOf: hasPaperAt sPaperAt
@ bL25 hasPaperAt SubPropertyOf: contributesTo
@ DL25Author DL25 SubClassOf DL IEEX
@ DL25Full " B
@ DLCommunit contributesTo some DL SubClassOf DLCommunityMember
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How does reasoning in £L£ work?

ENVELOPE (E£1T), 2005
cR1 IfC' € S(C),C' C D € C,and D & S(C)

Pushing the ££ Envelope

Franz Baader and Sebastian Brandt and Carsten Lutz then S(C) := S(C)U{D}
Intitute for Theoretical Computer Science cR4 If (C,D) € R(r),D’' € S(D),3r.D' C E €C,
TU Dresden, Germany and E ¢ S(C) -
lastname@tcs.inf .tu-dresden.de then S(C) — S(C) U { E'}
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How does reasoning in £L£ work?

The Incredible ELK

From Polynomial Procedures to Efficient Reasoning
with ££ Ontologies

Yevgeny Kazakov - Markus Krotzsch -
FrantiSek Siman¢ik

ELK (ELT), 2014

CCD
——:DLC
RECEE D_EGO
EAC CCD ROy
3 EC3S.D  3S.Doccurs negatively in O

ENVELOPE (E£1T), 2005

CcR1 If O € $(C),C" E D € C,and D ¢ S(C)
then S(C) := S(C)U{D}
cr4 If (C,D) € R(r),D’' € S(D),3r.D'C E €C,
and E ¢ S(C)
then S(C) := S(C)U{FE}
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How does reasoning in £L£ work?

ENVELOPE (E£7T), 2005

CR1 IfC" € $(C),C" C D €C,and D & S(C)
then S(C) := S(C)U {D}

cRa If (C,D) € R(r),D’' € S(D),3r.D' C E €C,

An Introduction to

Franz Baader

i and E ¢ 5(C)
S then S(C) := S(C) U{E}
ELk (SEI), 2014 TEXTBOOK (EL), 2017
CCD A1 C Ay AC A
R — _:DLCEcO crz At A2 AL Ay
ScCce - Al C As
ri ERC CCD RCps crs AEFIrAL AL B IrBIEB
3 EC3S.D  3S.D occurs negatively in O ACB
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How does reasoning in £L£ work?

ENVELOPE (E£1T), 2005
cR1 IfC' € S(C),C' C D € C,and D & S(C)
To compare them, we use E£H | then S(C) := S(C) U{D}
cRa If (C,D) € R(r),D’' € S(D),3r.D' C E €C,
and E ¢ S(C)
then S(C) := S(C) U{E}

ELk (EED, 2014 TEXTBOOK (EL), 2017
CCD A1 C Ay A2C A
R :DCEcO 1=42 72 =43
SCCE = CR3 4 C A,
+E§C CCD RCy,S CR5 AC3Ir Ay AZ7/C By IrBi1C B
3 EC3S.D  3S.Doccurs negatively in O ACB
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What do the proofs look like?

DL25FPA C DL25A DL25A C 3hasWP.DL25 hasWP C hasP hasP C cT
~ a N »

DL25FPA [ JhasWP.DL25  DL25 E DL hasWP C cT JcT.DL C DLCM
~ Ve
TEXTBOOK DL25FPA C DLCM
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What do the proofs look like?

DL25FPA C DL25A DL25A C JhasWP.DL25 hasWP C hasP hasP C cT

~ e 'S »
DL25FPA C JhasWP.DL25 DL25 C DL hasWP C ¢T 3¢T.DL C DLCM
\ /
TEXTBOOK DL25FPA C DLCM

DL25FPA C DL25A DL25A C JhasWP.DL25 hasWP C hasP hasP C cT

~ e N »
ELK DL25FPA [ ShasWP.DL25 DL25 C DL hasWP C cT

DL25FPA C 3cT.DL JcT.DL C DLCM

\ /
DL25FPA C DLCM
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What do the proofs look like?

