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What are description logics?

Standardized in W3C standard OWL 2 (2012)
Used to describe knowledge in ontologies
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What are description logics?

Standardized in W3C standard OWL 2 (2012)
Used to describe knowledge in ontologies

protege

hasPaperAt C contributesTo KR25Author E JhasConferencePaperAt.KR25

JcontributesTo.KR E KRCommunityMember KR25ShortPaperAuthor C KR25Author
hasConferencePaperAt C hasPaperAt KR25 C KR
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How to explain description logic entailments?

Proof ree for entailment
® leeCream EquivalentTo owlNothing

definition of equivalence Asserted Conchsion Asseted Condusin Shoenng
® ceCream SubClassOf owl:Nothing
“some” elimination 1 o thoresing
® IceCream SubClassOf hasTopping only owl:Nothing £ - Proof Settings -
chass resolution . o
® owl-Thing SubClassOf Pizza or (hasTopping only owlNothing) s VegoRie T — e .
nomalize
= hasTopping Domain Pizza % e 3 Compaciness
@ iceCream and Pizza SubClassOf owl:Nothing g = L - ., m
nomalize 1 o
© DisjointClasses: lceCream, Pizza, PizzaBase, PizaTopping e — T . o
© IceCream SubClassOf hasTopping some FruitTopping
asserted x z
@ FruTopping and owk:Nothing SubClassOf owk:Nothing Setaceousiand  (Gandn 2ot Scretontys) (Gandn 3agmt.n Secetontys) € Hocrnecians
subsumption weakening . .
@ owl:Nothing SubClassOf owl:Nothing T
tautology »
® owlNothing SubClassOf iceCream 3 -
tautology £ SebaceousGland € HoocrneGland oo  Oweusms -
vee
Evonne
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Why is this useful?

hasPaperAt C contributesTo KR25Author E JhasConferencePaperAt.KR25
JcontributesTo.KR E KRCommunityMember KR25ShortPaperAuthor C KR25Author
hasConferencePaperAt C hasPaperAt KR25 C KR

E KR25ShortPaperAuthor C KRCommunityMember
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Why is this useful?

hasPaperAt C contributesTo KR25Author E JhasConferencePaperAt.KR25
JcontributesTo.KR E KRCommunityMember KR25ShortPaperAuthor C KR25Author
hasConferencePaperAt C hasPaperAt KR25 C KR

E KR25ShortPaperAuthor C KRCommunityMember

Description: KR25Author [z S =[x Jll Object property hierarchy RIS EX
Class hierarchy: RNEEX Equivalent To = =N Asserted

Asserted = owl:topObjectProperty
@ owl:Thin SubClass Of B contributesTo
: 'KRI 9 © hasConferencePaperAt some KR25 = hasPaperAt
© KR25 mm hasConferencePaperAt

b i
@ KR25ShortPaperAuthor General class axioms: [0 (] [x]

@ KRCommunityMember General class axioms

) contributesTo some KR SubClassOf KRCommunityMember
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Why is this useful?

hasPaperAt C contributesTo KR25Author E JhasConferencePaperAt.KR25

JcontributesTo.KR E KRCommunityMember KR25ShortPaperAuthor C KR25Author

hasConferencePaperAt C hasPaperAt KR25 C KR

E KR25ShortPaperAuthor C KRCommunityMember

Explanation for: KR25ShortPaperAuthor SubClassOf KRCommunityMember rchy RIMSEX
KR25ShortPaperAuthor SubClassOf KR2 5Author Asserted @
KR25Author SubClassOf hasConferencePaperAt some KR25 erty
owl:Thing hasConferencePaperAt SubPropertyOf: hasPaperAt t
KR N ferencePaperAt
KR2 hasPaperAt SubPropertyOf: contributesTo
KR25At [
KR2 KR25 SubClassOf KR
KRComr contributesTo some KR SubClassOf KRCommunityMember
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How does reasoning in (some) description logics work?

