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Justifications

T

α

TBox (ontology, knowledge base, logical theory) T :
Collection of axioms (formulae, rules, facts)
Entailment (consequence, query) T |= α:
Axiom (formula, rule, fact) that follows logically from the TBox
Justification (MUS, minimal conflict set, why-provenance):
Minimal subset of T from which α follows
(Horridge, Parsia, and Sattler 2010; Horridge, Bail, Parsia, and Sattler 2013)
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Justifications are sometimes not enough for ...
complex reasoning novice users LLM-generated explanations

Justification in the ontology editor Protégé
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Justifications are sometimes not enough for ...
complex reasoning novice users LLM-generated explanations

Proof in the ontology editor Protégé
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Proofs are hypergraphs

T

α

Inference step (hyperedge): List of premises + conclusion
Proof: Acyclic, non-redundant hypergraph with sink α
HypergraphD(T ,α) of all admissible inference steps for T |= α

Goal: Find optimal proofs inD(T ,α)

Measures: Size (5), tree size (6), depth (2), . . .
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Complexity of finding proofs

“Is there a proof inD(T ,α) with measure ≤ p?”
(Alrabbaa, Baader, B, Koopmann, and Kovtunova 2020, 2021)

guess proof inD(T ,α)

polynomial Dijkstra-likealgorithm for directedhypergraphs
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Computing proofs

T

α

Consequence-based reasoners (Elk, Clipper, Sequoia)
(Kazakov, Krötzsch, and Simancik 2014; Eiter, Ortiz, Simkus, Tran, and Xiao 2012; Tena
Cucala, Cuenca Grau, and Horrocks 2021)

Justification-oriented proofs
(Horridge, Parsia, and Sattler 2010)

Concept interpolation: A ⊑ ? ⊑ B
(Schlobach 2004; Peuter 2024)

Elimination proofs based on forgetting (Lethe, Fame)
(Alrabbaa, Baader, B, Koopmann, and Kovtunova 2020)
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Computing proofs
Elimination proofs based on forgetting (Lethe, Fame)
(Alrabbaa, Baader, B, Koopmann, and Kovtunova 2020)

T0 T1 T2 T3 T4

A ⊑ B

−X0 −X1 −X2 −X3
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Size of proofs
(Alrabbaa, Baader, B, Koopmann, and Kovtunova 2020)

• Prototypical proofs from ORE 2015 ontologies (ELH)
• Proof of minimal size = proof of minimal tree size

(Horridge, Bail, Parsia, and Sattler 2013)
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Proofs vs. justifications

(B 2021)
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Proofs for ontology-mediated queries
(Borgida, Calvanese, and Rodriguez-Muro 2008; Alrabbaa, B, Koopmann, and Kovtunova 2022)
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Proofs with concrete domains

(Alrabbaa, Baader, B, Koopmann, and Kovtunova 2023)
[fuel_level = 0.1 · fuel_capacity] ⊑ LowFuel

⇝ A′ ⊑ LowFuel

C ⊑ Aα C ⊑ Aβ
C ⊑ Aα ⊓ Aβ Aα ⊓ Aβ ⊑ Aγ

C ⊑ Aγ
2x + 3y = 5

4y = 3
[−3]

−12y = −9
[2, 1]4x − 6y = 1

=⇒ C ⊑ [2x + 3y = 5]
C ⊑ [4y = 3]

[−3]
C ⊑ [−12y = −9]

[2, 1]
C ⊑ [4x − 6y = 1]
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Outlook: Proofs for rules
Proofs for DatalogMTL in MeTeoR (B, Demberg, Jobanputra, Kovtunova, and Nhu 2024)

Proofs for Datalog and existential rules in Nemo
(Ivliev, Ellmauthaler, Gerlach, Marx, Meißner, Meusel, and Krötzsch 2023)
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Explaining missing entailments

T

α ?