DL25FPA C DL25A DL25A C JhasWP.DL25 hasWP C hasP hasP C cT

~ a N »
DL25FPA C JhasWP.DL25 DL25 C DL hasWP C cT JcT.DL C DLCM
~ -
TEXTBOOK DL25FPA C DLCM

DL25FPA C DL25A DL25A C JhasWP.DL25 hasWP C hasP hasP C cT

~ e N »
ELK DL25FPA C JhasWP.DL25 DL25 E DL hasWP C cT
DL25FPA C DL25A DL25A C JhasWP.DL25 DL25FPA L JeT.DL 3¢T.DL C DLCM
~ u ~ e
DL25FPA C JhasWP.DL25 hasWP C hasP DL25FPA C DLCM
~ a
DL25FPA C JhasP.DL25 hasP C c¢T
A x
ENVELOPE DL25FPA C 3c¢T.DL25 DL25 C DL JcT.DL C DLCM
DL25FPA C DLCM
TECHNISCHE The Shape of EL Proofs: A Tale of Three Calculi CENTERFOR
g’R"EvSFiJRESNITAT '[FJLtvIZJSr’cé?j%r‘ve/’/P%)?;:"Sé\’asneg\(r;rggz‘;,gsy'(dc’f;gziorgward(, Philipp Herrmann, Markus Krotzsch Slide 40f11 PEC PERSPICUOUS



What is the structure of the proofs?

QPSS

)

TEXTBOOK \>\‘ ‘/4/

G U c— — e—
—, ELK :)\( . )/( )
q ) c—
(G— P( am

ENVELOPE
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What is the structure of the proofs?

qp@@

)

TEXTBOOK \>\‘ ‘/4/

“small”, "shallow”, “bushy”

G U c— — e—
—, ELK :)\( . )/( )
q ) c—
(G— P( am

ENVELOPE
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What is the structure of the proofs?

qp@@

)

TEXTBOOK \\\\\\“‘:‘ ’:””’///’

"sn1aW2"shaHovw2”bushy"

G U c— — e—
—, ELK :)\( . )/( )
CZ:)\k ) c—
(G— P( am

ENVELOPE ) ( )
|y o "
linear”, “deep
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How can we display and measure proofs?
=D

az1s
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How can we display and measure proofs?
=D

J
§L0r00t000

wn
N
° |G
-

lW' cutwidth
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How can we display and measure proofs?

=
=
=\

|G
IW cutwidth

az1s

§L0r00t000

e cutwidth is NP-complete for arbitrary graphs (sodiaender, Fellows, and Thilikos 2009)
e directed cutwidth on trees can be computed in polynomial time (Theorem 1)
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How can we display and measure proofs?
=D

az1s

yadap
'

IW cutwidth

SIZe " ”
e bushiness score: Fopth T (“average number of nodes per level”)

e average step complexity (Horridge, Bail, Parsia, and Sattler 2013)
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What does this mean for our example?

TEXTBOOK ELK ENVELOPE

I ) S N
R /:)Cicj,:/;: D\z\ P D\‘%/:
[ } =
size 10 10
depth

cutwidth 3 3

2.5 2
complexity 230 215 257.5 /410

w ~ N VO
N

bushiness
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How can we generate the proofs?

hasPaperAt C contributesTo DL25Author £ FhasWorkshopPaperAt. D125
JdeontributesTo.DL C DLCommunityMember DL25FullPaperAuthor = DL25Author
hasWorkshopPaperAt C hasPaperAt DL25 C DL

I
RDF triples

:hasPaperAt rdf:type owl:0bjectProperty .
:hasPaperAt rdfs:subProperty0f :contributesTo

:DL25Author rdf:type owl:Class
:DL25Author rdfs:subClass0f _:1

_:1 rdf:type owl:Restriction .

_:1 owl:onProperty :hasWorkshopPaperAt
_:1 owl:someValuesFrom :DL25 .
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How can we generate the proofs?

CCD
= CCE
_EEC CLD RCys
3 EC3S.pD  3S.Doccurs negatively in O

\

Existential rules

R :DCEcO

inf:subClass0f (?C,?E) :- inf:subClass0f(?C,?D), nf:subClass0f(?D,?E)

inf:subClass0f (7E,?Y) :- inf:ex(7E,7R,?C), inf:subClass0f(?C,?D), nf:subProp(?R,?S),
nf:exists(?Y,?S,7D), nf:isSubClass(?Y)
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How can we generate the proofs?