ENVELOPE (E£**), 2005

Pushing the ££ Envelope
CcR1 If C' € S(C),C’' C D eC,and D ¢ S(C)

Franz Baader and Sebastian Brandt and Carsten Lutz then S (C) =8 (C) u {D }
Intitute for Theoretical Computer Science CR4 If (C, D) € R(r), D' e S(D), 3r. D'CEe€eC,
TU Dresd@,Germany and E ¢ S(C’)
lastname@tcs.inf .tu-dresden.de then S(C) := S(C) U {E}
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How does reasoning in (some) description logics work?

++
The Incredible ELK ENVELOPE (££7), 2005

From Polynomial Procedures to Efficient Reasoning

CcR1 If C' € S(C),C’' C D eC,and D ¢ S(C)

with ££ Ontologies then S(C) := S(C) U {D}

cRa If (C,D) € R(r),D’' € S(D),3r.D' C E €C,
Yevgeny Kazakov - Markus Krotzsch - and E ¢ S(C)
FrantiSek Simantik then S(C) := S(C)U{E}

ELK (ELF), 2014
CCD

C

-~ CCE

EAC CCD ROy

3 EC3S.D ~ 3S.Doccurs negatively in O

R :DCEe€O
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How does reasoning in (some) description logics work?

ENVELOPE (E££%"), 2005

CR1 IfC" € S(C),C' T D eC,and D ¢ S(C)
then S(C) := S(C) U {D}

cRa If (C,D) € R(r),D’' € S(D),3r.D' C E €C,

An Introduction to

Franz Baader

ogrellE and E ¢ 5(C)
ety then S(C) := S(C) U{E}
K(ELT), 2014 TEXTBOOK (EL), 2017
CCD A1 C Ay Ay C Az
R :DCEcO CR3 “= =
=ccC A C As
R+E§C CCD RC,S crg AC3rAL ALC B 3rBICB
3 EC3S.D  3S.Doccurs negatively in O ACB
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How does reasoning in (some) description logics work?

ENVELOPE (E£**), 2005

CcrR1 IfC' € S(C),C'C DeC,and D ¢ S(C)
To compare them, we use ELH | then 5(C) := S(C) U{D}
cRa If (C,D) € R(r),D’' € S(D),3r.D' C E €C,
and E ¢ S(C)
then S(C) := S(C) U{E}

ELK (ELF), 2014 TEXTBOOK (EL), 2017
CLD Ay C Ay Ay C As
Re ——:DCEcO CR3 2= =
= CCE B A C As
LERC CCD RC}S crs AC3rA1 AL By 3rBiCB
3 EC3S.D  3S.Doccurs negatively in O ACB
o Onvuersityof Pﬁiaﬁz"iéf ;’3“;/:&;‘6°;;’>’E:é:‘;w! 1, Philipp Herrmann, Markus Krdtasch Side 40112 S
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What do the proofs look like?

KR25SPA C KR25A KR25A C JhasCP.KR25 hasCP C hasP hasP C cT
~ x N X
KR25SPA C JhasCP.KR25 KR25 C KR hasCP C cT 3cT.KR C KRCM
TEXTBOOK KR25SPA C KRCM
EL
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What do the proofs look like?

KR25SPA C KR25A KR25A C JhasCP.KR25 hasCP C hasP  hasP C cT
~ e N X
KR25SPA C JhasCP.KR25 KR25 C KR hasCP C cT 3cT.KR E KRCM
\ ~a e /
TEXTBOOK KR25SPA C KRCM

KR25SPA C KR25A KR25A C FhasCP.KR25 hasCP C hasP  hasP C cT

~ e N »
ELK KR25SPA C JhasCP.KR25 KR25 C KR hasCP C cT
KR25SPA C JcT.KR 3cT.KR E KRCM
~ e

KR25SPA C KRCM

Dresden The Shape of EL Proofs: A Tale of Three Calculi CENTERFOR
‘ University of TU Dresden // Christian Alrabbaa, Stefan Borgwardt, thpp Herrmann, Markus Krotzsch Slide 5 of 12 PE' PERSPICUOUS

Technology XLoKR'25, Melbourne, Australia, November 13th, 2025

COMPUTING



What do the proofs look like?