Missing entailment: T ̸|= α

Counterexample:
Model of T that does not satisfy α
(Bauer, Sattler, and Parsia 2009; Alrabbaa and Hieke 2022; Alrabbaa, B, Friese, Koopmann,
and Kotlov 2023)

Abductive hypothesis:
H such that T ∪ H |= α (T ∪ H ̸|= ⊥ andH ̸≡ {α})
(Calvanese, Ortiz, Simkus, and Stefanoni 2013; Wei-Kleiner, Dragisic, and Lambrix 2014;
Koopmann, Del-Pinto, Tourret, and Schmidt 2020; Haifani, Koopmann, Tourret, and Wei-
denbach 2022)
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Relevant counterexamples
Model of T that does not satisfy NeuromyelitisOptica ⊑ MultipleSclerosis

(Alrabbaa and Hieke 2022)

a

NMO,NeuroDisease
b

MS,NeuroDisease
c

OpticNerve

f

Pleocytosis,GranulocyticPleocytosis
g

Pleocytosis,LymphocyticPleocytosis
n

Lymphocytes

k CerebrospinalFluiddAquaporin4,Protein

j

CerebralLesion

p

Protein

q

NeuroDisease
inflamesinflames

hasCytologFind

hasCytologFindbui
lds

Ant
ibo

dies
Aga

inst

increases

occursIn

develops
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Abduction
H such that T ∪ H |= α (T ∪ H ̸|= ⊥ andH ̸≡ {α})
Complete signature-based abduction (Koopmann, Del-Pinto, Tourret, and Schmidt 2020)
• RestrictH to a signature Σ
• High expressivity: T in ALC,H with disjunction of axioms, inverse roles, nominals,fixpoint concepts
• Implementation based on Lethe

Connection-minimal abduction (Haifani, Koopmann, Tourret, and Weidenbach 2022)
• H is “connected” to α
• Low expressivity: T in EL,H only conjunctions of concept names
• Implementation (Capi) based on Spass
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(Non)commercial break
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Evee – a collection of Protégé plugins

github.com/
de-tu-dresden-inf-lat/evee

(Alrabbaa, B, Friese, Hirsch, Knieriemen, Koopmann, Kovtunova, Krüger, Popovič, and Siahaan 2024)
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Evonne – Evee’s bigger sister

imld.de/evonne

(Méndez, Alrabbaa, Koopmann, Langner, Baader, and Dachselt 2023)
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User studies
Proof format
(Alrabbaa, B, Hirsch, Knieriemen, Kovtunova, Rothermel, and Wiehr 2022)
• Many prefer shorter, tree-shaped, interactive proofs
• Preferences are subjective
• IQ test (ICAR16) predicts performance on proofs

Usability of Evee
(Alrabbaa, B, Friese, Hirsch, Knieriemen, Koopmann, Kovtunova, Krüger,
Popovič, and Siahaan 2024)
• Preferred explanation methods depend on usersand use cases
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Designing user studies
domain-specific / abstract performance / preferences experts / students / laypeople
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Drone handover scenario

Handover from autonomous drone to human operatorrequires timely, short warning of a critical situation
(Wiehr, Hirsch, Schmitz, Knieriemen, Krüger, Kovtunova, B, Chang, Demberg, Steinmetz, and Hoffmann 2021)

Verbalization of entailments and explanations:
• controlled natural language (Power 2012)
• template-based verbalization (Schiller, Schiller, and Glimm 2017)
• transformer models (Chang, Kovtunova, B, Demberg, Chapman, and Yeh 2022)
• large language models (B, Demberg, Jobanputra, Kovtunova, and Nhu 2024)
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Proof verbalization with LLMs

(B, Demberg, Jobanputra, Kovtunova, and Nhu 2024)Proofs provide more information than justifications

Challenge: Find the important parts of the proof
“At time 10, there is a risk of internal damage to yourdrone (d) because it has a high temperature of 30 de-grees Celsius. This is likely because the drone is flying.”

Inconsistent outputs, hallucinations
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Summary

• Justifications are often enough, but sometimes proofs are needed
• Missing entailments also require explanations
• Computing explanations can take a long time
• Formal explanations are mainly useful for experts

Future work:
• Find the most important steps in a proof
• Explain proofs to laypeople

Thank you!
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