Trace

+ | mainSubC 9 7/d125ex
v | mainSubClassOf(?A, 78) :- http://rulewerk.semantic-web.org/inferred/subClass
>

http://rulewerk. semantic-web.org/ inferred/subClassOf (<http://w. semant Lowe

[ http://rulewerk. semantic-web.org/normalForn/istainClass(<http://www. semanti

t . | e m O + [ http://rulewerk. semantic-web.org/normalForn/isMainClass(?X) :- class(?X), ~
RDF triples v

Graph Rule Engine

4 7740 Te#l
class(70) i- TRIPLE(?X, 7P, 20), ClassObject(7P)

| TRIPLE(<http://vw. semanticweb. org/stefborg/ontologies/2025/7/d125exanpl
[ Classobject(<http://wi.w3.org,

1/r Tass0f>)
[ http://ruleverk. semant ic-web.org/nornal Forn/ {sMainClass(<http: //ww. semanti

~v | http://rulewerk.semantic-web.org/normalForm/isMainClass(?X)
(Ivliev, Gerlach, Meusel, Steinberg, and Krotzsch 2024) M

i- class(?X), ~
7 g 7/d1 Ledl

20), ClassObject(?P) .

| TRIPLE(<http://vw. semanticweb. org/stefborg/ontologies/2025/7/d125exanpl
[ Classobject(<http://win.w3.0rg/2000/01/r

Tassof>)|

TECHNISCHE
UNIVERSITAT
DRESDEN

The Shape of L Proofs: A Tale of Three Calculi

TU Dresden / Christian Alrabbaa, Stefan Borgwardt, Philipp Herrmann, Markus Krotzsch
DL'25, Opole, Poland, September 3rd, 202!

centeRFoR
Slide 8of 11 CPE' PERSPICUOUS

COMPUTING



How can we generate the proofs?

Trace

DL Proof

Proof tree for entailment

~ | mainSubClassOf(<http://www. semanticweb.org/stefborg/ontologies/2025/7/d125ex ®oL2 SubClassOf DLC
+ | mainSubClassOf(?A, 7B) :- http://rulewerk.semantic-web.org/inferred/subClass crs

> | http://rulewerk. semantic-web.org/inferred/subClassOf (<http://www.semanticwe @ SubClassOf perAt some DL25

| http://rulewerk.semantic-web.org/normalForm/isMainClass(<http://www.semanti RS

: :  DL25FullPaperAuthor SubClassOf DL25Author
~ | http://rulewerk. semant ic-web.org/nornalForm/isMainClass(?X) :- class(?X), o
ssere
[ class(<http://www. semanticweb.org/stefborg/ontologies/2025/7/d125exanple#l

~ [class(?0) :- TRIPLE(?X, 7P, 70), ClassObject(?P) .

@ DL25Author SubClassOFf hasWorkshopPaperAt some DL25

Asserted
TRIPLE(<http://www. Semant icweb.org/stefborg/ontologies/2025/7/d125exanpl  DL25 SubClassOf DL
ClassObject(<http://waw.w3.0rg/2000/01/rdf-schema#subClassof>) | Asserted
~ | http://rulewerk. semantic-web.org/normalForm/isMainClass(<http://www. semanti perAt SubPi Of. ibutesTo
v [ http://rulewerk.semantic-web.org/normalForm/isMainClass(?X) :- class(?X), ~ role_hierarchy
v | class(<http://www.semanticweb.org/stefborg/ontologies/2025/7/d125example#l esend . of v
~ [ class(70) :- TRIPLE(?X, 7P, ?0), ClassObject(?P) . perAt SubP o ibutesTo
TRIPLE(<http://www. Semant icweb. org/stefborg/ontologies/2025/7/d125exanpl peserted
ClassObject (<http://ww.w3.0rg/2000/01/rdf Tass0f>) ® contributesTo some DL SubClassOf DLCommunityMember
Asserted
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Which proofs are better?