KR25SPA C KR25A KR25A C JhasCP.KR25 hasCP C hasP  hasP C cT
~ e N X
KR25SPA C JhasCP.KR25 KR25 C KR hasCP C cT 3cT.KR E KRCM
\ ~a e /
TEXTBOOK KR25SPA C KRCM

KR25SPA C KR25A KR25A C FhasCP.KR25 hasCP C hasP  hasP C cT

~ e N »
ELK KR25SPA C 3hasCP.KR25 KR25 C KR hasCP C cT
KR25SPA C KR25A KR25A C JhasCP.KR25 KR25SPA C JcT.KR 3cT.KR £ KRCM
~a 2 ~ o
KR25SPA C JhasCP.KR25 hasCP C hasP KR25SPA £ KRCM
~a x
KR25SPA C JhasP.KR25 hasP C cT
\ /
ENVELOPE KR25SPA C JcT.KR25 KR25 C KR 3cT.KR C KRCM
KR25SPA C KRCM
o Oresarmiy of T b ot Bt e Side 5112 PE [ s
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What is the structure of the proofs?

Qﬁ:ﬁ;) c:)c:)

TEXTBOOK \ /

o =

q F ELK )} D) ( D

jo— \ : /(

—, & =4
ENVELOPE \‘:‘)/ ( ) ( )

)

/
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What is the structure of the proofs?

QP(:)(:)

TEXTBOOK \»‘ /

“small”, ”shaIIow", “bushy”

C

)]

C

P
)

)]

)
Y
(

C
e
)

=, .
F

ENVELOPE O ( ) ( )

/o

(
P
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What is the structure of the proofs?

q 4;) (:) (:)
TEXTBOOK \»‘ / )

“small”, ”shaIIow", “bushy”

(D C ) C
—, O LK 3/\‘*)/(“3
— s
()A(/) o
e S s N
i
\ /

“linear”, "deep”

/o

ENVELOPE
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How can we display and measure proofs?
T
—
=
(a—)
—

9ZIS

Dresden The Shape of EL Proofs: A Tale of Three Calculi CENTERFOR
University of TU Dresden // Christian Alrabbaa, Stefan Borgwardt, thpp Herrmann, Markus Krotzsch Slide 7 of 12 PE C PERSPICUOUS
Technology XLoKR'25, Melbourne, Australia, November 13th, 2025 COMPUTING



How can we display and measure proofs?
T
—
=
(a—)
—

J
§U0000T000

- cutwidth
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How can we display and measure proofs?

TG
—
—
—
—

9ZIS

(G

—
—

- cutwidth

I depth I

e cutwidth is NP-complete for arbitrary graphs (sodlaender, Fellows, and Thilikos 2009)
e directed cutwidth on trees can be computed in polynomial time (Theorem 1)

§U0000T000

<
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How can we display and measure proofs?

T

>

=

—Do ) M

N & Y
\ /

| G—)

—

yidap

9ZIS

(G

—
—

- cutwidth

I depth I

e bushiness score: despiéfﬂ (“average number of nodes per level”)

® average step complexity (Horridge, Bail, Parsia, and Sattler 2013)

§U0000T000

<
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What does this mean for our example?

TEXTBOOK ELK ENVELOPE

D O

\‘:‘/:
\/
o

N J :\j_{/: N
size 9
depth 2
4
3

cutwidth

w
w

bushiness

complexity 230 215 257.5 /410
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How can we generate the proofs?

hasPaperAt C contributesTo KR25Author C FhasConferencePaperAt.KR25

JcontributesTo.KR E KRCommunityMember KR25ShortPaperAuthor C KR25Author

hasConferencePaperAt C hasPaperAt KR25 C KR

U
RDF triples:

:hasPaperAt rdf:type owl:ObjectProperty .

:hasPaperAt rdfs:subPropertyOf :contributesTo .

:KR25Author rdf:type owl:Class .
:KR25Author rdfs:subClassOf _:1 .

