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Dealing with incomplete, noisy data

◇−Error ⊑ Alarm
“a past error raises an alarm” ZError Error Error

Alarm

◇c 2Error ⊑ Alarm
“an intermittent error raises an

alarm” ZError Error Error

Alarm Alarm

◻c 2Error ⊑ Alarm
“a non-spurious error raises an

alarm” ZError Error Error

Alarm
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Convex diamond operators
Closure operators 2Z → 2Z: (Borgwardt, Forkel, and Kovtunova 2019)

ZError Error Error

◇− Error

ZError Error Error

◇+ Error

ZError Error Error

◇c Error ≡ ◇− Error ∩◇+ Error

ZError Error Error

◇c 2 Error

≤2

◇c 2 Error
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A temporal description logic with convex diamonds
T ELH◇c ,lhs

� : (Gutiérrez-Basulto, Jung, and Kontchakov 2016; Borgwardt, Forkel, and Kovtunova 2019)

◇A ⊑ B A1 ⊓ A2 ⊑ B ◇r ⊑ s ◇A ⊑ ∃r.B ∃r.A ⊑ B A(a, i) r(a,b, i)
◇ ∈ {◇c 0,◇c 1,◇c 2, . . . ,◇c ,◇+ ,◇− ,◇± } i ∈ Z

Reasoning is P-complete:
◇A1 ⊑ A2 ◇⋅ A2 ⊑ A3
(◇⋅ ○◇)A1 ⊑ A3

◇A ⊑ A1 ◇⋅ A ⊑ A2 A1 ⊓ A2 ⊑ B
(◇∩◇⋅ )A ⊑ B

. . .

• composition ○, component-wise intersection ∩, union ∪
• {◇c 0,◇c 1,◇c 2, . . . ,◇c ,◇+ ,◇− ,◇± } is closed under ○,∩,∪
• ◇A ⊑ B entails ◇⋅ A ⊑ B iff ◇⋅ ⊆ ◇ (◇⋅ M ⊆ ◇M for all M ⊆ Z)

◇c 0 ◇c 1 . . . ◇c n ◇c n+1 . . . ◇c
◇+

◇−
◇±⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂
⊂⊂
⊂
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Convex box operators
◻c nError ≡ ¬◇c n¬Error

ZError Error Error

◇c 2 Error

≤2

◇c 2 Error

ZError Error Error

◻c 2 Error≤2 ≤2

ZError Error Error

◻c 2◇c 2Error

ZError Error Error

◇c 2◻c 2Error
◇c 2◻c 2 ⊆ ◻c 2◇c 2
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Combined temporal operators
Before we can tackle T ELH◇c ,◻c ,lhs

� ,
we need to characterize ⊆ between combinations (○,∩,∪) of convex operators ◇c n,◻c n.

◇c 0 ◇c 1 . . . ◇c n ◇c n+1 . . . ◇c
◇+

◇−
◇±◻c 0◻c 1. . .◻c n◻c n+1. . .◻c

◻+

◻−
◻± ⊂ ⊂
⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂

⊂⊂
⊂=

Lemma (Normal form)
Every composition sequence of these temporal operators is equivalent to one of the form

◇⋅ ◻k◇k . . .◻1[◇1]
with alternating convex parts ◻k ⊂ ⋅ ⋅ ⋅ ⊂ ◻1 and ◇k ⊃ ⋅ ⋅ ⋅ ⊃ ◇1 and classical part
◇⋅ ∈ {ϵ,◇− ,◇+ ,◇± ,◻+◇+ ,◻−◇−} or, dually,

◻⋅ ◇k◻k . . .◇1[◻1] .

◇c n◇c m ≡ ◇c max(n,m) ◻c n◻c m ≡ ◻c max(n,m) ◻c k◇c ℓ◻c m ≡ ◇c ℓ◻c m if k ≤m
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Subsumption between sequences

◻c 4

◇c 2 ◻c 4

◇c 5 ◻c 4

◻c 3

◇c 2 ◻c 3

◇c 5 ◻c 3

◻c 4 ◇c 2 ◻c 3

◻c 4 ◇c 5 ◻c 3

◇c 5 ◻c 4 ◇c 2 ◻c 3

ϵ

◇c 2

◻c 3 ◇c 2

◻c 4 ◇c 2

◇c 5 ◻c 3 ◇c 2

◇c 5 ◻c 4 ◇c 2

◻c 4 ◇c 5 ◻c 3 ◇c 2

◇c 5

◻c 3 ◇c 5

◻c 4 ◇c 5
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Finite-state transducer for sequences

◻c 4 ◇c 5 ◻c 3 ◇c 2

◻c 4 ◇c 2 ◻c 4 ◇c 2

⊆ ?✓q0q0,2,◻c ≤q4,2,◇c ≥≤≥
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Finite-state transducer for sequences
◻c 4 ◇c 5 ◻c 3 ◇c 2

◻c 4 ◇c 2 ◻c 4 ◇c 2

⊆ ?✓q0q0,2,◻c ≤q4,2,◇c ≥qf ≤≥

Lemma (Subsumption between sequences)

Subsumption between composition sequences of convex operators can be decided in
polynomial time.
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Subsumption between complex formulas
◇c 0 ∪◻c 2◇c 1 ≡ ◇c 1 ◻c 3 ≡ ◻c 5 ∩◇c 7◻c 3

reach(◻c n) ∶= reach(◇c n) ∶= n
reach(ϕ ○ ψ) ∶= reach(ϕ) + reach(ψ)
reach(ϕ ∪ ψ) ∶= max{reach(ϕ), reach(ψ)}
reach(ϕ ∩ ψ) ∶= max{reach(ϕ), reach(ψ)}

Lemma
For a (○,∩,∪)-formula ϕ over convex operators (excluding ◻c ,◇c ) with reach(ϕ) = n, we
have i ∈ ϕM iff i ∈ ϕ(M ∩ [i − n, i + n]) for every M ⊆ Z and i ∈M.

Lemma
Subsumption between (○,∩,∪)-formulas over convex operators (excluding ◻c ,◇c ) can be
checked in (double) exponential time, under unary (binary) encoding of numbers.
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Summary

• New convex box operators for filtering noisy input data
• Algorithms for subsumption between combinations of convex operators
• P/2ExpTime upper bounds for sequences/formulas

Future work:

• Extend to classical operators ◇+ , ◻−, . . .
• Investigate new temporal description logics with convex box operators
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Thank you!
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