1573 prototypical ELH | reasoning tasks from OWL Reasoner Evaluation 2015

(Parsia, Matentzoglu, Gongalves, Glimm, and Steigmiller 2017)

justifications of average size 10.7 (max. 25), average complexity 495 (max. 1470)
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Which proofs are better?

1573 prototypical ELH  reasoning tasks from OWL Reasoner Evaluation 2015

(Parsia, Matentzoglu, Gongalves, Glimm, and Steigmiller 2017)

justifications of average size 10.7 (max. 25), average complexity 495 (max. 1470)

Size Average step complexity
135 T T =] 420 T T T3 d o] T
o
120 |- - 3
° 360 |- ° —
105 | ° . .
° 300 |- o —
v 90 e - -1 s -
z & ¥ ELk proofs are smaller
S sl o . ® o O 240 |- .
8 . & @ and easier to understand
& H )
~ 6o ;' A = “ g0 ]
m o o
= 45 | — o
o |0 0 ® 120 |- -
30 —
3
60 | —
15 —
0 I I I I I I I I 0 I I I I I I
0 15 30 45 60 75 90 105 120 135 60 120 180 240 300 360 420
ELK ELK
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Which proofs are better?

1573 prototypical ELH  reasoning tasks from OWL Reasoner Evaluation 2015

(Parsia, Matentzoglu, Gongalves, Glimm, and Steigmiller 2017)

justifications of average size 10.7 (max. 25), average complexity 495 (max. 1470)

Depth Bushiness score
36 1"
I I I I I I I I I I I I I I
ol . i
2| 1 0 ° °
9l e 1
28— —
sl N
w24 - s ' :
i <4 - TEXTBOOK proofs are
o 20 . o) | | . .
a 2 6 better for tree-like views
w16} 1 N ]
e 1 = h
5l N
N 1 |
N s |
L o L
0 4 8 12 16 20 24 28 32 36 0 7 8 9 10 11
ELkK
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How can you use this right now?

github.com/de-tu-dresden-

Proo

tree for entailment
DL pe SubClassOf DLC
rs

DL pe SubClassOf perAt some DL25

DL25FullPaperAuthor SubClassOf DL25Author
DL25Author SubClassOf hasWorkshopPaperAt some DL25
DL25 SubClassOf DL
= hasWorkshopPaperAt SubPropertyOf: contributesTo
role_hierarchy
m=hasWorkshopPaperAt SubPropertyOf: hasPaperAt
= hasPaperAt SubPropertyOf: contributesTo
contributesTo some DL SubClassOf DLCommunityMember

inf-lat/evee

TECHNISCHE
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orgwardt, Philipp Herrmann, Marku
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github.com/de-tu-dresden-inf-lat/evee
github.com/knowsys/nemo

How can you use this right now?

Proof tree for entailment

SubClassOf DLC

DL pe SubClassof

perAt some DL25

DL25FullPaperAuthor SubClassOf DL25Author
DL25Author SubClassOf hasWorkshopPaperAt some DL25
DL25 SubClassOf DL
= hasWorkshopPaperAt SubPropertyOf: contributesTo
role_hierarchy
m=hasWorkshopPaperAt SubPropertyOf: hasPaperAt
= hasPaperAt SubPropertyOf: contributesTo

contributesTo some DL SubClassOf DLCommunityMember

github.com/de-tu-dresden-inf-lat/evee github.com/knowsys/nemo

Nemo

Graph Rule Engine
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UNIVERSITAT TU Dresden // Christian Alrab gwardt, Philipp Herrmann, Markus Kr Slide 10 of 1
DRESDEN D pole, Poland

PERSPICUOUS
COMPUTING


github.com/de-tu-dresden-inf-lat/evee
github.com/knowsys/nemo

What comes next?

e Generate all traces with NEMO, not just one

e Compare proofs from ELk calculus to proofs from ELKk reasoner
(Kazakov and Klinov 2014; Kazakov, Klinov, and Stupnikov 2017)

e Calculi for more expressive (Horn and non-Horn) logics
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Thank you!
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Relation between cutwidth and bushiness
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Directed cutwidth
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Bushiness score
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Average step complexity
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