_:1 rdf:type owl:Restriction .

_:1 owl:onProperty :hasConferencePaperAt .
_:1 owl:someValuesFrom :KR25 .
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How can we generate the proofs?

cCCD
FQE; CCE DCEcO
L ERC CED RC,S
3 EC3S.D ~ 3S.Doccurs negatively in O
U

Existential rules:

inf:subClassOf (?C,?E) :- inf:subClassOf(?C,?D), nf:subClassOf(?D,?E)

inf:subClassOf (?E,?Y) :- inf:ex(?E,?R,?C), inf:subClassOf(?C,?D), nf:subProp(?R,?S)

nf:exists(?Y,?S,?D), nf:isSubClass(?Y)

(Ivliev, Gerlach, Meusel, Steinberg, and Kr&tzsch 2024)
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How can we generate the proofs?

Trace

v | mainsubClassOf(<http://
v | mainsubClass0f(7A, 78) :

()

7/d125ex
- http://rulewerk.semantic-web.org/inferred/subClass
[ nttp://ruleverk. semant ic-web.org/inferred/subClass0f (<http: //ww. senanticue

v ‘ http://rulewerk.semantic-web.org/normalForm/isMainClass(<http://www.semanti
RDF t . | v | http://rulewerk.semantic-web.org/normalForm/isMainClass(?X) :- class(?X), ~
riples el | lo | r———
. . = =
Existential rules

9

7/6250xamplen
v | class(?0) :- TRIPLE(?X, ?P, ?0), ClassObject(?P) .

. TRIPLE(<http://\ i g/stefbor '7/d125exampl

Graph Rule Engine ¢ B I s

‘ http://rulewerk.semantic-web.org/normalForm/isMainClass(<http://www.semanti

v | http://rulewerk.semant ic-web.org/normalForn/isMainClass(?X) :- class(?X), ~

) ) R o [ class(<http: 9 9 7/61250xamplen
(Ivliev, Gerlach, Meusel, Steinberg, and Krotzsch 2024) | (cissco) - mpiecx, 7, 70), Classobject(7p) .

TRIPLE(<http://www.semanticweb.org/stefborg/ontologies/2025/7/d 25exampl
=

3. /e Tassof>) |

Dresden
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How can we generate the proofs?

Trace

s | mainSubClassOf(<http://www.semanticweb.org/stefborg/ontologies/2025/7/d125ex
~ | mainSubClassOf(?A, ?B) :- http://rulewerk.semantic-web.org/inferred/subClass
> | http://rulewerk.semantic-web.org/inferred/subClassOf (<http://www.semanticwe

<

http://rulewerk.semantic-web.org/normalForn/isMainClass(<http://www.semanti
~ | http://rulewerk.semantic-web.org/normalForm/isMainClass(?X) :- class(?X), ~
v [ class(<http://www.semanticweb.org/stefborg/ontologies/2025/7/d125example#l
v [class(?0) :- TRIPLE(?X, ?P, 70), ClassObject(?P) .

| TRIPLE(<http://www.semanticweb.org/stefborg/ontologies/2025/7/d125exampl
| ClassObject(<http://www.w3.0rg/2000/01/rdf-schema#subClass0f>) |

~ [ http://rulewerk. semantic-web.org/normalForm/{isMainClass(<http://www. semanti

~ | http://rulewerk.semantic-web.org/normalForm/isMainClass(?X) :- class(?X), ~

v [ class(<http://www.semanticweb.org/stefborg/ontologies/2025/7/d125example#t
v [ class(?0) :- TRIPLE(?X, 7P, ?0), ClassObject(?P) .
| TRIPLE(<http://www. semant icweb. org/stefborg/ontologies/2025/7/d125exanpl
| ClassObject(<http://www.w3.0rg/2000/01/rdf Tassof>) |

DL Proof

Proof tree for entailment

DR SubClassOf KRC
CRS
OKR SubClassOf hasCe p
CR3
© KR255hortPaperAuthor SubClassOf KR25Author
Asserted

@ KR25Author SubClassOf hasConferencePaperAt some KR25

Asserted

@ KR25 SubClassOf KR

Asserted

= hasC perAt Subpi Of: ibutesTo

role_hierarchy
= hasConferencePaperAt SubPropertyOf: hasPaperAt

Asserted
perAt SubP Of: To
Asserted
 contributesTo some KR SubClassOf KRCommunityMember
Asserted

some KR25

Dresden
University of
Technology

The Shape of EL Proofs: A Tale of Three Calculi
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Which proofs are better?

1573 prototypical ELH, reasoning tasks from OWL Reasoner Evaluation 2015

justifications of average size 10.7 (max. 25), average complexity 495 (max. 1470)
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Which proofs are better?

1573 prototypical ELH, reasoning tasks from OWL Reasoner Evaluation 2015

(Parsia, Matentzoglu, Goncalves, Glimm, and Steigmiller 2017)

justifications of average size 10.7 (max. 25), average complexity 495 (max. 1470)

Size Average step compIeX|ty
135 T T — 420
B
120 | ] o
. 360 |- ° —
105 |- ° . °
300 |- . ]
i 1 « ELK proofs are smaller and
o . O 40| .
. ]
2 2 easier to understand
= )
% 1 2 180 ]
= =)
120 | —
n 60 | —
L I I L I I L I L
90 105 120 135 60 120 180 240 300 360 420
ELK ELK
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Which proofs are better?

1573 prototypical ELH, reasoning tasks from OWL Reasoner Evaluation 2015

(Parsia, Matentzoglu, Goncalves, Glimm, and Steigmiller 2017)

justifications of average size 10.7 (max. 25), average complexity 495 (max. 1470)

Depth Bushiness score
36 T T ] n T T . 1
321 . 10 .
9 .
28| —
8- .
241 -
v v 7 . TEXTBOOK pI’OOfS are
I} <}
20 — |- . H H
2 2 ° better for tree-like views
= =
E 16| — ﬁ S5 1
= SEA . ]
3 .
21 .
N L |
| 0 | | | |
32 36 0 7 8 9 10 M
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How can you use this right now?

KR25ShortPaperAuthor SubClassOf KRCommunityMember

KR25ShortPaperAuthor SubClassOf hasConferencePaperAt some KR25

K SubClassOf

SubClassOf hasC some KR25

KR2S SubClassOf KR

= hasConferencePaperAt SubPropertyOf: contributesTo.
fole_hierarch
mmhasConferencePaperAt SubPropertyOf: hasPaperat
= hasPaperAt SubPropertyOf: contributesTo

contributesTo some KR SubClassOf KRCommunityMember

github.com/de-tu-dresden-inf-lat/evee

CENTER FOR
PERSPICUOUS
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github.com/de-tu-dresden-inf-lat/evee
github.com/knowsys/nemo

How can you use this right now?

Proof tree for entailment
KR25ShortPaperAuthor SubClassOf KRCommunityMember
rs
KR25ShortPaperAuthor SubClassOf hasConferencePaperAt some KR25
R3

K SubClassOf

SubClassOf hasC some KR25
KR2S SubClassOf KR
= hasConferencePaperAt SubPropertyOf: contributesTo.
fole_hierarchy
mmhasConferencePaperAt SubPropertyOf: hasPaperat

= hasPaperAt SubPropertyOf: contributesTo

contributesTo some KR SubClassOf KRCommunityMember

github.com/de-tu-dresden-inf-lat/evee github.com/knowsys/nemo

Nemo

Graph Rule Engine
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github.com/de-tu-dresden-inf-lat/evee
github.com/knowsys/nemo

What comes next?

e Generate all traces with NEMO, not just one
e Compare proofs from ELK calculus to proofs from ELK reasoner

(Kazakov and Klinov 2014; Kazakov, Klinov, and Stupnikov 2017)
e Calculi for more expressive (Horn and non-Horn) logics
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Thank you!
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Relation between cutwidth and bushiness
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Directed cutwidth
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Bushiness score
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Depth
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Average step complexity
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Tree size
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